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~ 'TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

'ANNA UNIVERSITY é*XAMINAT_ION,' April}May 2010

PART - A'(1o X2 = 20 marks)

1. Obtain the first order partlal djﬂ‘erentnal equation by ellmmatmg
the arbltrary constants a and b from the equation

z=( +2a%) (Y +b)

Solution : Let z = (x> + a%) (> + b?) Q)
Differentiating (1) partially with i"espeét tox

oz

— P (2 2

or = 0P D)

p =207 +bY
L2402 _ B
Sy +b "%

_ Diffcrentiati_ng (1) partially With respect to y

0 e |

.§§-= (x2+a2)2y

q = ‘(x2_+az)2y.
n+dt = L

Substituting for x* + @ and y + t::2 (1) we get

-6

Corresponding,  4xyz pq

Fd
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2.. Form a partlal dlll'erentlal equation by el:mmatmg the arbltrary D
| functmn from the relatmn z=xy+f (x2 + yz)

Solution :  z =xy+f(x2+y) | . (1)_
Differentiating (1) partia‘lly with "rés..pcct'to x

- dz
ax

y+f o +y) 2
p = y+2rf*'(x2 >
poy = 2 @) o O
Differgntiatiﬁg (i) partially with rqspéc_t toy | ..
o '
by

cif Ry

g = x+2yf' @ +yD)

q-x - 29f (2 +y) _- -' | R (5) '
@ -y _ 2 @+Y)
(3) q—x .2yf_'(x2+y2)
p-y _x
i g-x y

Cross multiplying,
@Yy =x@-x
-y =xq-%

y: =i

Py — ¢
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' ay 2 . o ‘ . .
3. I 2 + > (ap cos n.7r X + b, sinnx x) is the Fqumer series

" n=1

of fx) = x in (-1, 1),find a2 + b

~ Solution : Here f(x) = x is an odd fmic_t_ioh. '.

. in the interval (-11), a =0 » Ay =20

jo _
1 - . RTTX , .
by =7 Jf®) sin T dx
-l . -
a 1 . nmx
=7 ;fl.xsm 1 dx
=2 [ xsinnmwxde [ xsinrmx is even function]
o cosmr.x:- —sinnmIx !
bl o]
. _ | 0
O.

. D -
-obe]
() f a1
= .2 (n:t) [xgosnxx]o :
-2 '

| = — [cos'n:rr-—.-O]...

by = — (1)
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-2 2
AT
b2 = 2 ’ _ 4
3.7 3@ )
aj =0
as = 0 '
n by = 9_1_5

4. Iff(x) = ~2- + E a, cos N X lS the Fourler cosme series of
n=1 - : .

f(x) in 0-< x <, state the co_rreSponding Parseval'identity.

Solution : The given series is Half Range cosine Serics.

. The Parseval’s identity . for. half range cosme series in
the interval (0 J'C) '

2
7T

_[f(x)]zdx_ = 7" ;

.D‘—\H

5 Write down the one dimensional heat equation.

Solution : The one dimenSional heat equation is

1]
&

Pu _ 1 0u
0> af Ot
6. 1If the ends of a string_ of length / are fixed and the nii_dpoint

of the string is drawn aside through a height h and the string
is released from rest. Write the boundary and initial conditions.

* Solution : The initial position of the string is as follows

www.FirstRanker.com
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AG p)
2

.
1 h
i

1

_ - _ \
000 . B (@0

The initial pbsiti(jn of the strin'g is OAB whose cquatio_n can be
found by finding the equation of OA and AB separetely.

. 'Equ_aﬁdn of a line joining points (Xl, y1) and (xp,y;) is

y=y1 _ xX—x

‘ J"—)@ XX

S  y—0 _x-0 A= i,
quatxon of OA 1s 0=n N [ = (0, 0) (29
o x
2
y _x
h 1
' 2
y _Z
R 1
'-y"='2—f~xbetwcen0andé—
- Equation of BA
| y - 0__x-—£ | .-_-,.' _(z '
7— h",__l_ [B (¢,0), 4 (zh”
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' y _x—
—h ' f_'
_ 5
Y o_ 2. _n
P y (x_ l)

y = %(l - ) betweeﬂé and

The wave equation is

2 62'

-

)
X

T

13y
& af
We have the following bounciziry conditio_ns_
| yz..O whenxm()- |
IL. y =0 whenx=1 |

TIL %’;’:'0 when t =0

| IV yzf(x) when t=0

7. State the inversion formula for Fourier Transform

Solution : The inverse Fourier Transform is

0 = g U@l

8. ~ State the convolution theorem of Fourier transforms.

Solution : The Fourier Transform of the convolution of f (x) and
g (x) is equal to the product of fourier transform is

e Flfeg = Ff)]Flsw)]

where  frg = —=—= [ (O g~

www.FirstRanker.com
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9. Find z(na")

oz

Solution : We‘know_that Z(n) =

(z -=.1)2 .

. Z(a" n) can be lobt"a_inéd by replacing z by -if

I

Z (@™n)

o
8 [N
/"‘-__"""-.

z-—a)]

-_ (z——a)

: 10 State the convolutlon theorem of Z-transform

Soiption : Z

! _[F ©G6e)] =

- m=0
| where  f(n) = z! [F (z')] -
g =

oiow]

> f (ﬁ@)"-g(n ~m)
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PART-B

11. (a)(i) For the equation z = px + qy + (g < p)-, find '_the

complete and singular solutions.

Sd}ution 2z = px+qy+ (ﬁ—— p) . @)
Let z = ax+ by +c .. (2) be the solution

Dit‘fe.renti,ating (2) partially wrto x

AP
dx
Sp = d_

Differentiating (2) partially w.r.to y

0z
dy 2
Soq =b
Substituting for.'p and ¢ in (1)
-z=ax+by+(%_a) . | (3)

This itself is the complete intégral as thcrc are only.two_..érbitra:y '

constants. | _‘
To find the singular integral diffcfentiate (3) partially w.r.to a. _
ez (=2 )
oa - *T [ 2~ 1

9z b e
52*0"’"";5“1_0
wb = —a?(l-x)

Differentiating (3) partially w.rto b’

www.FirstRanker.com
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0z 1
ab -_Y a
dz - 1 -
T =0=> y+= =0
9p _ oy a _
1
= ——
¥y

| Sﬁbstituting for b and than a in (3) we get the singular-int_eg_ral. '

;- _(@-}-)ﬂ (...a2<1_x))y+ (—-@-—l 4

—x -1 1.y '
- .._.._..+ —_— 1 4 =

B ( R x+-1-
Yy J’ Y |
e A Y - d1-x+l S
y y Jy y

sz = 1—x is the singular integral.

11. (@) (i) Solve the equation (D> —~ D)z =€ Fsin(2x+y)

Soiution :.__Thc ‘AE is mi—-1=0

-'m = =1

. The CF is z= fl(y+x)+f2(y x)

W

PI= wex*—h sin (276 +y)

C_ x% 1 .l
T Dr- 0 -2y 780+

www.FirstRanker.com
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X2y _ 1

.x--2y_ - 1

(D*+2D +1)— (D*—4D' + 4)

sin (2x +y) '

x—Zy . 1 -

D2+'2D+1 D’2+4D’——4

x-2yl - ) 1

- D*-D?%+2D+4D' -3

sin (Zx + y)

sin (2x +y)

L X=2 A
8 ¢ 2D +4D' -6

-éx—Zy

. = 1 — 3_sin (2x‘+_y) -

2 D+2D

Multiply and divide by D + 2D’ + 3

(—4) — (~1) +2D + 4D’ -3

- sin (2x + y)

sin (2 + )

e Y 1 D+2D +3
T T2 D¥2D> -3 D+2D'+35m(2”+”)
ey 1 5 0+ 5 sin (2 )
= . + "4+ 3) sin +
2 (D+2D) - Y
_ € 1 D+

2 p?>4+4DD' +4D% -9

: ex-"2y 1

ex~2y L 1

2T (Cd) + A=) + A=) =9 LT

2D+ 3) sin (2 + y)

+3)sin (2t +y)

- (D +2D' +3)sin (2 +y)

2-—25

= (D+2D‘+3)sm(2x+y)

[D [sin (2x +y)] + 2D’ [sin (2x + y)] + 35m (2x + y)]

www.FirstRanker.com
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= - 650 | [2 cos (2 +y) + 2cos (2x +y) + 3sin (2 + _y)]

o - |
¢ [4 cos (2¢ +y) + 3sin (2 + }’)]

50

.z =CI+PI -

. - ' : L R x'_,,z . ) . . _
= f G+ 1) 0 —x) = Se [4cos (2 +y) + 3sin (2x +)]

11. .(b) (i) Solve the e_quaﬁ-on 7 (p2 + qz) =x+y
Solution : Given ~ z*(p* + qz) = x+y.
2P+ = x+y

@)+ ) =ty L

ThiS can be reduced to standard type of the following substitution

-_--Pat-- Z =7
| 9z
P ~9x
_0Z oz
B az_ ax
=2zp | _
DY |
p =5
9Z _ 9Z 9z
dy.. 9z dy
Q = 2zgq
47 9 T -

www.FirstRanker.com
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Substituting (2) & (3) in (1)

&) (8- -

P
'Z"+

P+ Q?
This is of type 4. -

0*
e

_4(x.+y)'

Xty

x+y ‘.

-

Equation (4) can be written as

P? + 0?
P2 —d4x

P2 -4

'P2

P

4y - 0%

. QZ

| 0

- We know tﬁat

dz

&

f

1l

li

4x + 4y -

-0 =k (say)

P&+Q@

\/4+ dx-l—\/_y kdy

= 2ViFxdx+2 V'y—% dy

Integrating on both sides,

= J2vTFad + f_zvy—f &y

www.FirstRanker.com
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' _ 2 |
2f(1+x)1/2dx+2f (y-—) dy

' O
=2 Q—:’Q—— + 12—
“£+1 ' §+1
k 3/2
1+ ) -2
=-2 § 2 3

2 5
3 IV R
"'%[(1”)"*(5’—%) }

1. Gi) Soive the equation (X — ¥ — ) p + 2xyq = 2xz

 Solution :*This is of the form Lagrange’s Pp + Qg =R
o dy _ dz
The subgldlary equation 1s m __ _zicy 2

Considering two equations,

&y _ 4z
ny 2xz
Cance]lmg
d _ dz
3T 2

' In'tcgi'atiﬁg_ both sides,
[y
15 =13

logy = logz+ logci

www.FirstRanker.com
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: 10g‘y—~1_o§z = logc;

. IOg (‘5‘) = log C'l. _

S A

c
; ~a

Consider the multiplier X, V,2
xd  _ydy  zdz

= ”2@3 232

X _(x2

xdx%ydy%-zdz
. _
20 =) =) +y (29) +2 (2z)
xdi+ydy+zdz

X —».xyz — x2° + 2xy2_ + 222x

Cxdx+ydy+zdz
. 2 2 2N
X" +y +2z9)

- Equating the ratios

xdx+ydy +zdz  dz
| -x(x2+y2_—_+¥'zz) - 2xz

Cancelling w oo

2@xdc+ydy+zdz)
f*f*f

o R

- _Iﬁtegrating both sides,

log (% +y? +22) = logz +logc, -

lo_gx2+y2+22—— logz = 10g'c~é
6 2, .2, .2
"+ y° +
logj-c—_—i_—f- = logec,

www.FirstRanker.com
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: “‘—L"—‘f = C

Z ..-.

Thc_solution..is'- ¢ (c,c) =0

. 2 xz-[— 2-|-~z2
|

12.(a)()Find the Fourier seriés of f(x) of period 2/ defined
: o H=x,0=sx<1 |
as fol_lows.:__f(x). = {O Clsxsu
Hence. deduce that o

. 1,1 1 _=n
_(01"3+s z =5

o ,
SRR SN SRS S
-7.(")' ptatat T3

Solution : The Fourier series is

fx)= -C;—OJrE ancos’”;x + i b,;sinn?x
n=1 n=1
, 2
a = 7 J f@)ax
0
L | | 2
=7 |J fe) ax + [ f@x)ax
0 !
1 l 21
== |f@-x)dc+ [ 0a
F 1o !
{
0

www.FirstRanker.com



ap

N | =~

2
LT 16 cos™
T !

| -

T | ot

T |

— =

~ =

)

J

0

l

0

S |

T | et

l FirstRanker.com

Firstranker's choice

www.FirstRanker.com

dx

2/
nITx

f(x) cos ;

dc+ [ fx)cos 22X
[

2l
S (fhx)cosn—?idx-i-fo cos

[

!
J (—x) cos J;xdx
0
§ . RITX
sSin ]
(=5 == (-1)
T

www.FirstRanker.com

/ dx

X

dx
l
1!
nwx
—Cos
/
n* n?
2
! Jo
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2 {
1 1 (cosnnx)
I 22 I,
= ——— [cosnzx — cos (]

n‘n
- -5 )" -1
n® n®
Case : 1.

When n is even

l

a =~ - 1]
N _nzlarz o)
= 0
Case : 2.
When n is odd
ay = ——5 (~1-1)
nn
_ A
?12.752

www.FirstRanker.com
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[

2
1 L .. nTX
by = 7 _gf(x) sin == d
1 K . RITX 2 . hwx
== |f f() sin dx + [ f(x)sin dx
S l / {
K 2
-1 f (l—-x)SinEﬂdx-i-f 0 sin =% dy
l l 0 l
] !
0
=% f(! — x) sin J;xdx
- 1!
nIx . nAX
1 —c0s sin
T ¢ nx - n? n?
l 2
_ g 40
V
0
l
—cos X
1 /
o (] e
g 0
-1 / l
= 7 [(l——x)cosnxx:lo
= —;1; [O—ZCOSO]
= "n_n[ /]
{
T

www.FirstRanker.com
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The Fourier series is

a o0 oo
Sy = —0+E ancosnxx+2 bnsinnxx
2 - ) — l
n=1 n=1
!
2 o0
= 5-&- 2:)12 cosn;rx +E L sm’”;x
n=135 77T ‘n=]
gin TLTEX
[ 2 <« 1 nITxX I < /
=—+= > = cos + =
4w s’ J Tas1 M
cos =X 333”6
[ 2 / l
= —+ = + +
47 2 2 32
sin 2= sinznx
l l [
L (1
O e )
.
Put x = 5 in (D
cos = cosgj£
[ [ 21 2 2
I—= = —+= + +
2 4 x 12 3?
sin = sin—z-EE |
! 2 2 _L
+ = R fx)=1I-x forx—z]
4 3r ] in ™ sin 2%
1,2 cosz+cosz+ L 12+ 2,
. 2 - 4 Jrz 12 32 .e 1 2 ves
[ 2 [ 11 1 1
——= = Z[0+0+.]+= |=+0—S+0+=+ ..
273 T 2040+ .ltg [1 0m3+07F5 }

www.FirstRanker.com
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I 11
1~ [1“3+5+“‘]

Cancelling / and Cross multiplying

_ 1 _ T
.1 + =+ .. 1

1
3°5

Put x =0 in (1)

But x = 0 is a point of discontinuity of f (x).

fOH +1@200)
2

. Fourier series conveges to

www.FirstRanker.com

sin 0

(l—~021+0 - %_*_f_ [C(1520+C(;520+-'-] +}£_[si1;0+ ; +.]
é. - 'fi+%{]%+§5+"'} £(0+) = 1-0=1
§—§=§;§+§+- f@-) =
P Al
i |
Lile. oy
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- 12.(a) (i) | _Fi:_ld the complex_form of the Fourier series of the

function f(x) =e " when —z < x < and f(x+2m)=f(x)

Solution : 2/ = UL - LL.

= .'fa‘:"_-' (—J?:} =.2S’I'

Al == C.=2 [ fwe | a
£ - BT |
1 :.71' _—in:rx
C.=— [ e*e ™
n 2x ;I:.f _
LG L
—_ —— e""x e*inxdx
2 =, _
1 (-1 —in)x
= — e dx
2__“5_!1 _
1 [-1-imx]” i
- 27 -1 ~in
: ~-JT

=. 1 X 1 .. [e(‘lfin)’f—.-e“(“luin)n]'

1, 1 —1+in [(-—1—-111):.':__ F__(&—in)::]
2z Ti-in =i-in et

_ 1 =1+in [ (-1-in)x _ _—(-1- in)#]
g € : e

_ 1 —1+in ['(—1;i;1):r_; —-(—1-—~in)zz]
. € €

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

—14in [ —y .
— e .Tfe iIlJ'E._eJEelIlJZ

2m (1L+n%)
= ._____}_iiz_ e " (cosnm —isinnm) — " (cosnz +isinn :'z)]
2 (1+n°) b S ’
R '\.. _1+° _I_ . : . ; . R )
= ,_‘.,..___._ﬂf_z_ 4 xCOSRJL""*enCOSﬂJ'E] [ smnn‘-—:O]
2x(1+n%) * - B | |

. -_- A+ '[e‘”_’"(-'-i)“ — " (—1)“]__.

2'::(1+n)
'"__ ( 1"!'"2! --.7:‘ |
—l 2 (1+ )[ o ]

12. (b) -(i) By using Fourier cosine series for f(x)=x in 0 < x <.

z .
Show that——=1+i+}-+}-+
. % st 7
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cmed -
I
il (VAR

n

0 1if nis even

“;4 if 7 is odd
n-oJ

16

n’ n?

if n is odd.

Hence by Parseval’s theorem,

www.FirstRanker.com

R 2 ag 1 — 2
1 = — 4= . (1
= { If ()1 dx 4+2§1an 1
2 2
f@=x =[@] ==
JT
T 2 T 5 x3 _ .?I3
J @) ar = [ Xac = |5 =77
0 [ ] 0 3 0 3
3 2 00
1 |z 7 1 16
—_ — =_+ﬂ
o = T [3 4 2 n;-;dd n* m?
w8 5 L
3 4 sz n=odd ?14
©” _8 3 1
12 3”52 n=odd n4
& 1 7 1 1 7t
= - = — 1+—+—+ ... = —
n;zodd n* 96 3 5 %
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12. (b) (i) _\ Fmd the Fourier series of penod 2::: as far as the first
harmonic to represent the function y = f (x) defined by |
the foilomng table : ' :

0 [ 0 | 30609 |120]150]180]210]240 270300330 | 360 |

y |2343.013.694.15|3.69(220(0.83|0.51|0.88 | 1.09 | 1.19|1.64 |2.34 |

S'o'lt'ltion 3

x | fe) sinx coéx-_' f@)sinx - | f(x)cosx
0 234 | 0 o1 |0 | 2._340_

30 300 | 050 | 087 | 1505 | 2619
o0 | 369 | o087 050 | 3210 1.845
oo | a5 | 1 | o | 4150 0
120 369 | 087 | 050 | 3210 ~1845
150 2.20 050 | 087 | 11000 1914
180 o8 | o | - o | 080
210 | 051 | 050 | 087 | -0255 -0.444
240 | 088 087 | -050 | -0.766 0440
20 | - 109 | -1 o | 1000 | 0
300 | 119 087 | 05 -1035 | 0595
330 1.64 05 | 087 |  —os0 | 1427

.-_"Zy._='25.'2'2 | B Ty(sinx) | Zy(cosx)
- = 9209 = 3353
ay = 23y
_2x2522
12

www.FirstRanker.com
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=-4203
a;-= 2Xycosx

2 % 3.353
12

= 0559
by = 2Zysinx

2%9.209

= 1535

- a ) . : ’_
fxy = —jg + aq cosx + bysinx

— 2.105 + 0.559 cosx + 1.535 sinx

13. (a) A string is streféhe_d and fastened to. two points / apart.
Motion is ‘S{arted by displacing the string into the form
y =k (i — x%), from which it is released at time t = 0.
Find the displacement of any point on the string at a
distance x from one end. | '

"So_luﬁon': The wave equation 1is

9y _ _1_ _2’_
ol
. The solution is - |
(A cospx +B smpx) (Ccospct + D smp ct) ()

'We ‘have the . following boundary condxtlons
--‘(1)y:0 - when x = 0

(ii)y =0  when x=1

www.FirstRanker.com
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(111) —'X =0 " R whcn'___r =0 - [ initial velocity is zero}
(iv) y=k (b: ﬁxz)_when t=0 (‘. initial shape is given)

| Applymg boundary condition (i) in (1
= (A cos0 +B sml]) (Ccospct +D smp ct)

(A+0)(Ccospct+Dsmpcf) _ [cosoml sin0 = 0]'

=4 =0 . S Ccospct+Dsmpct¢0]

..Substltutmg A=0in (1)
‘Solutlon (1) becomes

'y = Bsinpx (C cospct +D smpct) “ (@ |
Applying-_ condition (i) in (2) |

= B sinpl (C cos pct + Dsin pct)

= sinpl = 0 [ B=#0]
.-Bl-ltl sinazw = 0
g = nn
T _nm
p -
Substitute p = 'j-;l in (2)

(2) becomes

J X -(Ccosnn_ct-_i__DSinnncf) | 0B

- . n
_y—Bsm l_ in —

T_o apply (iii) differéntiate (3) partially w.r.to ¢ |

www.FirstRanker.com
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92 - Buin X | _Csin |MEEL BEE | p oy AT R
0t ] I 1 N [

Now applying condition (iii), we get

0 = B'sinnJ;x ('.“CS'inOnEC.'+.D cosO-—n'J;le
0 = Bsin”“";x [0+D_’“}“} C [ sin0=0; cos0 = 1]
~ Substitute D =0 in (3)
y = {)‘sin—r”;:xCcols’”?c'f
_ BCs_in.nnxco_snn“
! !
= bsin T cosT2L [taking BC =b]

[ !

Using principle of superposition we can write this as

oy = > b, sin 22 cos 22
- ‘n=1 R
Applying condition (iv) it-_l'(4)_
k(x—-x) = bn's-ix;zmr;x cos0
' n=1 e o
= Z b, 22%4 [ cos0=1]

L

R.H.S is half range sine series

oo Its co-efﬁcien-ts'bn- is given by.
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l |
nwx

_ ff(x) sin ]

‘ﬁ -
0 .

i
k(@ —x% sin
0 .

22

=R

RITX

COS N JT — COS _0]
L. ) :

ﬁﬂf~q' 

cosnm = (-1°

www.FirstRanker.com
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Case : 1. When 7 is even number (—1)® = 1

—4kP '
EEEE ' :
—4k P
T30 (0]
=0

‘Case : 2. When n is odd ﬁumber (—;1)“ =~1
= —4kﬂ g L
. Qn = 3 ( -1- )

= 4kﬂ .
= 33(2)

78kﬁ
e

. the final solutxon is obtamed by subst1tutmg for b, in (4)

R 8k12 nmwx n:rct
y = 3 3 Sin 7 cos [ n takes only odd values]
n=135 N7 L '

‘13.(a) Find the steady state temperature at any point of a square |
| plate if twe- adjacent edges are kept at 0°C and others are
at 100°C. o

Solution : |

Let a be the side of squere

Let the edges x=a, y=a (ie.,) rlght vertncal edges and upper
honzontal edge can be kept at 100°C o

The other two edges can be at 0°C Hence 2 edges are kept at
NON-Zero t__emperature We cannot solve neat flow equation directly.
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.. we ‘split the solution into two parts as follows

U =u +u,;
Y ’
u=100
y=a
u=0 . u=100
x=0 =0
-0 : u=0 X
S a0

For u, we take only onc edge as non-zero temperature and other

three ‘pages 0°C temperature. Siini_lafly for u, take only one edge as

non-zero temperature (other than the above). Then we have to solve '
for u; and u, separately. The trial solution is given by

u = u1+u2

First we will solve for u; taking temperature at the right vertical

~edge as 1{]0?(-3.' For this we have the foﬂo“dng boundary conditions

@up =0  whemy=0

(@wu =0 wheny=a 1 @w=0
_ o . o . ' y=a

(i) uy =0  whenx=0 _ |

' ' : (i) up=0 - (v)u;=100 -
_ (iv)u1'='100 when x=a = y=0 |- | k=2

Conmdermg thc first solutlon

(A e +Be px) (Ccospy-I-Dsmpy) o ® “1:0 X
y=0 _

A.pplymg the boundary conditions we get ul as

www.FirstRanker.com
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o n 7 x —n X :
1= by (ea —e @ )-sirlft—f":-“)i
_ n=1 _ - . a
'Applymg condltlon (1V) we find thc value of b
Next. we will solve for u, taking temperature at upper edge as.

_ 000(, For this we have the follmmng boundary conditions.

(D uy =0 whenx 0 Y
Gi)u; =0  whenx=a - | @@uwu=0
| o | ‘ yis
(i) uy = 0 when y =0 : = :
- PR (1) u=0 | (i)uy=100
(iv) u = 100 wheny=a x=0 | x=a
onsxdenng the 2" solution a0
uy = (Acospx+ Bsinpx) (Ce:py +D e—py) ) u20='0 e X
Y=

" Applying the boundary conditions, L
o n ffy 5 AN .
a . HTX
2 ( —e . ) sin ———
= - a

- Applying condition- (iv) we find the value of by

. The final solution u = uy +u,

a—|x|,lf|x|<a

14.(a)(i)Find the Fouriér transform of f(k)¥={ 5 it[x] >a >0
_ he Fo -,

(i) Hence show that f (sutn t) dt- 32_5 ._

J @— Ix])e™ax

—a

Solution : Flf(x)] = =
_ 0“_- [f()] V2
Here a — |x| is an even function. But ¢* is neither even nor odd
function. (2 — |x| ) €' is neither even nor odd function.

. as such we cannot integrate this
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 Hence we write ¢ = cossx + i sinsx

—a

f‘[f(x)] = *‘;—2}:}}: f (a - |x|)(cossx+zsmsx)dx
1

_ \/2_3 fa (a-* lxl)cossxdx-l—z fa ({I* lx])sms:xdx |
Q...

The second integral become zero since the function odd and the
Im:nts are -1, 1. '

AlSo the _fuﬁction under "the._ first integral is even.
oowe get

a

3 F_[f(;)_]_ = —;/——3_; _{'}' (@- _l_xl') cos.sx_dx |

[ (@a— |x| cossx is even function]

~ -\,-%_—x: {)‘ (@ — x) cos sx dx | [." x takes oniy_ positi\fc Valnés] :
2, sin §x —COS SX -
Vin [(a x)( ) =1 [ 52 JL
: l | [ _sin(}'= 0]
2 [ —cossx |’
T Vim e |
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-

_ =2 |cossa—cos0
V2 2 1

_ =2 [eossa—1]
S V2w | 2

V21 512
T il [F1-cosO=2si?d]
V2@ P2 _ 20
-y
- sinZ|
' 4. 2
FUO = 7 175
 Now applying inverse Fourier transform  ° - ;

@) = 7= I Fr@le ™

— o0

2

o ' "} Si-ll""' - .

I--. '_ 1 : 4 2 —18X

-kl = L mw |5 e
sin—|

Rt 2
4 [= sm% T e |sin— o
- z;[fw 5 cossde= S |5F) psnmas

~{ [ the function is odd]
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2
_ . 2_' o | sin— : o : |
Ca—-xl =2 f ~ cossxds [ the function is even]
Lo 0 _ o
: 2 - .
4 o0 Sill_ .
a— x| = f cos sx ds
: 0
Take a =1 on both sides,
| 2
. . 8 )
4 K-} ISlll_' _ -
1-|x] = 5 1) cos sx ds
0
- Put x =0 on both sides
| - (o)
1 == " (cos 0) ds
T \ls )
_ | ) __
_ ‘{sini\ | | |
1=2 7 |2 &  [cos0=1]
T P .
o\ ? . _
Substitute 5 =t
ds = 2dt
2
4 7 (sint)”
t -5 (5 e
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Lt ) i : \2 . ) L. ) ..'. )

' .2 % ([sint ' L

1 =2 (“_ a S
0 £ ' . o : ‘

(s

: T, :
14. (a)(ii) Prove that f(x) =e X 2 s self-reciprocal under the B
Fourier cosine transform., - '

Sb_lutio# : F, bf_(x)] | = @Z f (x) cos.;';cd;: o
'\/;—2; of | e_.’f‘z/z_. €os sx dx |
( e
= RP \/— f e_"/z 'S"dx
"_.zRP\/—f —-+1sx
. = RP \/— f 3¢ _2’“);&

Consider x2 2isx

Addmg and subttactmg i 52

xz 2:&x+: _-izsz'
2
(c — is) + 5
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Y - ub ] CEIO s I
- Ff®)] _x&-:R.PV; Je? T a
L — o _l, .2 =S
- R-P.‘V“,zf [ e 5 -s).e- 2 g
. . | 0 A L )
- -s- . 1 2
- : —_— - o e )
= R.P V% e 2_ e 2¢ l)fdx
o _ 0 _

'.-._iz. 0 _[x—-is]-
= R.P .%e [ e 2 ) &
- _ 217 vz
e =RPV g 2e? Le &
o x—is
M
Differentiating, -2 = dy
Differentiating, 7 = dy
i dx = VIdy
" when x=—w y= -
w-wht_m X = | y=®
2w 2
SRF@ =RPVZ Je? [V VI
N V2 1 -2 7 -
= RP_‘\/-J?Zﬁe “fwe dy
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2 |
: . a3 - .
= RP —=¢ T .J e’ ay =vmof -
Vo & St e A
[by beta-gamma integral]
, _
R
= RPe 2
=
2
=
Hence e 2 is self reciprocal.

14. (b)(l) Find the Founer sme transform of x)=e" where |

T2 :

a> 0 and hence deduce that f sm X
: 0 a’ + 52

Solution : The Fourier sine transform is deﬁned- as
2.- - |
V - .gf(x) sin_sxdf;

V= J e ™sinsxax
R . o
'1-/2 e |
= z |3 2 (—a sin sx — § COS 5X)

Flfe)]

- Ry

~Jo

'feaxsinb A |

. X dx W(asmbx-—-bcosbx)
o . a :

2 1 -"1 . —ax . --a.s . Y™
V z |27 32| 1€ esimsxte Tscossxp,
T la® + 5] o _ -

¥ .['_.'d=-—a,b=s]
0o -
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| ‘/z —s5 ,[,.ax , ]"”'
=V.7 5| ‘cos_s:'c. 0

a +s

2
“a-l-z

/2 =5 | 0 | |
= Vyzy 5 ——((1 [ e =1, cos0=1]
Vi gmen nd : .

__2“ .
T o+t

[o ¢ cbsO] [Pe™® = 0]

Il

Now we have to apply inverse Fourier sine transform

f& = \/g I R @)sinseds

141
|
+]
]
: o
S
.‘—18' H1
|
L
[\
171
B
q
&

0 a +s
= 2 % s
ax .
e == [ sin sx ds
T 0 az+s2
o
o f 2.5' ZSm.s:x_ds——z—ea"
0 a +vs -

- ' RERTRS - 1,if|x] <1
14. (b) (ii) Find the Fourier transform of f(x) = {0’ H;I S and

hence deduce that | 22X gy =T
_ - o X 2

- Solution : The Fourier transfo_rm of the abovc function is given by

-0

PG = = Frepéma
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1 .

2sins

:__- sV2zm -

FF@] =

www.FirstRanker.com

V2m
"

V2

2sins

sVZm

www.FirstRanker.com

f lelsx‘k

elS — e-—lsx

2{dns'.'
is

Now applying inverse Fourier transform

fe =

Tz J Fr@le e

Substituting for F [f (x)] we get

_ 251”-5' o isx.
f&) .:_ V_:t_fwsvr—n _ds
= 2 [ SOS i {-
C2m Sy S
= %—f s’? (cossxﬂtsmsx)ds [ e _wzcbseé-._isine]l

- (822) rsns] -
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[ ) ()

| [ the fanction is odd]
0 RN |

'Hh—n'

| f(jr) = % ? (‘s’l"ns—s)cossxds

2 7 sins o
= E{ *-;- cos sx ds
- | 2 7 sins
Ge)) 1 =7 J =" cosscds
_ S | _
_Put_ti;:lg.i =0 we get
o 2 sms '
1=Z J' L s s 0ds
1=2 T udé L cos0=1]
.:ﬂ:. 0.’ 5 T .
| _ _Ci-oss multiplying_-
| -:r, % sins
2 M{ s ds.

| Changing dummy 'variable ‘s to % we get

I‘ smx

2
2 .

| 15.@)6) (1). Find thg Z-transform of .;Gl:“l_)"
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Solution:

n=2n n=1

lea 1 0 el _
=y e L

zu=2 n-— ' n=1
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(2) Find Z (f(n) , if

LR )

.Sollltl.(lll : Z [f(")] z [ \}5" r; 1 (1._2\{5_]:11} ] |

(=]

B ) (2@ = 725

s ez -

S ﬁff‘

1S. (a) (ii) Solve the difference equation
y(@+2)+4y(n + 1) + 4y (n) = n, given y (0) = 0 and
y(l) =1, by the method of Z-transl‘orm

Solution : Let y = z[y,]

Taking z-transform on both sides,

Zb»n+21_+-42b»n+11+4Z[v.(n)1 =Z[n
Y1 .z
{y %= ]+42[- yo]+4y “ e
2 1 _ z
r 0- ]+4z|§. O]+4y T
zy—_z.—|-4z[;]+4_; = '.z o
| | -1
_.;[zz-+4z+4] -z = (zfl)z_ i
§[z2+4;+4_1 - z(z.—l)z-'-l.-.z.'

www.FirstRanker.com
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-5 _z+z(@—1)
| y-[zszf*z*ﬂ -1’
- ‘12=z+z[z -2+ 1]
rer -1
T2 z'+z3-—223-+z- |
_y(z.+2) -1
- S e
ey
o = _ 23422_2+éz
. Y _ (zéw'l)z(z+_2)2-' -
e N AP+
. _ | 4 :
. | . i y zZ [(z _1)2(2 +2)2:|
T Applymg Parl:lal fractions ' |
- LctF(z)‘-— z(z —2z+2)
T e-v ey
Consider o) _ _z - 222 +:2 5
B @-12E-2)
A- 2z+2 -_' A LB ,_C '+D.
(z-l) @-27> (z—--1)-2- z-1 (z-—z) =2
2-2+2 A(z 2) 24B(z—1) (z--2) +C(z 1) +D(—1) (2—2) |
e-1)° (z-2) | @Y (z-2)

2o +2 = A(z -2)2+B €= e —2+CE - 1) 24 D-1)e=2)
 Putz= =1 | |

_ 12;2(1)+2-= AL - 2)24_—3(1—-1)(1—2)%0_(1,—i)2+D(1-¥_1)2'(1—2) "
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1-2+ _2'_ = A'(-1)2_ + B(0) +C ©0) + b_(g). -
) A =1 | |
- Putz= 2_ - |
'22—2(2)+2'~_- A(z 2)2+B(2 1)(2-2*+C(2- 1) +D(2 1) A2~ 2)
4—a+2 -'~=A(0)+B(0)+C(1)2+D(0) |
'. -_-Rcmowng the brackets in (1) -
22 —-2.z+2 B A(z2 4z+4)+B(z—~1)(z —~4z+4)+(3(zz 2 +1)
' +D(z —2z+1)(z~—-2)
Compa_fing the coefficients‘ of 22 |
| B+D =0 .
Comparmg the éonstant tcrms L T_ |
. 44-4B+C-2D =2 (3)
Substltutmg values of A and C in (3) | |
. 4-4B+ 2- 2D = 2

6= 4B—-2D = 2
4B+2D = 4 *
2B +D ~ 2 L@
B+D =0 L@
-2 B =2
D ==
| '22-__ 2z+2 - 1 | 5 | 2“ L2

Ce-1e-27 ) (z-—-1)2+(z—'1) (z-—z) +(z—'-2).-..-'

N -2z -
Te-1? ozl z-? z2-2
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o 2 22 —22
L F@R)= 2 1 Z
@ = [(z 12 -1 @-2¢ G- 2)]

= nr2m 2@ 20"

2

15. .(b)' (i) Find the ir.wers.e' Z-transform of - ' _
o S S @+2)(Z+a)
" by the method of partial fractions. -
. : o o 2 |
"Solution : Let F(Z) = —
R - z+2)E+4)
L F@ _ .z
N 2) (@ + 4)
Let — Zz = 4 +B§ C
C+2)E+4 2t2 44
_ A(22 +4)+Bz+C)(z+2)
e+ @y
2 =A@+ N+ B+OE+2) . ()

Put z = —2.

~2=4 4+4)+ (Bz +C) (0)

—2= 84

o =2
1

A = -7
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" Removing the brackets i_n'. @

2= AP F+BE+2BE+C+20)

_ | Comparing the coefficient of 7
A+B =0

— . . 1

'4_+B _.O =>3 " 4

Comparing the coefficient of constant term
44+2C =0

-1 )
4(4_)+2_c =0

—1+2C =0
2C=1

Fz) 4  \4)” 2
z o z+2 244
11 1
4 47 2
= —+
z+2 . 44 Z+4
‘1‘2 .}‘Zz' ‘1‘2.'
4°  4” 2
F& =732 2+4 2+4
i .'122 1
U@l =2 sty

www.FirstRanker.com
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I DR P S N s SRS UL ) R S
- "Zf:_ L‘+2]“4."_4Z | {224_4]' 2 2+4|
: ; Cm :
= m*( 2) +42ncos—5’-+22 sin 2
15.(b)(ii) Solve y(n +3)—3y(n+1) + 2y (n) -0, gwen _
o y(0) = ,y(l) =0and y(2) =38, b} using Z-transform

~ Solution : Let y = Zhd
Taking _Z—transform on both sides,

[y (n + 3)4 ~3y(r+ 1)+ (n)]

-z (0)

ij(n+’%)]—-3Z[y(n+1)]+22[y(n)]

| i
2|
- A
y—4-0-2

' - Z
L

.

A

Pyoad-0-F 3y 1z+2y =

Ay—dP -8 —3y+12+2y

YR -%+2 -4’ +4 =0

-3+ = -4
oxd — 423 '“‘_EZ_
YT B %40
o o _1. .423-'_&2
y =2 3 '
1z

—-5} -3z[y —5{6] +22[y (ﬁ)-] =0

“5] =3[y - 4]+ ZJ_? =

0

= (0

22 —-32+2

_}' o =

~3+2

To factorised we apply synthetic division.
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1 1 0 -3 2
0 1 1 -2
1 1 2| 0

(z"—— 1) (;2—2.-'— =10
z=1, -22*_-2;.&.-2?—.2_ =0
i_@—zxmfﬁ'=o .5
z-2=0,z+1=0
_z-=1, z="'-2,,_z_='-—_i a
Con31der F tz) 4—-@3—;th
D=3+ 2
W_é cén__ ﬁnd..thé-invcrsc using method of residues.
R
- DE-2)(z+1)

4:»:“"'2 —

@wg@~2xp+g

Polesarcz—l z-—23 -1

" Cosider z“_l'F ) - = 42"__1

) 4Zn-i;2 Py
Resxdue at z=1, lnn z—1
. 1 @- )(z—-l)(z-»Z)(z+1)

. 4zn—i*z Zn
B = lm :
- A Eyer)

W™ - @
1-2)1+ 1)

.=4(f” "
D@
[@“2(01

4._ “2.

=4
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o S _ - ' -#n+2 _n
Romdue ara= f’inz, A ) -2+

' zn+.2-_-_zn N
= lim 4

.. (_2)n+2 .__ 211.
-%@_n@+n

i

' 4 (2):1 +2 — _211
me.

PR € e
3

]

n+2 n

LA
Resxdue at z= _1z2n-1~1 (Z+ 1 4 (z~ 1) @z~ 2) (z+ 1)

, Zn+2 Zn _
= lim 4
z>—1 (2—1)(2"2J

PR e Vit G Vi
(— ‘1—1)( 1«-2)

o (2)( 3) S

BN e
=4 s

_ '_4'(1)“+2%4.(1)“ 4@ 4" A=) - (-1)n
Yoo = —'2"”--'+ T3 T e

= 2(l)"“+2(l) +3 (2)“*2 (2)‘% (-1 *2- 1( ~1)"

..._2 (.1)n+2.+% (2-);1:{-2 + _g_ (M1)1.1+2+2 (l)n ____ % (2)!1_‘%(__1)11 -
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