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TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS |

ANNA UNIVERSITY EXAMINATION, Nov./Dec. 2010

PART - A (-io x2 = 20 marks) |

1. Fmd the constant term in the expansmn of cos

2x as a Founer

'_ 'series in the mterval (—, :n:)

Solutmn :
Tw=

S, ao -

]

cos?x i$ an even function in the interval (—m, ) .
i. o 2 '
= [ cos“xdx
a
. o
[ cos’xax
0
2 T '(1'+'c052x) s R P 1-+ 00528.
= | dX Jcostl =
2 T _
5m {_(1+cos"2x)dx
.- =
1], sian]
= |X+
T 2 |,
_1' _ | . . ..' '.: ¢ ". ¢ .‘
= :z] - - [Vsin2x =0;sm0=0]
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2. Finfl' the roof mean s&jazare value of f(x):__: e im 0, ) -

Solution : _
IR {[f(x)]_zdx |
RMS '_va.l_uf:: = | +TT
B _
Johax
N I-0

{ x4dx. :
0

._Ml Gl | |
%

T
~
N

I

M

V3

3. Write the Fourier transform pair.

Solution :

FE@) = \,—x j f(_x) ax

-~ 00

SO = = '_fm FIF ()] e ds
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4. Fin‘:d the Fourier Sine transform of f _(x) =e 7, a >,._._ﬁ

Soluticn ¢ -

o8

FFe] = £ @) sin e ax

e sinsx dx

O 8 .

i 2 'e—ax : . _ ®
= VY 7 |3 (—asinsx—scossx)
- ta”+ st _ a
. . 0
S e sinbxdx = — 5 (@ sinbx — b cos bx)]
L . a +b ' ’ o
. 2 _1 B ' * N _ -- m -
=V 7 |57 {e Lsinsx +e X5 cossx}o
a +s ' B ' L
L g
: 0
- 2 —S I:__ax }DD
= V = e “*.cossx
T {az + 52] p 0

I
S
| e ——
ol
I
L
J
- i o
e
o=
>
O
o,
el
L4
|
8
N
k=
m.'
B
il o)
i
L2
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5. Form the p_artizf;} differential equaﬁori by eliminating the .

o . 2 X
~arbitrary function from z Ry = f (;)
~ Solution
2= -1(5) .
Let u =2z"—-xy : v ==
we get . ¢ (v) =0
2 . ox).
- - =90
¢ (2_ xyz) |
| az
1) — x —
ou _ ., 0z TR T
3x ax 7 ax 2
= 2zp-—y : =—
_ ._ 5 |
: PR 2z
' Q) —x—
M i 22'—8‘5'-“)5 ; 6_2 i 2"( ) a-_y_
dy ay 0y 72
. - . : . . _xq . .
~%q ._ _ 2
- The PDE is .giyga\n by
du v
laxe x| _ 4
au av| = °
|dy 3y
. Zz=Xp -
2zp -y _,_.2_.?_
z
g |7
22q -X 2 -
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(25? "y)(“:z’?"] = (_2:4& —Xx) (g—'jzﬂ] =40

—2zpgx +ayq — [2Pq —xz = 2pgr +x°p) _
kel 2 r
Zz

I
o

~22pge +3yq — 2P q + 3z + 22pgx — X' p

.o xyq-—zzzq-i—xz—v—'_'x_zp_ =0 .

o : : o } 1'2 . _
6. Find the paticular integral of (D —2DD’ + D¥)z=¢""
Solution :

3 1 x—y
= - . 5€
D*—2DD' + D’

. i
A —2(D (=1 IV AR
O =20 D+ (D7

= %g &Y (caée of failure)

R SR [Replacing D by 1, D’ by ~1]
- € cpiacing SR Y
20m-¢0° ST
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7. Wrate down the three possﬂ)}e solutions @i sem& a}imensmnai heat

equatmn
Saizﬁmn |
The three possxble solutmns are
@ u = (A 4B ce‘* v
{2) u = "(A:cc-)s}\.: + B sin.x) '(J.e'"';q’z?zt |

BG)u = '-(;4;; +B)C

8. Gwe three passxbie solutwns of tweo &gmensm‘ﬂai s;ecuiy state
heat flow equation. ' : :

- _.'Sellution : |
| The possiﬁle‘solutions érc

(1) u = (Ae’"K + Be 1:""‘) (C cospy + D sinpy)

@

_--'(3)_ u = (Ar B)(Cy + D)

(A cos px + B sin px) (Cepy +De py)

9. Define the -'u‘nit_' 'sf:ep sequence. Write its Z-transform.
Solution

{1 for n=20

" The unit step séquencé is defined as un) = i 0 for n<0
e = . } :
-2 -1 .0 1 2 3 n
-z 1u(1)} :E;:)r |z| >1
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'16. Form a difference equation by eliminating the arbitrary constant
A fromy,=A.3" | |

- Solution :
Yo = A3 v (D)

Replacing n. by n + 1. in (1)

Ve = AT L@

(1) _ . .Yn+1_; B A 3n+1.._ .
2 = = —_
@ A3

- A3".3

A3

Yn
= 3y,

Yn+1

yn-f-_l - 3})“ =0

PART B (5x 16 = 80 marks)

11, (@) () Fin'd the Fourier series e_xp__ansion of

g )X "~ for 0=x=sx :
(x) = 2n—x for T =x=2n
‘Al dd .g;.htl-.Pi—F'l'{'"mm"ﬁi-
- Also, deduce that — + S+ — + ... ® =
SR G GO 8
_ 1 2x :
Selution : @y = J f @) dx
_ 0o

1 IE: 2 _
== {j feydc+ [ fx)dx
0 L _
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It
- TR
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! ST
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i
|
| P |
9 o
\._.U..,.HE

I
Al

i
Al
SIEW

+
LW

° TV

B
Q=
e
Ry,
N
Aoy e

: 1 2.‘.’r- _ _
 8y= f f.(_x)_cosnxc%x
' 1 E 2n '
= _sff(x)cosnxdx-i— f f(x)cos:zxdx}
= <{xcosnx(lix+f (2Jr—x)cosnxdx} o _\_
_ 1 | (sinnx _“ —cosmx) T
;A n . nz | 0 | .
i Vo - |
0 _
' ‘ 27
et
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_ _1_ [ cosnx| _ |cosnxg }
T b L2 _ 2 _

= ;l*—g{[cosnxm cosOJ ——{cosZn:rr'wcosmr]}
02|

&

.,: ],;z {(Il) ""1"“14'( 1)} cosn I = (- 1) ;_

cos 0 =

b

T =
Case (i) When n is even nurr._ibei; | '
4, = —— |1 -1 =0
" J';nz [ : ] _
Case (i) When n is odd number

ey = - [-1- 1] -

sl

by = 3 [ f@)sinxde

X °

RS

{ff(x)smnxdx-}- ff(x)smnxalx} o

0

o
ﬁ}l—d

T : 2.
{f xsmnxd;c-l—f (Zn—x)smmdx}
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1 p —cosr_zx)_ —smax) | _
=. 7 _"J‘l .; ) nz : . )
- sm@ 2
2 x)( OSM)—( 1) } }
_ _ . Hliw
-*. |
0

= _—L [(_—éx'cosnx)- - ((?«ff."x')' CUS”X) - ]

Q J

= e {—n cbs-r‘:t T - [0 - @ - Jr) COS”_JI] }

- JTh

=0

fE) = _20+ Z an cosnx+ 2 b sin nx

oL (a) (11)Fmd the Feurier expansxon of f(x) = 1 - x2 in t!ie
mterval (-1,1)

Séli‘xti_on :

f (x) 1- Jc2 is an even functlon in the interval ( —1, 1)
b, = 0

ay =7 J f@)ax

.. L
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UL - LL

1

2

8 (*1) :

[FYFS

l o
f f __(x)- cos
-1

dx

nITx
T

-1

_}' (1 #.xz).cosn 7 x dx

www.FirstRanker.com
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smnn‘x_ﬂ- 4 | mcosnx _ 5 [zsinnmx
[ oo e (),
o . .0

cosnmx|
CLo= ZlZHZx—'“—Z“—,,“"}
_ o n Jr“_

0.

1
= : [X COSH JEJC] 0

Lo : '-[cosn_ﬂ: - 0]

= = (‘Qn | . .-.,(ZQSng.:(“l.)_n

-

) =

11. (b)i) Obtain the half r’ange'_cosine_ series for f (x) =xin (0,7) -

. Solution :

B

I rea

f x dx

|
o
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I
CHle
NPﬁ;,i
r

I
SIS
1

2 % D
a, = = | f@) cosnxdx
T

- }Ef xcosnxdx
0 . .
2 sin nx (—cosnx)|
=z -0
. . __-_ I.[}.
d

= _-—gfz- .[cos'rwr - ;:05 0]
- Jrnz [_( 1) £

Case ()

When n is even

1—1]

www.FirstRanker.com
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When I is odd

a.n

)

2 :
—~=[-1-1
el

n=1
oo
7 -4
5 + Z —5 cosnx
n=135,. TN

www.FirstRanker.com

11. (b) (ii)Find the Fourier series as far as the sec‘ond harmonic to

‘represent the functlon f(x) wnh permd 6, glven in the

follomng table.

X

0 |1 2 | 3

f@)

9 .| 18 | 24 | 28

| | Solution :

Here the length of the interval is 2/ = 6, ie., [

www.FirstRanker.com
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. The Fourier series can be represented by

ay it . 27 .
y = 4 atlcoS:fL{erlsmE + |a, cos "rx+b25m2xx
2 { [ [ /
4 X . X
Here y = o Tajcos 5+ by sin EY - (1)
* Y cos X sin 2= cos == sin =X
3 I AT
0 9 1 0 9 0
1 18 05 | 0.866 9 15.588
2 24 -0.5 0.866 -12 20.785
3 28 -1 0 -28 0
4 26 -0.5 —0.866 -13 —-22.517
5 20 0.5 ~0.866 10 —17.321
125 =25 —3.465
ay = % Ty = %125 = 41.67
2 X 2
ap = - 2y cos 3 = E(_ZS) = —833
2 . X 2 o
by = p; 2 ysin 3 ¢ (—3.465) = —1.16

Substituting the above values in (1) we get

_ 467 g3 cosx — 116 sinx

2
= 20.84 — 833 cosx — 1.16 sin x

12, (a) (i) 'Dgrive't'he P_arsevgl’s identity for Foﬁri_er Transforms.

Statement : _
I F@] = F(s), then

L@ Pa = [ Fe)lke

-0

www.FirstRanker.com
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‘_P;}oof': .
By Convolution theorem,
FI@es@] = FIGIFE@]
= F().G() where
F(s) = F[f(?c)] and GGs) = FLg(x)]’_ 2
L f@r@ = FIFOGE

Usmg the definition of convolution in LHS and deﬁmtlon of Inverse
Fourier Transform in RHS we get '

il

.—m ._m

72—; J Fog@~-nd= 7%— 7 F ). 6@ e

'Cancellmg ‘/_... on both sides,

ff(r)g(x 0 d = f F(S)G{s)e g |
Putting x=0 on bqth sides
| I f'(fBg(%f')df_“='j¥ ?_(s)z-_G.:(s_)ds Lo
This is true for gn g | |

~ Letg(®) = (-0

g(-n =fO
2 G(s) = Fg®]
= F[f(-x0)] |
-F®

www.FirstRanker.com
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o Now (1) becomes
S rofoa = FOF@a
J 1@ Pa = J |F@) Pas

T @Pa = [1Fe P

12, (a) (n)hnd the F ourler integral representatmn of f (x) delmed as
10 for x< 0
f(ﬁ\;) = % for x=10

le ™ for x>0

Solution :
-By Fourier Integral | theorem

@) = 2—13; f ff(r) cosA (1 =) dtdA.
: fo'r x<0

fbrxz(}

0
f'... . . ) 1
Given f(x) = 12
. .

X for.‘r>0

- fort<O

. | 0
1 o '
s f) = > for t=0
G

' for _t$_0'

'_1_'

f(x) = 5= e cos.l.(t x)dtda

{
B ¥

www.FirstRanker.com www.FirstRanker.com
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B 1 0 -~t T - i ®
=— 3 (-:-lcosit(r —x)+Asind _(r—_x)) - dA
27 Ze 144 o | .
| ax ' '
- ea cos bx dx = gy (a cos bx + b sin bx)
+

_= 27 joo [0_ 1+A ( COSAx+)LSlnA (*x))}

1 ? os){x+lsmlx
27 Je 1442

di - [ sin(-6)=—sinf
- cos (—6) = cos 6]

_ : 10 - forx<0
. 2 % cosAx+AsinAx 3 F ST
le. = e - dl == fOI‘ x.—"_O
l'e:f(x) zn .g . 1+22 2 .
| e * forx>0
Note : COSAJ-E +2251n/1;t__is. even function.
1+ : _ .
_Alt_x=0'
12 1 1 ® cosO+Asin0 .,
= di= = . —d A
R vr Lk S Py

(.
SIS

[tan™ _(;L)] N
[
;

[

an” 1(00) tan”! 0)]

S| |-- -

Q-

N [
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' 12; ) (1) Fmd the Fourier sine transform of
' o x, 0<x<1
f_(x); 2~-x, 1<x<2 -
B 0, x>2-

_ S'olutibn :

The Fourier sine transform is defined as

Ry - V2 {.f(X)sin&#dx

=Y % [ f@)sinsxde + [ f(x)sinsxdx + J f () sinsxdx
R 1 . 2 |
. 2 1 . 2 3 ]
o= VEE fx5ir1&x'dx+f(2-'x)$insxdx+f_{}sin&xdx
_ 5. - 4 /
4 /2 1 2 ]
=V [ xsinsxdx + [ (2 - x)sinsxdx
' 0o - 1 .
Applying B'ert';o'ulli’s formula R
2”. COS 5X | sin sx L
Vo
| | L o o o
_ o
+ (2 %) ( cossx] — (- 1){ smst
- V2 —X COSSX | sinsx _ .y COs SX smsx; '
B - & [{ S. ‘ + S }0 {(2 ) 3'2 ‘..-J .

‘—.—r—-—l

S §

e V % [(_COSS — 0 + Siﬁs — U] _. {0 - COS S+_@_2§ :, 15

www.FirstRanker.com
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— mns- coss _ sm25 sins |
coss+szs+ 5. 25y _2].
|5 s .5 s s,
2_sins_sin2.s'
52 s )
L

sin § — sin 25

.

12. (b) (D) Evaluate f dx 2 using Fourler cosine
0 (x’+a )(x2+h) B
transforms of e ** and e ™
Solution : Let f(x) = ¢ ™ and g(x) = ¢ ™
then F. (f(x)) = F. [e ]
2 a

o=V 34

Gie)  Flg()] = Fc[e™]
= Vg— b (by Qn.No.3 Pg.No. 2.37)
G. (8= % |52 452 Y .No.3 Pg.No. 2.

By Parseval’s theorem

8

f f)g@yde = [ Fc(s) Ge (s)ds

0
o .—-ax —bx P ‘\f2 a V—z— —_
ge «’ dxz'or T [a2+52] T [bz-}vsz] @
P c~{atb)x dx = 7 2 ab ds
{L g” (a* + 5%) (b + 5% s

www.FirstRanker.com
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e~ @FPIx 2 I ds
—(a+b) |, T o @ +sH @P+5H
1 —o 0 2ab G ds
a+tb [ } T (@ +sHEE+sh
1 2ab G ds
— 0-1) =
a ‘+‘b JT ‘!}- (az +SZ) (b2+S2)
1 2ab % ds
- (-1) = :
a+b T { (@ +5%) (b* + 5%
1 _ 2ab °f° ds
atb T @ +5%) %+ 59

Cross multiplying

T }o ds
2ab@+b) o (@ +5) (pF+ 57

Changing the variable s” to %’

T dx
2ab (a +b) 0 (@ +x5 B +xP

www.FirstRanker.com
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13. (a) () Form the PDE by eliminating the arbitrary function
¢ from ¢(x?'+y2+z2, ax+.by;!-¢z)_-—¢_0

Solution :

u ="I2'.|-y2.+22 | v = axtbytez
du 0z av 9z
—— el —_— +c—
P A ax - Y7 %
.——~*2x+22p | =atcp
au .0z av _ az e
—— — —=b+c
Sy 2y+2zay e 9y oy
=2 +2z9 _. - =b+cq
| du  du
. ':-6x ay2 '
...PDE.IS given by | av vl 0
o dx Ay

20+2p) 20+29)| _ 4
atcp - b+cq

-' .'2(i_+2p)_(b+CQ)—'2(a+cp)(v+'zq) =0
2[xb + cxq + bzp + czpg — ay — azq — cpy — cpzq] = 0

= xb +cxq + bzp —ay —azg — cpy = 0

www.FirstRanker.com
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 13. () (ii) Solve the partial differential equation

Ry-)p+YE-Na=2x-y)

| Solutmn :
The equatxon is of the form Pp + Qq R

_@_.E!dez
W__hereP—Q "R

dx b d
f@—@ T Ye-n 2E-y)

| The aumllary cquatxons are

Taking the rﬁultipliers «-1§— ,.}5 E —g— each term in auxillary equation
- X . ~

y. .z

. &y &

A A
L=z yE-x 2 (x—y)

xz y2' 22

& @ dz

T - B )

y—-z_._-' z—x xX—y

* Summing all ratios we get

www.FirstRanker.com
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1ntegrating "

-1 1 -1 _
x =,y z _
-1 + -—-1_+ —1 ¢
x y z
L1l uxill ation.
Takmg thf: multiplier 2y ps each term in auxillary equ
& dy gz_
- X - y _ .z
_ﬁ@'@: f@“Q' 2x-y)
x Yy z
x S

_ Y =
x(y—2) T y(@Ez-x z(x—Y)

b b &
x Yy z.
Xy —2) +y_(z—x)+z(x'“J’)

www.FirstRanker.com
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de i
X y .z
0

__Int.cgra.titlyg | f %ﬁ- f & +fg£ = 0 
ldgx + logy + logz = logc,
.loglez' = log cz. ; [ log‘.a +_.logb 4-‘ logc = log abc)
Xz = €
. The sélution. is ¢ (ci, c;) = 0

1 1 1
Lilel ) =0
‘p(x-y ny) |

13. (h) (i) Solve the equation _ o
[1) +D*D’' - 4DD? — 4D 2= cos (2x + )

- Solution :
" The Auxiliary equation is

-m3+_m2-—4m—4 =0

-1 | 1 1 -4 -4
0 -1 0 4
1 0 -4 | 0

www.FirstRanker.com
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m = =1 1s a root.

Also m*—4 =0

Roots are -1, 2, —2  |

The compleméntary fu:.lctio'n. 18

CF =f0-0)+H0- 2x)-_';"f3 v+ 20)
2 . |

PI = - ' ' cos (2x +)
D>+ D?D' —4DD? - 4D" -

= : : — oS (Zx +y)
DD? + D*D' —4DD'? - 4D' D

| ) |
o D( 4 + (- 4D'—4D(~1)—4D’ ( 1 COS(ZHy)

T =4D-4D +4D + 4D c"s(z"”)

-1 cbs (x+y) [D? m-".-»-a-z,_ D? = —p?

0 |
DD' = —ab
o
a2"4, —a® = 4
b =1
p* = 1, —b* = -1
ab = 4; —ab = —4]

Since the denominator becomes zero we apply n}ethod 5. .
PI = — - ! 5 .I 3cc.s.(’z;x'-+'y) N
- D*+D'D' —4DD?+4D”

www.FirstRanker.com
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= AER. cos (2¢ + y)

3D*+2DD' — 4D

"3 () +2(-4 -4 (1) cos (¢ +7)

= —-12 8 77 C0s (21: + y) .[Again r_cplacing |
'Dz by ——-—az '
| 1 . .
= g 08 (2x +y) | . D2 by —b
| DD'_' by —ab ]

The general solution is z = C.F + PL

z = fi@y- x)+f2(y 2r)+f3(y+2x) cos(2x+y)

13. (b) (ii) Solve [2D? — DD’ — D'? + 6D + 3D z=xe

Solution‘:
' This is non-homogencous equatmn
Dmdmg throughout by 2

5 We have to factorize in thé form

D - ml "'al)(D my D' — ay) =0

[DZ —._%DD' - 2D 43D + ED’] z =2
: .Comparing the coefficients éf DD :
| cmy—my = -2 L (1)
‘ Comparmg the coefﬁcmnt of D2 . |
Cmymy = —172 (2
'Compariﬁg the coefficient of D | |
e =3 - )

www.FirstRanker.com



:l :1 FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

Comparing the co-efficient of D' -
| mq dz "f" myay = 3/2 | (4)

Solving (1), (2), (3), (4) we get

my = —omy = La =0a = -3

CF = " fi(y + myx) + e + £, (y + max)

- PR p-B e F fhy

PI = SR x;y
DD’ D 3
D= 2D
| >~ +3Q+_ZD |
- 1 xe’
2' Dr ) ‘
(D+—2—) (p-.-D +3)
_1 1 e=x
=3 D.;-_P_’ f xe “dx
2+3)

Fae em}

Il
|
o
+ |-
|
S’
' = !

- (-1)?%|
2/ .
= "% 1Df [)C ec"x + ec;x]
D+
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U X X
ct+= e+ _
= —% J [xe_ Z4te .‘2] dx

. C-i-5 (_‘+E c+£
R O _2..."(1) ¢ 2b+e. ?
T2 fT YW T T
2 ) 2
u |2 -
X X
' ¢+ ¢+ + 7
=—-% [er 2_4e 242 2]

= %_[xeyl--—ﬁey] |

The General solution is Z = CF | + PI

=" (y —g) +e Xf (y +x) --.'[x & — e}’}

14, (a) A tightly stretched string of length 2/ is fastened at both
ends. The midpoint of the string is displaced by a distance
‘D’ transversely and the _stﬁng is released from rest in this
position. Find an expression for the ‘transverse displacement
of the string at any' time during the subsequent motion.
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2 2
. . . 0 0
Solution : The wave equation 1s Y — 22

a? od

From the given problem we get the following boundary conditions.
(1) y(0,t) = O for all t= 0
(i) y(2,t) = 0 for all t=0

e DY f B(, b)
(iii) -é?(x,O) =0 0<x<2l
Equation of OB is
b
Y=y _ X =X
Y2=N 27X S ] A X
y—0 _x-0 ©0) @, 0)
b—0  1-0
_ b,
Y !

Equation of BA is

|
y=b  x-I |
0-b  2A-I |
i
y=b = f}j(—m |
!
bx
*2{;_[
2 —-x
ey
bx , O<x< !

. {
() y(x0) = _
b_(?l, I<x<2

Now the suitable solution which satisfies our boundary conditions
is given by

y (x,f) = (cqcospx + cysinpx) (c3cosp at +cgsinp ar) ... 1)
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Applying condition (i) in equation (1) we get
y(0,£) = ci(czcospat+cysinpat) = 0

Here cqcospat + cysinp at # 0 [ it is defined for all ]

Therefore ¢ =0

Substitute ¢; = 0 in equation (1) we get

y (x,f) = cysinpx (c3cospat + cysinp at) - (2)
Applying condition (ii) in equation (2) we gef

y(2, ) = cysin2lp (czcospat +cysinpat) = 0

Here cycospat + cqsinpat # 0 [ it is defined for all\“t]

Therefore either ¢c; = 0 or sin2pl/ = 0
Suppose if we take ¢, = 0 and already we have ¢; = 0

then we get a trivial solution,

Therefore c, #0

The only possibility is sin2p/ = 0

ie, pl = nx [ sinnz = 0]
=7
P =2

Substitute p = %J;— in equation (2) we get

. RITX
y(x,£) = cysin 2 (c3 0052 zar+c4 sm2 lat) - (3)
Before applying condition (iii), diff (3) p.w.r.to ¢ we get

a_y A = ersint X | = s.mmrat nra) . . Cosn:rcat nia
5 &) = csny YR WY G 21 \ 21
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Now we applying condition (iii) we get

. BTX nixta i
(x 0) = Cp SI ——— 21 [64 21] = ()

RITX nta

21 21

16 626’48.111 = 0

sin n; lx =0 [ It is defined for all x]
e 21 #0 [ All are constants]

¢, # 0 [ Suppose if ¢; = 0, we already explained]

Substitute ¢4 = 0 in equation (3) we get

. hx nwat
yx,t) = €2 8 7= €3 €08~

nitx nJat
cos

= C2C3Sln 21 ZZ

nITXx nmrat

. (4
Yy (4)

= ¢, sin
Where ¢, = ¢; ¢3

The most general form of equation (4) can be written as

© nktx  nmat
= 1 .. (5
y(x? t) nEI ¢, Sin 57 cos Y (5)
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Applying condition (iv) in equation (5) we get

bx
RTX l

2! b—@'-l_—xl I<x<2l

2

, O<x<xl

Y0 = X ¢, sin

n=1

www.FirstRanker.com

. (6)

To find ¢, expand the given value in a half-range Fourier sine

series in the interval (0, L)

Here L = 2!
bx
—, 0<x<!
i’ b . nmwXx
= X by sin - (7
b —x) (yl”x), l<x<2if n=t
where b, = (2 t') _g f&x) sin 2% gy
From (6) and (7) we get by "
1 2
Sy = 7 ff(x)
0
[
1 bx . nnx b(2l~x) . nnx
“TOIS 2ldx+{ 7 smzldx
[ 2
b . hmwx b . nTX
= ﬁ{xsm 21 d:;ﬁl-_l2 {(21 X) sin 21 dx
i 1!
—cos 22X —sin 22X
b © 21 21
=5 |x - |—
I nrx n)?
21 (37)
i 1o
- - R
mcosm” _Sinnﬂ:x
21 21
+ 2 (2 —x) g - (=1 N
20 n
21
. - 11
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2
b RITX 21 . MTTX
+ z lr (ZI—x)( ] cos 7 ~ (nn) sin =~

b —212 nm 42 . nx;
== — —  —— +
Hn cos = +n2nzsm 2] (-0 O)ji

S

2 —272 mz+ 4% nn+222 ni 4% . nxm

ie, ¢, = sin

www.FirstRanker.com
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C., = 80 sinnJrr
n =
nznz 2

= 0 if n 1s even

- 3o sin ™% if n is odd
n-J

Substitute the value of ¢, in equation (5) we get

yx,t) = g Sb sin2E sin 20X o5 22X
T odd nEa? 2 21 21 :
® —~ - -
_ 5 8b — sin 2n—-Dnx in (2n — V) nx cos (2n — D at
n=1 (20 — 1)°x 2 21 21
®© : _ _ {
_ 8!2} > 1 (-1 1 (2n 21)3rx cos (2n 21{)3:51
J n=1 (2)1—1) [

Note : sin (21 — 1) 7 = (=1)""

14. (b) A square plate is bounded by' the lines x -—_'-O,y =0,x=20
and y = 20. Its faces are insulated. The temperature along
the upper horizontal edge is given by _ |

'__u(x,20)-—x(zo—x),0<x<20 B
while the other two edges are kept at 0°C. Find the steady
- state temperature dxstnbutmn in the plate.

Soiutmn

The_:'two- dimensional heat flow equation is - '
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We have the following bouﬁdary conditions
(i) u=0when x=0
(i) =0 when x=20
(iit) u=0 whcny=0 -
@(v) u= x(20 x) whcn y= 20

Consndcr thc first squtlon

u “'(Aep"+Be px) (Ccospy +Dsmpy)-j

Applymg condltlon @) in (1)
0 = (4e®+ Be% (Ccospy + D sin )
0 = (A +B) (Ccospy+Dsmpy)
A+ B =0
_Substitutiﬁg B = —-A'in (1) .we gct_._ |

u = A e? — A e™P) (Ccospy + D sinpy)

v (1)

L@
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Applying cohdition_ (i) in (2) we get
| 0 = (AP~ 4P (Ccospy + D sin py)
> AP0 40 |

AP 40Py = g

A=0 P72 g
 PutB= -A |

"B =20
But 4 and B cannot be zero simultaneously.
- First solution fails.
| . Cdnsider secoﬁd solution.
u = (A cospx + B sinpx) (Ce?Y + Dg_pj’)' @)
| . Applying condition (i) in (1) i |
0= cos "0.-4'- Brsin0) (CePY + De Py
0 = (A4 0)(CePY + De”PY)
. ‘- 0 ! | |
_Sixbstituting A=0 m (1) we get
o wa Bsinpx(Ce¥ +De™®) . ()
Applying condition (ii) in (2) |

0 = Bsin 20p (CeP? + De™PY)

> - Bsin20p =0
_Siligﬂp =0
20p = n o

www.FirstRanker.com
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P
Substitute p = iYL . n (2)
. 20

u = Bsin =2t (Ce 0 1pe ® ) . (3)
~ Applying .condition (_iii)' in (3) we. get

0 = BsinZX (Ce® + D &%

0 z'Bsm””(C+D)

C+D - 0

D = -C

Substituting D = —~C in (3) we .glet.
u = Bsmnzyg _(C 2 +De 20 )
B | nxy  -n=ny
:  ,nmy  -nxy
=-BCsin%{-(e_zo —e _?0 ) .
- banZE (M55
20
. o mamy  -amy |
:;%bn sinn;x (e 2{? —e ¥ ) . | ) |

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

- Applying condition (iv) in (4) we get

X 20_ = o : 'n_‘nx nwx - -—nn
( x.)‘ 'ngl by sin o (e e’ )
The RH.S is HRSS. Its co-efficient is given by

' {
‘bn .(en:r_e—n:r) — %f f(x) Sinnglrx dr
- O

20

_ 2 . nmx : )
=2 1 x(20__—x) sin = dx [Here I = 20]
=i2f0(2ax 3 ’””dx.”
10 . )sm 0 &
1 nax . NITX
1- : —CO0S§ 20 _ —Ssin
= — |(20x — 2 - - - 20
10 |¢ )| "n= -2 |
.20 202
i b Vo
0 | 0
120
| JRTX
20
D |5
AL
o |,
T
_a TR
10 [ 3,3
o 203 Jo
3 I 20
-2
- ""—_'X 203 cosn:rx .
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= —-;6{;0 [cosmr 0650]20 :
no I . . C

—1600
- = 3[( D" -1

Case : 1.

When ’ is even number, (.—1)n = 1

o o\ —1600
b, "T—e ") = 1-1)
by (@7 -eT) = Sa-n

'=.~0' 

by =0

Case 2 :

When s an odd number, (-1 = -1

_ 1600
b, (" —e ") = 1—1)
o ( o ) ndad (
_ 3200
n3x3
" AT

: Final solution is obtained by substitutiflg;"b-n_ in (4)

w 200 o 1 v nmy o ”) |
- L OMTX 20 20 |-
2 Tt —e 7 - 20 (6 g ¢
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15 (a) (1) Find the Z-transform of cosn@ and sin nB Hence

deduce the Z- transforms of cos (n + 1) 6 and a” sin nB
Solution :
. _Let' a = ¢

.'..Z[q"] :Z[(eiﬂ)n] {

- [Fz@)=2
; s |

- _Z _"[--eiﬁ
Z“(COSG‘Ff-Siﬂ@) ’

= cos 0 + i sin 6]

zZ
Z—=cosf —isin@

_ z Z—cos@ +isinf
z—cosﬁ—iSihﬂ z—-(,os£9+zsm9

[Multxplymg and dmdmg by conjugate]

z z—-cosﬁ)+tzsm6
(z-—cos@) + sin®@

Z(z=cosB) +izsin0

L ziE -

: z2 + 00529 -2z coq& + sinZB

z'(z cosﬁ') +izsinf
zz-220059+ 1

.[Z(c059+zsm9) ]

. Z[cosnB+isinng = 2(32— c089)+zzsm€_
el i e 0= 2zc0s0 + 1

"""'z'(z'mcosé) -+ | .zzsmt? |
z2-220056+1 2 ——22c059+1

Z-(cosn 6) + : Z (smn 6)
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- | z(z—coSO)
2ol S eose a1
_Z[smn9]= >, i1 |

z z cos

To find Z [a" sinn 6]
By change of scale property

zies = F[Z)

a

zsm6@

But, .Z-siﬁ_n. = - - -
! [ ‘] 22 —2zcosB+1

L e S A R e R e R e S e ]

. Replacing z = %Wﬁ'get L

zZ . '
=sinf
a :

Z[a.“ smnﬁ"] =
| z

2 |
| _—):‘~£Z4c059+’1' .
a a _

To find Z [cos (n + 1) 6]
Z[cos (n +1)6] = Z[cés(neg,- 61
| : ‘ZI.[COS‘nﬂiéqSB-sinn_Gsin'B]
- ZjcosnOcos8] - Z[sunOsin6]

= cos 6 Z [cosn 6] — sin6 Z [sinn 8]

 z(z—cos6) . , _ zsin@
= 6 _ — sin 8
o 22 —22cosf+1 . 22 —=2zcos6+
_ 2 cos 6 (z — cos 6) _ zsin?6

2 —2cos0+1 22 -2z cos 6 + 1
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15. (a) (ii) Find the inve.r_-sc Z-transform of z?(ﬂ-l_)l% by residue
. 7 —

method.

~ Solution :
z(z+1)

Let F @) = - 3)3

Multlplymg both sides by 2" 1

- 1z(z+1)

n—1
& e -3)>

n
= 1—('?_:*_3;)—?- =8 @
'EQuatil_lg the denominator to zero
| Ce-3*=0

=3, 3,_3"
| = 3 is a pole of order three
The residue for the pole of order three is given by

iim L 2 -a’g@)

I
z*ﬂ-a2

Residue for z =3 is given by

lim z—3
e TRFE R | ) @-3)°
lim = i 2"z +1)
2>3 2. dr?
2
1 d n+1 n
zh_il'; E—-——z—(z +Z)
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il

R O B R §
' ‘_'zh_in-_:,ZdZ [(n-l-l)z ii-.nz. :[
1
= (n+1)nz +n(n
32

%[(n—f—l)nf}n 1+n(n 1)3“ 2] |

www.FirstRanker.com

15. (b) (i) Form the difference equation ‘from the relation .

yn+1_ : = 3yn -2

Equation (3) can be written as

Vn=a+b.3"
Solutidn | |
Yn = a-l—:b_-.3rf.....'_ . (D
_ R_eplaci_ﬁg n by n +1 | | |
Yat1 = a+b.3"" )
Replacing n by n +.‘2 -
Yn+z = @+b.3"72 Q)
| ,Equation | (2)h can be. ertten as .. .
Ynt+1 = a+b.3".3
.From (1)-!).3n = y,; —-a
Substituting for b3" we get.
- Yn+1r = at (Yn—‘*")3
= a._+ 3J’n = 3a
OB
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Yorg = a+b.3".3
Cfrom (1) 53" =y —a
' Substituting for b 3" we get

ez =k fma)s

= a+_.9y,'1--9a |
a4z = 9yn—8a - e (9)
@ x4 weget | |
a8 @
a2 =9m-8a ()
©-© R
| Ynt2 = 4J’n+1 = =3y,

yn+2 4yn+1+3yn =0

._15 (b) (ii) Solve Yn42 T 4yn+1 +3y, = 2" mth Yo=10 and i = 1
- using Z-transform.

'_".Svol.ution P |
Lety = Z [r,]
Given j;n.éz +aygur + Yy = 20
Taking Z-transforni on bo.t-h sides. - .
z (Yn+z) +4Z ) +3Z(y) = Z (2n)
3 G—'yo—%—) +4 6] +55- —

Using initial conditions
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22 ()_zmyg'—i:) +4[z@-—-0]-+3j§

Iyn. = Z_il:

www.FirstRanker.com

=z—2
2 ;1 5) +37 = —Z
z (; z).+4z.0)+3y P
h;é+4(5+3" = £
z_;+4z;+_3;-z' *_——*zf_z
- N z
,%£+@+3)~z-z2m2
- ' _' | .z -
y(z?+4z+3) = 5tz
;. 2 _ z+-z.(z-—.2l.
y(z.+4z+3) =T,
4P -2
_.-—-—_-———z.‘_z
_"-'zz—-z
T z-2
yE+e+3) = 2455_2_11
- z'z—l):
y = R
: (z—2)(z"+4+3)
 ze-1)
T E-2E+D)@E+3)
z(z—-1) -
=-2)z+)(E+3)|
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- B _ z(z*" 1)) |
Let ..F (z) —_ C-DC+)E+3)
E) 21
'._z _(z-2)(2+1)(2+3)
__L | z-1 ' 4 +"B + <

(z—-2)(z+1)(z+3) T z-2 z+1 z+3

A@+U@+$+B@~@@+$+C@~@&+D
C-2)E+DE+3)

Equating the numerators |
2=1 = AG+)E+)+BE-2(+3)+Cz-2) (¢ +1)
Putz = 2 i
2-1=A4Q+1)2+3)+B(0)+C(0)

1 =405
1
4 = 15
Putz = —1

| "-_~__1—-1 = AE0)+B('—1~2)+(-1+_3)+C(0)

Putz = —3

=3-1 =A4(0)+B(0) +.'C(—_3—-2)(—~3+.1)'_

-4 = 10C
? c =-%
L F@ _ w5, 13 -5

z  z=2 z+1 z+3
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1z Wiz
15z=-2 3z+1

F"(Z) -

|tz 1 2z 2 z
Yo = Z [153m2+3z+1 52+3}

= Tg Z [2—2] + 3Z {Z‘i’l] 5 :z+_3._' :

e 2 gn
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