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TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS
ANNA UNIVERSITY E)(AMINATION Nov/Dec 2011

- |PART - A (10 x 2 = 20 marks)

1. State the Dlnchlet’s condltmns for the existence of the Fourier
expansion of f(x) in the interval (0, )y

Solut.lon v The function f(x) can be expanded as a Fourier series
in the given mterval if the followxng condmons are satlsﬁed

(1) f x) IS plecemse contznous

(2 f(x) is perlodnc.

2. Find the root mean square value of the function f(x) = x in ©, »

Solutmn :'

- The Root mean square value is given by

T
o]«
N e
Given : f® =

1
]
Ty

UL
LL = a'.:' 0
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3. Write the Fourier transform pair.
Solution :

The Fourier transform Cf f) is

| F[f(x)] - = - f(x)e“"ctr

woo.

- The inverse Founer transform is

—00

0 = = [ Fre) e"‘“dx

4. State Parseval’s identity on Fourier transform.

. Solution :

Let F[f()] = F(s), then

Jir@ta = [ [Fe)Pas
5. Find the PDE of the famlly of spheres havmg their centers on
the Z-axis. _
Solution :

The equatlon of such spheres whose centle hes on Z-axis is

x2+y + (- )2:,2

| - ()
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_Differentiating (1) -partially Wirt, .‘x’

L az'.
2%+2(z—¢c) = =
2z C) dx 0
.0z
2 = =2(@z~c) =
(z=0¢) o
x =-@-9p |
(z=c == L@
=9 =3 ._ @
Differentiating (1) partially w.r.t 9’ |
y+2@EzZ—-c) = =90 -
Y (z ) ay . _0_'
0z
'2y = =2 Z—C I
L ( ) oy.
Yy = =(@2z-0g¢q | Y )
. Usmg (2) in (3) [Substltutmg for (z - c) in (3)]
-X .
Yy = X
St
- P
py = xq is the required p.d.e

6. Solve the equation (D — D'y’ z=0 .
_Sﬁlut_ion : | | |
The auxxhary eqﬁatidn is (m — 1)3 =

| B m =111
All the three roots are equal

= fl(}""mx) +xf2(y+mx) +x* f3( + mx)

Z =h v +3) +xfy 0 +x) +22f; (5 + 1)
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7. In the wave equation ——:2'-= cz% what does ¢* stand for"
' : d d

' _Sohition -

ct =

|
3|9

T = Tension

= Mass per unit length

8. A plate is bounded by the lines x=0, y=0, x = [and y = L. |
" Its faces are insulated. The edge coinciding with x-axis is kept

at 100°C. The edge commdmg with y-ams is kept at 50°C. The

other two edges are kept at 0°C. Write the bmmdary condmons
that are needed for solvmg two dimensional heat flow equatlon

— "
Solution : R
uf{]
y=1
u=50 u=0
x=0 x=1
o] u=100 X
| y=0 Y
Since there are two non-zero edges, we '
 divide the solution into two parts, as follows 0y =0
() uy = 0 when y=0 o o y=l
" - : . ‘uy=50 "
(i) ug = 0 wheny =1 : : ;=0 "=
[ o . ' ' x=1
(i) uy = O whenx=1" :
(V) uy = S_{}_ when x =0 ' o =0
' v=0
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up =0 whenx=0 = 4
iy =0 ‘when x =7 . _
B . . ° . . . u2=0
= 0 when y =7 y={
£ o ‘ up=0
= 100 when y =0 x=0 u2=0
2ain . : : E x'=.l
o Cup=100 @ X
y=0
1 \
5,'-2 + ..
1. .
+ — fz" + ...
* z
(1/2)?

A [We know that ¢* |

-

I8 0l = 1j_

xz- '

=1+X4 54 7

11 2!
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10. Form a difference equation by eliminating arbitrary constants

| from U, =A 2n

Solution : | | |
Un =4 2“%1;' | . - (1)
Reélaée n Ey n+ 1  |
e Un+1 ;Azﬁz |
Uypq = artg )
‘Substitute (1) in (2) |
| G = G2 [APT=T)

Un+1 = 2U,

PART-B

11. (a) () Find the Fourier series of periodicity 3 for
f(x) =2x—x in0<x<3

Solﬁﬁon :

Here 2/ = UL—LL

It
w

I
o

21
21 =3
;
=3

The Fourier series in the -intcwal 0, 2) is
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o

L 2(3/2)-
1
32 | &

2l

— —

372 0

(=3 NN

__3
3

éo. . o
272 o st 3 by sin
o n=1] - : n=1.

1 26372) ' _ _'
J '(Zrn—xz).cos

@t — 2) cos

www.FirstRanker.com
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fe)dx

_-.1 | _
7 _f_f(x) cos.-’%{dx '
.0 ' .

nmx
(3/2)

df :

2RITX

3 dx

nix

~—x2-)dx-‘ [Here / = %]

e (D)

[Here I = 3/2]
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onax ' 2nmTx

5 sm--———‘3 ?x lﬂ—co._s
-3 (2 —x) 2nuw - @ 9\ '4n2__n?‘
.- 3 9
' . N3
%) - ' . 2nmwXx :
N a1
+ (-2 |— =3
27 0
s
-0
_ 3
2nmTx ‘
5 ' cos .
2 o |3
3 @ ) -4!32752
—g l,
| ' ' 3 2;1.33..1? ?
2 9 B nmx\ |
= x5 3 (2 _Zx)(qos 3”
3 an‘xm _ 0
3L (z—sjeosé’”"—<z~0)cos0]
T2 22 AT - B
| : o rm=1;c0s0=1]
_ % 21 5 [_4(1)_2(1)] [- cosIZnJrl 1,__(!05' 1
n-a” L .
= %-—;;["4“21
nem |
301
= E 112.312( 6)
= =2
I = 22
21
bp = 7 {f(x) sin —; dx
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12(3/2) | S T
- 3/2 -({ (zx I)SIB 3/2 dx I __..{Here.'lz'i}

=§f(2x xz) 2n3rxdx-’

Znnx U . 2nmx)

= = [(2x — %2 _ 3
3 ( ) 2R (2 Zr) 4n23rz'
3 9
) ¢ .
0
13
CDSZn;rx
+( 2)
8n33r3
N 27 )|,
. -
2 | g || 2o 2 cos 0
_— 2 6__9 . COS
3'( ) 2nm 8)‘13 3 O+8n37r3
i 3 27 77|
2 [ 1 g .1 |
= — ....3 — i 1
3 (=3) 2nx 2-8n3n3+-2'8n3;;3
B B 27 27
3 (2nx 81373 8n33r3
-2 1.9
3 2?2_::
b, = 3

Sub for ay, a, and b, in (1), we get
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: g & (=9 Camx . o3 ..'n:rcx'
fix) = 2+2 [zlecos 7 +2 na s

o s

1 nrx , 3 1 . h7TX

Yy = cos += . T.sin—
b n

n= '

: 9
f@=-5
| JL'Z 1R Z. - n=1

" Gi) Obtain the Fourier series of (9 =xsinx in (-7,7)

Solution : f(x) = xsinx

x is odd function. sinx is odd function.
xsinx is an even function.
In the interval (—7, @) , by = 0 |
~ Hence we have to find ay and a,
g =7 J f@)ax
—J
T )

1 .- .
=7 f x sinx dx

—J .

I
|03
O

csinxde  [rsinx is an cven funtion] .

x (~cosx) — (1) (=sinx) |

|
EIRS
o

o
- 2 o]l
- 2 e
| - % [moosm 0]
2y ewm=-)
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.ap =2
) __1_ n '. . P . g
ay = f f&) cosnxdr
) -~J

J
J xsinx cos nx dx
—T :

=

[ x sin x cos nx dx [x sinx cosnx is an even function]
0. . . . : .

T

' 2 . T . . ' . . . .
= 5= J x(2sinxcosnx)dx [multiplying & divide by 2]

= % }x {s-in(x+nx.)+si'n(x—-nx)dfc _
o L. . o
= % J x {siﬁ(1+n)i+sin(i -—.n»)x}:dx'.;
0 T |
_1 [x{ucqs L+n)x _ cos(lén)x'}
T 1+n ' 1-n | _
- ) —sin (1‘+'n)x '_'sin(l—n)_x' g
aEn® o a=n? |
) | ¥
0 | 0

Taking ‘—’ sign outside

cos(1+n)x  cos(l—n)x

| T E x{ (+n) ~ (1-n) }0

_“_1 x{cos(1+n)x+ccs n-—1)x}

[cos (—6) = cos 6]

T 1+n) A=-n) ||,
| | _- -1 [ cds-(l'-i— n)m .cos (n— Y@
- "{ A+n) ' (-n) }‘0}
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/3 1+n 1

= s

ey 1P (=" (-1~
- | L+_ 1-n }

Lo | |
| (D, C0ED] {enTt=mt
IZ—IL i+n - 1—n S ,

T'n 1-n'+,1_+n |
= [(1+n)(1~n)-

2(-D°
T @+n(d-n)

ay, =

For n=1, Denominator beomes 0;
We have to find a; separately.

. 1 7
ay = E _fnf(x)cosxdx C

T

= = [ xsinxcosxdx
. -

I
1

e o
=-£——_f x (2 sinx cosx) dx

51_ { xsin2xdx - {smlﬂ;_ZsmGCosﬁ)
T a0 . _ _ -
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=7 {. X sin Zxdx - {xsin2x iS_e#cr;"'-function]
_ 1 —OSZx o (=sin2e)]" .
7 x (1) ' 4 11
' 0
R
0
_ 1 |=xcos2x
T _ 2 a4
| 0
= Tz [reos2] :
oy [JI_COSZJI.’-—-O:,
- [3(1)_.-—_0] : [cos2z=1]

—2
2 —'1--n

St cosx+ Z “uLcosnx

2

1 | n |
-_1__C05x+ 2 2 ‘ghchosnx
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-11 (b) @@ Obtain the Fourier cosine series’ empansion of xsinx in

2 2,2 2
-'(On') ndhenceﬁndthevalueof1+13 35 57:7' _

‘Solution :

“The half—range coéine series in the interval (0,7) 18

f () = 2 + 2 ancosnx

-n=1
=z [ 1O
:’Z'- _
= ;2;— _gxsinxdx
=2 [x'(-- cosx) — (1) (= smx)]0
n - ' $\._
. .
2 n
= = [—xposx o
= T [ICOSX]O
=2 _ol
= T [ cosm | ]
: -2 | - o L {CO_S'JSz'—-l}'
= [=( D) B g
ay = 2
.an = }*E { f(X)COSdex
_ 2 [ xsinx cosnx dx
Ty |
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= 5~ J x (2sinxcosnx)dr  {. Multiply and Divide by 2}
0 s - : o .

Il
e‘-ll_#—t
Oty

x {s.in. ¢ + nx) + sm (x'- - mc)}

s 2sind cosB = sin (A +B) + sin (4 - B)}

___ _xl_{x.{mn(l-i-n)x-i-sm(l n) }

= % ,:x{-cos(1+n)x cos(l-—n)x}

1+n _ 1-=n

(1.+ n)?

¥
0

sign outside

0 -

(1+n) " d-n)

S @+n) _(1.—n)'

. .'_'_1 ,n'{cos (L+n)x | cos (n -z
a+n) (1~—n)

e, e
S {1+n T

(D1, (1) - 1)‘_"*]

1+n_ _-ln

__|eney | G 1)}
| 1+n 1=

. :i[x {cos(l-!-n)x_{_cos(l-—n)x}_

".._1 -[x {cos (L+n)x 4 cos(n — 1)3}-'

— { sin (1+n)x _ sin (1-— n)x}:r
. : (1 __n)Z

ey =
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L N
= - (= 1)( 1) [1+n+1-n]'__

l=n+l1+n
(=1" [(1+n) (1—?1)]

21"

@+n)(A-n)

2(-D"
o = 21
1—n

2

For n = 1, Denominator becomes 0.

We have

to find a4 separafely.

2
b3

2
JT

2—23; J x 2sinxcosx)dr ~ {Multiply and divide by 2}

J f®) cosxdx
0 _

T

J xsinxcosxdx
0

51; [ xsin2cdx ~ {. sin260 =2sinfcosB}
LTI | .

1 —COS Zx) —Sin ?x
;s o 2]
& [ ( 2 0
0

l ['—x _cos?x:! i
T 2 o ;
= [x cos Zx] ;
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e - 133

T .2:% [JI' (:_0'523r.—- 0] '
- -1 [3(1)_.0} - [ 06523;1}
-z @

a = —

Substitut_ing for ay, dl and a, _-We get, |
- .o P aU . w . i [+-] . .
fx) = -2-—_+alcosx+'z ancosnx -
' o ' n=2

s _q\n
+ ( 1) cosx + E —(—chosnx s

_ 2
27| 2

' n
fx) = 1-—-1~cosx+2 E -(—chosnx

. . ‘. B w - n )
Xsinx = 1~—lcosx 2> uLcosnx
. 2 2
: . o n=2 B — 1 .
. 1 o (="
xsinx = 1—=cosx—2 Ccos nx
_ 2 _ nz(av';'.~--1)(n+1)

wsin = 1 Leosr—2 [Loosn - L L sty —
S xsmx = 1 zcosx_ 2[13c052x 24c053x+3150054x ]
-[SuBstituting n "= 2,3,4,...]

Put x = % on both sides.

iEsmz!:-— l—~}~c SE;-Z 1L szn—-—lwc 53;’E+-~1—(:c:s45'r |
2772 T TRz s 24° 2 3598 T
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7T 31
2 = 1—0-—2[ 300531:- 4(:05 5 +3‘5c:032:m— :\
cosg—t*=0 éoséﬁ*
2 ’ 2
n R R S |
2 = 1——2[1.3(—1)—-2.4(0)+35(1)-...]
T 1 1 | |
2 " 1”[’”1._3*3;5” ]
A ' 2 | 2
; “lti3Tas e

LB

11. (b) (i) The following table gives the variations of a periodic
current over a period T

- | o | e | T3 | T2 ot3 | ST/6 | T
foy | 198 | 130 | 105 130 | —0.88 | —0.25 | 198

Find the fundamental and first harmonics of f(x) to express f(X) |
in a Fourier series in _the' form f(x) = ag/2 + ay €OS 8 + by sin 6,

-

- 27X
where 6 =~

Solution :
Here Period# T

2TX

T

Substituting x = 0, T/6, T/3, T/2, 2T/3, 5T/6,

we get 6 = 0
‘ 0 :'Z:rrgT/6']
T
= 3?_7:_ _ T | o
-6 3 60
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e _ . . 135

Similarly 6 = 120°
6 = 180°

6 = 240°

0° | 60° | 120° | 180° | 240° | 3000
198 [ 130 | 105 | 130 —088 | —0.25

y=fE | cos6 ycos® | sin@ - ysiné
198 | 1 | 198 o | o
130 | 05 | 065 | 0866 1126
105 | =05 | —0525 | o0ges .. 0909
130 | -1 | -—130 | o 0
-088 |-055| o4 0866 | o072 |
=025 | 05 | -0125 | -0866 0.216

Ty=45| |3y c(ose._zm;i (Zysin6 = 3.013
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2 o g
_,bl = ;;2ysm9

2 .
= 6(3'013) _
by = 1.004
. o aU ) . . ('
s o= .-2—+ aj cosB + bysinf
15

= 2 +03730059+ 100451119

f) = 075+ 0373cos6 + L004sin6

" 12. (a) (i) Show that e "% is a self reciprocal with respect to
Fourier transform: :

Solution : F [f(x)] = _J;_ﬁ_foo £ &% dx
s F [e—xz/z] — \/;_n J' e—x 22 1sxdx

1 % «-x2/2+.isxdx
Nk ,{o_" -

1T 1263 -2is0) 4
iz 2.t

‘Consider x% — 2i sx
P —2isx = ¥ — 2isx + (fs)2 — (is)?
(Adding and subtrabti;_lg? (is)Z] |

_ (& - 2isx + (is)?) G

www.FirstRanker.com
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= (- isp— 252
e R o

= (x=is)’+5%

-

LT et

F [e*xz/Z] | .

[ V212,

=
8

J.

_ 1 % .2 2
b f e 1/2(x —is) -.e_l'/_zs'dx

I

1 ._4/2'52 2 — i)
Nor eV .q{o e 172 (x _#s) dx

o
&

e,
Vo € Vs Je¥ V2 dy
— o0

1 2w,
. We 1/25.2\/if e"yay

2 L
[e™ is even function]
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o0 g ¢ _
“But f e'f"y dy = vi;ji by Beta gamma mtegrals.

0

. F é¥x2/2 _ 2 e-——1/2;82 Vi
B AR &3 2

T 2, 2.

2| _ s/

-'-'F e x /2 = g 5

. . ", 2/2 . N . - o
Hence e °’“ is self-resiprocal.

12 (a) (u) Find the Fourxer transform of the functmn :

= x|, if |x] <1 find the value
f(x) { , 1f x| >1 énd hence fin e va |

o] [ }
¢

www.FirstRanker.com



:l », FirstRanker.com

A Firstranker's choice _ .
www.FirstRanker.com www.FirstRanker.com

www.FirstRanker.com



l FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

12. (b) (i) Find the Fourier sine tr"ali_s_form of e ™ and hence

. - s —ax - —ax .
~ evaluate Fourier cosine transforms of xe = and e ~ sinax

Solution : The Fourier sine transform is defined as,

F @) = \/g z f(x) sinsx dx

R, [e*ax]

e 2 sinsxdx

]
aﬁ
o3

ax

['." [ e sinbxdx = -_2?"“5 (asinbx = b cosbx)
' ' ' a“+b '

Here a = —a, b:s]'

—ax '
% e 5 (— asmsx—scossx)
@ +5

]

0 .

= T8 ¢ cos sx}

2 le ~ax asiusx_+e
-
0

__1 [_ax :,m
5 |¢ T scosx
a +s :

a+s

7" = 0;5in0=0 ;e =1]

0

: [e X cos sx]

\/_
\/-
\/— =

= \/_ m [0 ..e cos.o]
\/_ |
\/__

a +s

0-—
a2 -+ .5'2 [ ”]_

s

a-!—s
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_V2 @+ -s @)
o ® | (a2+5'2)2 '
L ‘Vg '_a-2+'s2_—~_'232
- R/ A (a+52)2
_ Vo |d=5 |
1 (a2+52)
B.y property, _ _ | o |

. . 1 . 1 _ . . ) 3
Fc f@sina] = 5 {Fs(@+s) +Fs(@a—);
_ | \/ 2 a.
. But | Fg =.V = m
Réplac'mg s by (a +9),

2,; (a+s)'

Fs(a +S) "_“"

'Replacing s by (a —“_'S)

2 _(@-9)
J? az-!-'(a-? )2

Fg(a—s) | =

N

S |

2
T a +(a+s) T @+ (a—s)

= %\/E H @+s) -, . H |

T : 2
T 1::2~i-(a+s)2 a2+(q—s)

www.FirstRanker.com



:l ®» FirstRanker.com

Firstranker's choice www.FirstRanker.com www.FirstRanker.com

(ii) State and prove convolution theorem for Fourier tralisforms.,

Solution :

" The Fourier transform of the convolutlon of f (x) and gx)is equal
to the product of thelr Fourler transforms ' -

(ie.,) F[f(x) *g(x)] = F[f(x)] Flg@)]
| Proof :

F[f(x) *g(x)] - “\”_*/%;r:“fm [f (x) *g(x)] .eisx
= —--1—..~,~ ? {__l_:? £ (x—'f).‘df} .eisx:d; |
. V2 2y V2z Sw” &l |

= \/;_3};' _\7213%_._'[‘, _{o'f.(t) g(x—_t) P df.dx

= Vi v f T

[on changmg the order of mtcgratmn] .

= 7;1:; -—»\,’—z—fghj;f(r) [fwg(x - el dx} dt

Put X=t =u  x=uy+t
;.Diff:eré'ntia_th.l-g-_ dx = du
When .'x = =0, y = —-oo

= Vi v L0 [f @ e J
f

S e . |
= e _\7:’2:51}'%_! o) Log(”) e td“] dt
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= %?_fmf ®- [‘%r: | __fw g;(ﬁ) eisu'du] &t ar

:= ird _}:f ) eiSt-dt} 3 [7—%;:: ;fwg(u) e dﬂ]

. 1 o0 B - a - 1 00 ’ 1SX o
= e _fwf (x) e dx} [‘Jﬁ—”,‘;’ _J; gw) e d’c}
 [changing dummy variable]

FE®].FE®]

Il

13. (a) (1) Find the singular ill_ltegral_ ifz=px+ qQy + ‘/1 + Il2 +q
Solution : _ _ . ) -
z=prtgy+cVi+p’+q . (1)

Let 2z

ax+by+c .. (2) be the solﬁtioh
Differentiating (2) partially w.r.t x,
9z | |
Sax .
Lp = a |
| Diffcr’entiating'- -(2) partia.lly" w.r.t y,

9z .y
. dy
g =Db

- Substitiztin‘g fof p 'axid_ q in (1), we get _the"c'omplcte integral as

z = ax-+-by-.+c'_\/1 +a2_+'b2 ._ | IR €))
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| D.ifferent'iating' 3) partially W.r.t_a'

e A L
da  Va+d+b)

~ac

=0
V1 + az_—g b*

-, T .
'_ V1+a?+0b°

R

e’ x

Differeﬁtiati_ng_ (3) partially w.r.t b,

9z - c %
Y2 - v+ :
ab Y

\/"1 +at+ bz- o

- Vi+d+p% | |
e L)

2.2
a c

o

' -1 +‘a.2 + bz
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)2':_2- bR
T 1+adt+ b
5 a’2 62 . b-2'.C2-

+

. 2 _ :
Consider x“+y" = :
o 1+ad*+b* 1+a*+b*

1+ a*+b?
| 2412
__ , | N
(:2*_-(x2+y2)._'= % = Jm,._z_,,_l?__é. 2
e 1+a"+b")
_ 2@+ |
1+a®+b%)

2 la+d+bh) - @D
| 1+ a+ b

_ .2_ g 2 _ P

X Yy s
. o '-1'+a2+b2_

s . 2

> —x* =y

’ _‘/1.+a_2+_b2 D= -_ __C I (6)
. : .\/Cz__xg_:_y-z . o .

Using (4) and (5),I_'wc_'f.:an find g and b

Ffo_m_ @)

a = ZVigdap?
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~ From (5)

b = EVi+a+b?

V-5 -y

o 2 L
‘Now subs-'titu-ting for a, b, \[1 + a +b% in (3), we get

=X .y | C

.Z's;J_ = xﬁ'~2 3 2 y*Vﬁ 2 _ zif
e -

Vag_yp Ve-Z2-y Vé-2-y

_ E=x ey
Vo 2y

-:V?;fff |
| Sqﬁaring on both sides,
zzfﬁéf%f

Ryt =

Tlns is the singular mtegral.-_ |
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- o = - . a

13. (a) (i) Solve the partial differential equation
x(y-2p+y(E-¥g=z(x-})

Solution : -

The equation is of the form

Pp+Qq =
The awliary cquation is &y _d
ne altxa lary equatio SX0-2 yG-7%) ?(x‘_,y) |
e _ &y _ &
P -0 R
11 1 e
Takmg the multzpher s v’ Z each term in auxiliary equation.
dx @y az
x .y _ z
x(y—z) ye-x z&x-y)
x y z
dx 'gQ g;
T _L
& &y dz
: u X Yy z
Yy—z+z—-x+x~-y
oAy d
. X Yy z
| . 0 .
ﬂ .-- .. ’
*+Q+£=o
Xy Z
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| _Integfatiﬂg,' |
=3 = = - :
A )
| _1ng +.Iogy + logz-l = 10851
'logxyz = logcg
N xyz = € :

Takmg the multipliers, 1,1, 1 each term m aﬁx:iliafy equation.

& dy d |
xX0-2)  ye-x  z@E-y)
> & &y d |
-x YZ=y - m-—zy
detdytdz  dvtdy+dr

 W—ﬂ+ﬂfw+n~q.  0
- “*ﬂ+@+&:of"
":Iﬂtégfa{ing,. o | |
@ty fa-o
| ""“‘J’_*-'z — ¢,
The s.olutio'n is |

i éb(cl , cz) = 0

_¢_"(;g}z, x"-i- y+z) =0
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13. ®)@ Solve (D —2D> D)z = 26> + 3y

Solution : Replace D by m, and D' by 1.

The auxiliary equation is

I
e

m3_-- 2mz"“
: mz (m —2) = 0
om? =0;m- 2 = 0
m o= 00 2 |
By case 4, two roots are equal and tﬁird is different,
2= RO+ 0+ m) + 5 0 )
= f10’+0x)+x fz()""Ox) +f30’+2’f)

The CF is z —fl(y)+x fz(y)+f3(y+2x)

P,
Lz = - 1 T Zezx+3x2y
(D3 -20°D")
| 1_'2{-1-.'-2
= ——.2e“ + ‘ Xy
T p-wip " Tpi-a?p B4
= PI, +PI,
Pl; = : — 22"
Replace D by-z,- D' by 0, o .

www.FirstRanker.com
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PI,

PI, =

1l

www.FirstRanker.com
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LI

3 |
- L 2e%
23 -2 @?%.0°"

1 2%

§-0 %

§.2ez" |
1 4

Z.ez"

| :
D3__202..D, Yy
.1 |
D3 1..&’& g
._ - p3

1 1

D> |, _ 2D’ 3y

3 [, _2p]

D3 - D . Xy
3 [ 20 4 2
. " 4D

= |1+ —_—

D3 D Tt

Py

[Applying binomial Series]
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3 12
= — |X'y+—
D* | 3}
_3 |12 2
- p? 377 12 _
- 3 n
3 |x X
"7 377
“ D127 730
=3 [60y+180’
© i

‘Solution is z = C.F +'P.Il +PI,

z =f10’+0)+xf2(y+0)+f30’+2")+le +;(S)y+60.

" 13. (b) (ii) Solve :_(D _2DD’ + D2 — 3D + 3D’ +2)_z= e? Y_

Solution :
(D*—2DD' +D' —3D +3D' +2)z = &7V

Let (D —myD' —ay) (D —myD' = ay)

_ D2-2DD' +D?~3D+3D' + 2
' Comparmg the coefﬁcxcnt of DD’
Comparing the boefﬁcient of D'z, : |

www.FirstRanker.com
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. Comparing the constant term,

ara, = 2 . - |
way =2 e

- Comparing the coefficient of D

o ta =3 @
From 2)  m, = 1
. - mq

- Substituting in'.eQuation (1) we get,

m_1+——1—=2
- m
2, |

C omi-omi+1=9
'(ml——l)zé 0
my =11

2

f‘rom‘(S) | ai = =

SUbstituting_in _cquziﬁ'on (4) we get,
a1 +(12 = 3 :
z "f" az- * 3

2+aj-3a, = 0

I
<
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a5 —2a;—ay+?2 =0
oy (@3 - 2).'“" 1(ay—2) = 0 _J
(@ =D (@=2) =0
| a = 1, a = 2
Cay =12

Substituting a, values in equation (3) we get,

.ocllaz = 2
_ 2
o =g

Thc compleme.ntary function is |
e1* f1 (v +myx) + fz()’ + mzx)
Substituting for mq, My, 1 and ay we get
& fiy +x) + ey (v +%)

Pl = opD +D?—3D 43D +2

D xZandD’: -1

1

www.FirstRanker.com

) -('2)"’_ T2 (D) + (-1 -3@+3(-D+2

_» L .ez_"_Y-
T 444+1-6-3+12

-y
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z _‘“—4- C‘Fl+ PI

= EROE oy + L

14 (a) A tighﬂy stretched string of length °/ is intially at rest in
its equlllbrlum position and each of its pmnts is gwen the

velcc:ty Vo sin® (nl ) Flnd the dlsplacement y (%, t)

—~ -

Solution : The wave equation is

xS e
The solution is _
y = (A'cospx + B sinpx) (C cos pct + D smpct) (1)

We: have the followmg boundary cond1t1ons

Ly=0 whenx = 0
2.y =10 when x = !
3.2 -0 whent=o0

4.y = yysin® —"—”}-‘-‘i when ¢ = 0

Applying coﬂditibh 1. in (1)‘--- | T ¥
0 = (A cos 0 + B sin 0) (C cos pct + D sin pct)

0 = (A + 0) (C cos pct + D sin pct) [cos0 =1, sin0_=0]_ |

> A =0 Y |

Substitute A = 0 in (D

www.FirstRanker.com
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= B sinpx ,(C cos pet + D sin pct)
Applymg COIldlthIl 2. in (2)

0" = B sin pl (C cos pct + D sin pct)

sinpl= 0
~ But sih_nn = 0
~ pl =nxn
T
Substitute p = n@
y =B sinm;x (CCo_snl +Dsan;:ct

To apply condition 3 differentiate (3_')_' partially w.r.t ¢

nn‘:rct nrc
L1

= sin

9y . nmax _“' .
Y .B. ] ( Csi

Now applying condition (3)

0 ~_~"_B sin'n';rx (wCsinO'nTC-FDcQsO
o g nx ( n)
T 1)
= D=0 |
Substitute D = 0 in (3)
. . = e
y = B sin n:;:x Ccosr__z'ncti-O)
\ L)
= B sin 22X (Ccdsnﬂ:c»t-
U

- (2)

. (3)

- RITCENIC
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TX nict

: )
—_BCsml cos 7

nrxx - Rxct
Ccos :

R

= b sin

. nxx. nxct
b, sin 7 C0s

n=1
Applying conditioﬁ 4 in (4)

n=1

P
Yo SmB"T =

. - . nxx .
b, sin T cosO

- nLX
= ) bysin .1

(BC

www.FirstRanker.com

= 1)

o (4)

- 1
n=1.
Here we havc to apply sin 3 6 formula and compare thc co- cfﬁcmnl«
of like terms to gct the values of by, by, by ...

§in 36, = 3'sin9-4sin.9_:

4sin%0 = 3sin6 —sin36
.3 _ 3., 1.

sin” 0 .-—_.451116_ 4sm36 |

.37TX 3 . X 1 . 3xnx
. sin” —— = >sin—— — —sin

Substitute for sin33—%£ in L.H.S.

nwx

3. mx 1 .Bxx] < . .

Yo |5 sin—— — = s — = Z b, sin :

- [4 4 [ 1 n'=1 K

3}’0".. Tx Yo . 'Ber X 2ax . . 3mwx
g ST smy = bysin—- 7 +b2 sin 7 +bysin- T

Comparing the coefficients of sm~l—_x~

3y

_' by e
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Comparing .the coefficients of sin 2L
by - 0 . .
Comparmg the coefﬁments of sin EL2:
- —Yo |
by = ——
3 4.
- The solution is y = > b, sin PEE ooq HICL
| - [ [
~ TX T 2rx  2wct . . 3wx  3met
= poein & 2 ct et
15111 7 o= +b2 sin —— ;o5 +__b3_sm_ N -gqa. ] + -
¥ . omx | et Yo . 3mx 37t |
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14. (b) A square plate is bounded by the lines x = 0, y=0, x = 20
and y = 20. Its faces are insulated. The temperature along
the upper horizontal edge is given by
u (x,20) =x(20-x), 0<x<20

while the other three ‘edges are kept at 0°C. Find the steady
"state temperature dlstnbutlon in the plate.

Solution :

Y
(i) u=x(20x)
y='20 '
(iii) u=0 “ 1 @ u=0
x=0 o ' x=20
O ()u=0 X
| y=0 _
he: two dunensxonal heat flow equatlon 1S
Pu | Pu
x> 9 y

We have the following boundary conditions

Q) u=0 | when x=0
(i) u=0 E when x = 20
(i) u=0 wheny=0

(iv) u =x (20—x)  when 'y =20
Consider the second solution

= (A cospx + B sinpx) (Ce? + De™ ) | - (1)

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

Apply condition (1) in (1) we get

N

(A cos 0 + Bsin 0) (Cepy + De py)
0 - -(A + 0) '(Cepy+ De P_Y), -
0 = A(Cepf + De™ )
> a=0
Sub‘stit’uting A =0 in (1) we gét |
= (B sin px)_(CePY + 'De;Py) B ) ‘. 1(2) 
Applying ,hco,ndition. (i) in (2) .wé‘ get
% (B sih_ 20 1) (CePy_ + De” Py |

BsinP (20) = 0

- sin20p =0 . '['ﬂ,'_B% 0]
2p =nz
o _nm
P =20

Substituting p = %g— in (2) we get

www.FirstRanker.com
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u = B sin
-~ Applying condition (iii) in (3) we gét'
' nait
0 = Bsm-—- (Ce + De™ )
0 = Bsm*—~(C+D)
- C+D =0
D= —-C

 Subtitute D = —C in (3) we get

u = Bsixi‘n;gx (c,e 20 _cp 20 )

| nmx X Zany
= Bsin : ( 20 _, 20 ) .
20 C e e _

' | n:frx /nmy  -nay
=B C'sin (e 20 _g 20 )
T B G

¥ ( nwey -*'nJ'rX)

| n |
= b sin 20 _, 20
| 20 \© ¢

= L onmx [ 5 S
= -» b, sin (e 20 _ 20 )
2. .n | 20 €

n=1

 Applying condition (iv) in (4) we get

nax | 5y —
0 (Ce20 __-{—De--20 y) _

www.FirstRanker.com
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" R.H.S is a half range sine series,

It's coefficient is given by

20

lZO
10

R
0

- cos
5 20
B ()
8000

nIx

J

0

| 20x - x%) sin
;15 25 (20x — ) sin

20x -2

3.3

20

X(Q0-x)sin

nTx
20

dx

n

X
20dx

nTx

20

—cos

oz
20

20

dx
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-“2 8000 [ n:txJzo
0S :

10 3 3 20
_ -1600 '
=3 [cosn:nr-—cos[]]
n Jr
_' ~1600 |
=33 [( n* -1j

Case 1 : When_» is even

--1600

by = U&" 1]
;-'Casc 2 : When 7 is odd
1600

L bn [en:-'t.__e-—n.x] _ _M 1‘“1 .
& . n33r3[_- -’_]

—1600 '
3 3[ 2l

3200

3200 1

: 1 . nmx
en:rr__‘_e«n;r 20

I'!J'Ix . —n;r;]i .
(e 20 e 20 )
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15. (a) '(i) 1t Zf ()] =F (), find Z [f(n — K] and Z [f (n +.k)_]

| o ‘ 2 n
Solution : By definition Z [f (®)] = E{) fn) z
' ' = _

W zZEe=k] - z_(')lf(n'uk).z__“.

Put,-n--k:m_'

n =m+k
Als'o- | whe.nn-—-"(),-wé-get'
m+k=0=>m=v-k

=S fm)z

m=-k

—(m+k) .

-3 femy
I m=jk ' _

_ RS iy

rp=-k
o _ z_k if(m) z—m _
L m =0 ) ._
[f (n) is a casual sequence f(n) = 0 for n <0]
(2) By dcﬁnit’ion Z [f(n)] = 20 f(m)z ™

ZIf+R] = 3 fa+kz"
S " n=0 . _

t’uttingn+.k = m |

when n=0

m r—_'k
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Z [f (n + k'l)l_ = é-kf (m). zmm - ‘f)_ |

e kel k=l
Lz Fo = S = S }
k-1

[Adding subtrac_ting 2 femyz ™1

0.

il
N
=
ll:‘
M\ZE:

: k-1 B
 fm) 2 = 2 f(m) 2 “’]

oS fmy O —f ) 2 @27
- =0 - |

—f@) 2 = —f k= 2]

E_i'aluate z! I-(z_—- '5)"“3] for [z| > 5.

We can find the inverse Z-transform by residue method.

| Lt f@ = ( . 5’53 |

 Multiplying both sides by 2%~

zé%.lF(z) =271 P = gfz)
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Equating the denominator to zero we get
=95 =0
2z =555

" Residue for pole of order 3 is

.1 d2. '3. :
lim — —@E—a)'f@
z>a 20 dZ : _(.

2 T n—1
1m1-]»‘-'—_.4+2 z—a)3' z 5
25 2 dz - (z—a)
. zS 2! daz
_ 4 A~ 2
-

= lim > (n-—l)(n—-2)z

z+5

%%®fﬂ®-@?4

zt [e-977 = L1 (-2 5

15. (b) (i) Solve un+2-‘+ duyyq + 33Uy = 3" given that ug = 0,u =1

" Solution : |
Let u = Z [up)
Given uUg4g + dgsq + 33Uy = 3"
Taking Z-transform on both sides,

. -' A (un+2) + 4Z (un+1)_ + 3Z (un) = Z (3!1) B

www.FirstRanker.com
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2 (= M) = a7 = 2
z [u u02]+4(z(u qo))+3u —..z._“?’
- Using initial conditions -
2 |u-0-2 +ap@E -0 +3n Sz
| z| e - z-3
-2 -
2u-“+am+3u =%
Sz : z—3
Pu-z+4zu+du = —E—
- . Z_—3
;[22_}_'424_3]_'_2 = £
| . 7-3
— 2 | .z
ulz” + 4z + 3] __z-3+’z
_z+z(z-"3)
(z—3)
_ﬁ_ﬁz—i-'zz—?,z'
z—3
=2, -2
‘4z 427 = -
u[z2 4z + z] =73
_zgz—Zl
z—3
- z(z—-2)
=3P+ a+3)
T = - z(z—-2) *

T zZ=3)@E+3)E+1)

u =z|:'.' 'z(zf-Z) ]
B zZ=-3)z+3)(E+1
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Let Flzl = 3 = 3)2(?: 32))(:5 + 1)
Fl) __ @-2)
: T @-)EFHETD
Applying p’artizil fraétions_ R
i-2 4 B ,_C

C=HETHE+D - G-3) @+ e+D
Let takmg LCM and equating numerators
(z—2) -—A(z+3)(z+1)+B(z-3)(z+1)+C(z—-3)(z+3)

Put_z:S . : :
| (B-2 ='A_(3+3)-(3‘_+ 1)

1 = A(@6)4)
2¢4'=1.

(-1 ~2) - C(-1-3)(-1 + 3) -

-3 = (-9 OC
-3 = -8C
o
c =3

Putz=-3 | |
(-3-2) = B(-3-3)(-3+1)
5= B(-6)(-2)

—-5= 12B
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- s
-B‘"_u |
F@ A4 . B . C
’ z_'_z——3+z+3+zf+1
1 =5 3
_ 24 2, 8
_ +1

1z 5 1 “3-1

Tl 2 5 2 3.z
-'-.-F — e = . 2 )
T ie T

1 {1 2 5 2 3z |
[ ()] . [24::—-3 '122:_+3+8 z+1]

Tt {e R T,

www.FirstRanker.com www.FirstRanker.com

15, (b) (ii) Form the ditfereﬂ(:e equation of second order by
' ‘eliminating the arbitrary constants A and B from
Yn=A(-2"+Bn

Solution :
 Given yn = A( 2" +Bn " R ) -
Replacmg n by n+1we get

Yn+1 =Aoaf“+3m+g

e SACHIBaLY @

Replacmg n by n+2 we get
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=4 (;2)# (=22 + B (n +2)
= A(42)“4+3(;1 +2)
s = MR HBaED O

Divide (2) by ~2

2

_das1 4(—2)“_ﬂ%ﬂl_ | )

Divide (3) by 4

.}’n+2_n . _ A. (__,2)11"_*_ M | o (S)

4 4

Consider the determinant of cdefﬁ@ient of A (-?2) , B and LHS
terms twe get, | ' |

o Loom
~Yn+1 1 ~(n+1) ,
2 2 | =0
Yotz ,  nt2
2 4

e ) 49 )

+n l:_'yn+1 _)’n+2] -0

-2 4

[(n +2)+ (n+1) 2] [0a-0+2)  Gn @+ D]
y _ - _ ._
n 4 8 — 8 )

+ l:_z O’n+;) "'yn-i-Zjl -0
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. [n +2+2n + 2} ¢ Onrn) o +2) Gus) 1)

4 1 8 8
—n [zyn_ﬂ +yn+2} = 0
. a _4 1

+. - noo n-
4 yn 8 Yn+1 8 yn+2"§“\n+1_z.}’n+2 =0

y“"‘z( '8 \4) * Yn+1 ( 3 ~§)+——————4yn =0
On simplying '

Dy = Gr =2y~ Gn+8)y, =0
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