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TRANSFORMS AND PARTIAL DIFF EREN’I‘IAL EQUATI()NS

" ANNA UNI_\{ER'SITY.EXAM-INATION, April/May 2011

.PART'. : A'-.(1'o. x2 = 20 rriarks) S

1 lee the exprcssmn for the Fourier Series co-efficlent b, for the
function f (x) defined in (-2, 2)

-

Sli)lutlon -
~ Here 21 - UL - LL

=2-(=2)

b= f® -si'_n"’:x dx
A

_ 1 N . RTX
=5 !Zf(x)_sm__z
- when f (x) is even fuilctifjn,
.bn_:o

‘when f(x) is odd function,

dx

1 . IITX
by = 3 f_2 /() sin=2

NN

J ) a3

2 :r'.' _
= [ f@) sin® T ax
J ,
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2.  Without fi ndmg the values ol‘ ag) an and by, the Fourler :

coefficnents of Founer series, for the functmn f (x) xz in the

2
ag
mterval (0 Jr.) ﬁnd the value 0f {? + 2 (a,, + bn)]

_Solution :

The - Parseval’s identity for the Fourier series in the interval

(0,2m) is N
1 2% 2 12) e 2 4 32
7 J[f®] e = 5+ X e +bil
0 n=1
The Parseval’s idcntity for the Fourier series in the interval (0,7) is |
— f e )] =5+ 2 ol
2 ™ - "a% D 342
7z J [f(x)] = S+ 2 lan+by)
g . _ n=1
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3.' State and pmve the change of scale property of Fourier Transform

Solutlon | _ |
I FF@] = F(), then
Pl - 37 (2

Proof : By definition F [f (x)] :m—\/;z; n f @) e a |
FU@) = 7z S f@) & a

Put ac =t

xr =1L

. a_.

when x= - , t=-o, whenx=o, t=o

| _Diffc_rcntiatiﬁg ==

SFFOl - g St &

Changing the dummy variable ¢ ta % |
al s
s e R RO | [;)
= "f;ﬁfwf(x)e dx
a al
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4. If Fc (s) is the Fourler cosme transform of f(x), prove that the :

1. .
Fourier cosine transform ot' f (ax) is a F, (i] :

Solution :

Given, F, /()] = o)
V 2 '°.° EAN
= VZ [ f(x)cossxdx

_ 0

e @) - @ }; f (@) cossxds

Putax =y
 Differentiating, adx = dy
=2
a
also X = X
. a -

L F. )

- _5_".- Form the partial dlfferentlal equaimn by ehmmatmg the arbltrary
o constants a and b from z= (mr2 + a) (y2 + b) |

~ Solution :

- (xz-f_a) 0 +b) o T o
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. D.iffcrentiatin'g' partially w.r.t 7 -
ez o
el +
o = 207 +b)

p = 2w0P+b)

P2
2 = 07+D)

| ﬁifferentiating partially w.rt 9
9z

+a)2
2y (x a)2y

noq .= P+a)y

% x“+a
20— 4
e X _+a %
' _Substltutmg for *+a and ; y +b in (1) we gct
Ly = g9 p '
2y 2% .
4Xy _ . . .

'-'--Cross multxplymg
4xyz = gp is requued PDE. o o - -

6. Solve the equation (D D') Z =

Solunon_ :
" This is a-Non.-honiogeneoﬁs of the form

@-mD —af =0
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41 : FirstRanker.com

Firstranker's choice
: www.FirstRanker.com

: _ www.First

86 TRANSFORMS AND PARTIAL DIFFERENTIAL EQ%%Q‘F&rlé:C’m

'__...Thc CF is glvcnby
| z = &* fl(y+mx)+xe fz(y-i-mx)
Hcrecr-'O rﬁ.al |
g =0T f o+1. x) +xé -f'-z(y'+'1.x)-
?ﬁﬁ@+ﬂ+h@+@

7. A rod 40 cm long with insulated sides has its ends A and B -

kept at 20°C and 60°C respectively. Find the steady state
temperature at a location 15 cm from A. Lol

Solution :

~ In steady state tc‘mpcrature the heat flow cquatlon is grvcn by
| u=axth | - (1)

u= ZO?C_
x=0

-Applying the condition at the e__;nd_A___in @
o 20 = a(0)+b o
b =20

Applymg the condition at the cnd B in (1)

60 = a(40) +b
60 = 40a+Db
| e
Cw-m=de
40 = 40
KRR o csa =1 :
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__ Subsntutlng the . valucs a and b in (1) we get
u =X + 20

At the "mcation 5em

| 5+20 [T ;c!.—— 15]
'u__ = 35 o |

I

u

. The steady state tcmperature is 35° C

Wnte down the three - possnble solutlons of Laplace equation in
twn dnmensmns.

ti!-ution-f o

he thrce posmble solutxons of Laplace equation are
- u=a er + Be_px) (C cospy -]- D smpy)

| | u = (Acospx+ B:‘sinpx) (Cc-:py +De 1’Y) .

u = (4x + B) (Cy—l-D)

| --_Ii‘ind the Z-transform of a

. . n
Substltutmg n=01,2, ..

'Z[a“] = 1+'-‘§-+-(—§~) + .
g -1 [Usmg bmonnal theorem
= (1.._.@) o @-x Lt dx+2 4.

oz

éi
|

m
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ks

.
= - [(2::—2x) cqsnx]q -
-1

2 s = [{(231:. 2(231:) ;:0521‘:;';)} {(2::_.—'0)5050)]"

JI?I

1 [{(23: ;1;;) 1}. {(23;) 1}] !

=L -2x- 2:::1
1 . “ : .
= ——=[=4x] -
szl ]
o —4 7
7 n?
- -4
n2
.1 2x
ba=53 J f®. smnxdx
0
= — [ @mx -2 sinnxd
_ [(an—-x)( cosnx) (231: 2x)( 31nnx}+(__2) (cosnx]]
| o n {n n 0
P . . . : . . ) N - . l ' . B )
L 0
_ '2.7:_ _ _
e Lzm-xz) (COSM) *2 (Cosfx] ©_ [Taking — sign outside]
2 _ RO E A |

- [{(47;2 "y ') (Cosznn)+2 [0023"’“]} [0+ [2(:;50]}] |
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by =
nF@) = —

2x —-x2 =

 Putting x = 0 on both sides,

.

m|% ml |

g_::;f__4. [cos:c + cos 2x

S
‘slM_

2

-] —4 )
+ 2 — cosnx+0
n=1 -1 .

43 =

+

12'.22 _32

' : Zarzl -cos-O' 0050 cos0
0 = - ~ 4 -+ + ..
0 - 272 L, 1,1,
3 ? 22 3
2 Y & N S S
2 _1,1.1,
12 1 22 3
2_ . .
T 1 1
— = =+—=+=+
6 12 _22 2

cosSx'+
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11, (a) (i) 'Obtain the Fourier series for the function f(x) given
: f1=x, =x<x<0 '
hyf(x) 1+x, 0<x<m

1 -1
52

1 ot
"Hencgl (}edu_c'e __that ) + ':;E'+ Ste=7

Solution :.

.f(x) = azo + 21 an.cosnx_+ n}_:rb smn.x a
a = -,lgjnf(x)dr
1 [0 N o=
== | f@a+ [ f@)a
LA /
| | ,
_-{} . 4 o 1
-l lfa-na+ [ a+na|
=z |\l et ) _
r, 0 . 2 2
o 2
2[4, -9
Ly - 0l
i | 2
# (=5 b
P
= 35:' ‘JE+‘§“+J£+'§—]
PR
= 24m
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@y = 5 f‘-f(x)cosnxdx
- - o
l— [ 1-x%) cosnxdr + [ (L+x)cosmxdx|
g S0 |

| . : _ "0 |
o 1 sin nx -COS hx
I H:(l i " _( ) [ n* ]]—n

L

[(1_1_ )smnx__(l) [ nx]] } |
| _ _  0 :

1 {~cosnx 0. {cos nx d
- = - A + 2 .
o . - . 0

[ o) ]

Tn” L - "0
| - 'Lz' '—(t':osO.—‘—'coénaﬁ)+(cosﬁﬂ“'0050)]
- Ttn" - : - e " '
[ cos(=6) = cos6]
=L e+ (e -n)] fesna=
= — " |=-1+(-D"+(-1)" -1
== 1.+_( )"+ ( __) ]
= 2 2=t -2
= _.2( -1) ] |
=l I
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Ca‘se ®
Wh_cn'n is even number, (-1)" = 1

2 L
Gy = 2[1._1]
Th

 Case (i)

When # is odd number, (-1)* = -1
2
Gy = *—“:4,-[-1 -1
o an

2 -.
Jr'nz(_ _.)
4

a4y = —
n .
an’

o
= .
]

}[ if(x) sulnxdr |

H

1 [f (1=x)sinnxdx+ [ (1+x)sinnxdr
. -0 -

&

l[(l —x)[‘”
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= "R};f {cos‘(}_-(1+:z)cosn7.r.+(l-t-Jr')oos_th-cos{}}'
[ cos (-6) = cos ]
1 [ o P
= —— |l=cosnm—mecosna + COSAT + T COSAT 1]
nw . - RO
-1
T onx ]
=0
f) = 2—;£ +) - — cosnx
n=13 7Th
2+n 4 ° cos nx
f6)=—=—-3 E
.. n=1’3.

Cf® -_“2—"“ + +

2+:5 4 [cosx - cosdx  cosSx
+ ...
12 ¥ ¢

By snbsntuhng x=0, In RHS we get the reqmrcd serics, But
~x=0is a point of dlscontmmty in f(x) at x=0.

. The yalue of fr) atx=01is given'by

f(x+0)+f(x-—0)- -

2
_.'1'1'?*1-?6. B fe)y=1+xforx>0
A {f@)=1-xforx<0
_2
T2
_=_1 
T 4 cosO cosﬂ.'cos()
2l=147-2 R at I

www.FirstRanker.com
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1. (b) () Obtain the sine ‘series for

. X - .m O<x
f(x) =

<L
2
T ey mdsast

Solution :

“The half range sine series is,

fe= i by sin’“;

2

nmrtx
bn‘-—'.'z

c"&qh

= % ff(x) sin > dx+f f(x) sm ~ .dx
T i |
7 R
=2 | J x sin nszrx dx+f (l x)smn—-—J; dx|
! 0 ' ..I/z o
- . - -. _ .. Ny Y ) -
- nmx|. . nEAX
—COS ' —sin ——
2 |y I
Ty UL 2a ||
l 72
A " | 1o -
o ) Y A
S nrex|]
X sy
nITX.
+ (I —Xx)|—cos— - (-1 |
( )[ ,,] e
2 |
e
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- ' _. o N2 ; !
—X COS T -s-innxx cos—-nn' si nxx
_ 2 I l _lg=x 1 + !
A nm N n?n? _ ’ nr n? n*
L . 5 : 0. _ _I /2
( cos BE  sin 2" cos B sinL- |
2l 2 =2'_(0+0)_-0;_£ 2 2
| 2 nz a2 2 nz  pla?
| - P ' ! /2
\ N .
T e 6nF cos™E s lE
2 ! 2 2 P2 2
== |-= — + + = = +
l1 2 nz R LA
i BT
_ % 2'sm: 2
- L n? it
_ T
_2 2 ,.nx
R R 2
4 Sinu_,i
| a2
. The sine series is »
o0 y o '
41 . anmx . nAX
f(x) = sin —— sin—
=1 Pt 2 3

11, () (i) Find the Fourier series up to second harmonic for

y=1{(x) from the following values.

27

x 0 E 27 ¥ 1 4m | Sm
3 3| 3 | 3
y 1.0 14 19 1.7 | 15 12 1.0

Solution :

Here first and last y values are repeated

. we can omit the last value.

.. Hence n 6

www.FirstRanker.com
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a, = fzycosx - -é—x (-11) = -0.366
4, = %zycosz; - %x (-03) = -01

as = % Xycosdx = %x (0.1) = 0.033
by = = Zysinx = %—x 05196 = 01732

;12.2 ysin2r = %x (—0.1736) = —0.0578

<o
1)
I

by = 2 Zysin3r = Zx@© =0

49
fx) = 5 ta Cosx + a, cos 2x + a3 cos 3x

+ by sinx + by sin 2x + b3 sin 3x

= -2-2-9— — 0.366 cosx — 0.1 cos 2x + 0.033 cos 3x

+ 0.1732sinx — 0.0578 sin 2x + 0

fx) = 1.45 - 0366 cosx — 0.1 cos 2x + 0.033 cos 3x
+ 0.1732 sinx — 0.0578 sin 2x
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12. (a) (l) Find the Fourier transform of f (x) {

1-% if|x] <1
if |x|>1

Hence evaluate f ' [xcos xx; s x] c.os%dx

0

Solution : By definition

2 2coss +2i§ins. '
V2w ;32 133

4 m‘-.-"'(.JC.I.SS+-SiilS'
V2w | 2 P8

FE = 7z | f@) ™ a
= = [ =)™ ax [ x lies between —1, 1],
_‘/T"-‘—fl( )€™ . [.x e_s_c.-ccn 1]
o 1 ‘ xé isx lsx 1
= — |02 ¥ (X +(=2) —
__ \,2—,,[( ) = (- )()2()()}
1 '
0
1 i lsx Iisx i
I S POl -l
= «2‘;:1_2” 22 2;353] 1

[.‘. iz.‘ﬂ 1_’ £3 — _i]

ig —i0
l - COSQ +ze ) ]
N elﬂ_e'—iﬂ
sinf = — 5

www.FirstRanker.com
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: 4 -.ms coss + sins|
el = v2m s :|
4 sins — s cos s
V2x | B
" Now consider inverse Fourier.Transfcrin

I = 7 S Fr@le ™ as

I

1 4 T sins — s coss
S V2m I V2mi. | B8

sins — sCo$S) —j .
}e lsxdx

(cossx-—:smsx)ds

"16

e V¥ =cosO—isinf]

4 sins — 5 cos § :
= ~——-—2 T3 _c:pssx

I .
RETISE

-8

o0 '33.
N\ '

(sins —scoss) . . o
—[ 3 ]tsmsx}ds

f e : w g
sins — 5 COSS
— ] os.s:rds—z f [

sins —scoss) . N
3 ] smsxds]
| s |

'The second mtegral becomes zero since the functlon is odd and

lumts are — 0o, oo,

~ Also the function under the first integral is even.

L we get

o 2 sins — § COS §
fx) =% [Zf 3
o 2 4% 'sm.s".-*scoss | :
1= == — cos sx ds
| o ) i ]

Substituting x = % on -bo_th sic_le's, -

] cos.szxds:| | [f(x)=1—x2]

www.FirstRanker.com
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= (sins — 5 coss) A
f ( 3 ]coss (—)ds :
0 s _ \2

sins —scoss}y § .,
( = ]cos—*ds

(=1
|
Pt
DO b=
"‘--.__‘.J
-
(-
ENEN

[y
R B
=
1
Q=

J‘.
0 53 _2

3 4 % (sins—scoss) s
- = = cos 7 ds
ERE

?ﬁ-"’f-zT sins — § cos § cosids |
TR 2%

Changing the dummy variable s’ to © we get

. f [smx—xcosx] cosXdr = 3n

R 2% "6
7 xcos‘x_-'*sin'i 5_‘ _ =3x
-g [ 2 ]"052‘1" - 16

12 (a) (u) Find the Fourier transform of f(x) given by

1 for |x] <a
f() {0 for|x|>a>0

. i o0 o 2
and using Parseval’s ndentlty prove that f (sn: t) dt = % _
_ _ 0 |\ /] '

Solution : Fourier transform is defined as
F /)] "'——-—~ f f(l) Gm dx

lx| < a means x lies between —a and a

x| > @ mcans x lies between — o to —a and a to o

www.FirstRanker.com
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15X S
Af@)] = —5= |J f@e™ det [ fi)e dx+g f () e
o —a
1 —a . a | % ,
= = [0 ax+ [ ax+ [ 0™ ax
Vin |7, | . 2
0 0
1 T isx
= e dx
V2 fa ¢

B 1 eisa _ e"-isa_
- V2w is

1 2 sin sa
- V2z is
2 sinsa

- V2 s

By Parseval’s identity

o0

[ 1f@) | ax =_f | F(s) | ds

- 0

y 2 sin . 2
Jm?ar = | { o ( S*“'H ds

o0

[ " f(x) is defined between —a and @

_a -— JE-L“

www.FirstRanker.com
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[x]a _ 2 Tsmsa) ds

2

2 % [sinsa
a—=(-a) = - f S ds
2 % [sinsa 2
2a = T f g ds

. — §

® . 2
an= [ (smsa) ds
Take @ =1 on both sides and replace ‘s’ by ¢

o . 2
To= f (_____sxilf) dt

www.FirstRanker.com
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12, (b) () Fmd the Fourier sine transform of

X, 0<x<1
f_(x); 2~-x, 1<x<2 -
B 0, x>2-

www-EITrstRanker.com

_ S'olutibn :

The Fourier sine transform is defined as

AT \/% {.f(X)sin&#dx

o= \/%— [ fe)sinsxde+ [ f()sinsxdx + [ f(x)sinsxdx
: 10 1 . 2 _

_ |1 o Ty » ,
=Y ;25 [ xsinsxde + f (Z”lx)Siﬂ&?Cdx+f_Osinsxdx
_ . 4 A

0

-

]

- 1 2 o 1
=V % [ xsinsxdx + [ (2 - x)sinsxdx

0 . 1

Applying B'ert';o'ulli’s formula

- VE [bmo )

1

0

. e x)( S,) i 1){ SMHZ} |

h) ' S 0

_ e '1 - V2
1 / 2 —X COS §X sm X : cos sx sm SA '

0

§

\__,_,_4-
| I———

¢
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2

T

\/g i

+ .
! s .3

L

- 8

[~ cosv.\éWWSIFﬂrsST%BE ? rf %{H 25 +
> -
2 _sins _ sin 2s _
¢ 2| -

--\/2 25ins¥sin2$ |
¥ 2.

Sil){v‘y]w;FirstRanker.com

dx

12 (b) (n) Evaluate f ] usmg Fourxer cosine
w0 (x2+a)(x2+b) - _
-transforms of e ™ and e ™~
: Sbluﬁoﬁ
Solution : Let f(x) = e ™ and g(x) = e X
then F. (f(x)) = F. [e ]
2
Fe) = Vi [aziszjl
(ie.)  Flg()] = Fcle™]

2
G (5) = J; {b2+52

b

By Parseval’s theorem

oo

} (by Qn.No.3 Pg.No. 2.37)

f f)g@yde = [ Fc(s) Ge (s)ds

0
o .—-ax —bx P ‘\/2 a V—z— —_
ge e & = '0r T [a2+5'2] T [bz-’rs“] @
P c~{atb)x dx = 7 2 ab ds
{L { T @+ 5% (b + 5% s

www.FirstRanker.com



:l » FirstRanker.com

A Firstranker's choice

w wWww.FirstRanker.com www.FirstRanker.com
e~ @FPIx 2 I ds
—(a+b) |, T o @ +sH @P+5H
1 —o 0 2ab G ds
a+tb [ } T (@ +sHEE+sh
1 2ab G ds
— 0-1) =
a ‘+‘b JT ‘!}- (az +SZ) (b2+S2)
1 2ab % ds
- (-1) = :
a+b T { (@ +5%) (b* + 5%
1 _ 2ab °f° ds
atb T @ +5%) %+ 59

Cross multiplying

T }o ds
2ab@+b) o (@ +5) (pF+ 57

Changing the variable s” to %’

T dx
2ab (a + b) 0 (@ +x%) B +xH
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13 (a) (l) Form the partial dlﬂ'erentlal equation by ellmmatmg
: arbitrary functlons f and ¢ from
z=f(x+ct) +tp(x—ct)

'. Solution : - L
z ='f(x-_!;ct)+'¢(x—'ct)'- o - @)
. Hel_{c tlierel are 2 arbitrary functions. |

~. we have to find the second order partial derivatives

-tf;z_— 5 azz 622 3 also. o
axz’ 3y’ ’_. dxay |
62- o o |
3z = f' (x+ct)+¢ (xfct) L (2)
P =f'-’.(x+ct)+¢“(x-'ct). LB |
o T | | o
E —fer)@+eEma () @
-g—; ='f”(x_'__-- ct)c:2+¢"'(x--c't)"cz_ o
= 2I:f”(x +ct) +'¢”(x—ct)]' | w5
‘ .. azz -__ e 7] e N
ErTY —__f (x+ct)(c)+¢ (x-—-ct)(-—c) (6),‘
- From (3) and (S)
2 . '
9z _ cza—zz 1s the reqmrcd PDE.

57 S

13. (a) (ii) Solve the partlal differential equatlon "
(m-ny)p+(nr lz}q fy "

Solution :
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;}:'Solutlon : Given : (mz —ny)p + (nx — iz — mx |

This equation is of the form Pp + Qg = R
whsreP =mz—ny, Q=nm—-0, R=I[Iy—-mx

The Lagrange’s subsidiary equations are & _ &y _ &
P Q R
L. dx dy dz

e, == = : . (1
iz;zw’mz—-ny nx — Iz ly — mx (1)

Using two set of multipliers x,y,z ; /,m,n each of the ratio in (1)

_ xdx + ydy + zdz_ _ xdx + ydy + zdz
x(mz—ny)+y(nx—1z)+z({y—mx) 0

_ ldx + mdy + ndz _ ldx + mdy + ndz

I (mz —ny) + m (nx — Iz) + n (ly — mx) 0

Hence, xdx + ydy + zdz = 0 ; and ldx + mdy + ndz = 0

Integrating, we get

2 2 2

xr Yy z _a -

2+2+2 2,lx+my+nz b
Le., xz+y2+z2 = a,lx+my+nz = b

Hence, the gcneral solution is
f(x + y + 2% Ix + my + nz) = 0, where [ is arbitrary.
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B ®) © Solve' (D? '—_D'?)"_z=' &7 sin (-2x+Il'7y)- :
Soluuon. _ : S
| chlamng D by m and D’ by 1 we get the AE
m? -1 é_ 0 | |

m? =1 -

m =11 |
The CF is z =_f,‘@'+;j$xf2'_(y+x)' B |
= ST o

Z. m_m-ex-y-'f'w sin (2x + 3y) -

MRS Y
D’ -Dp*

1 ey
S Y |
W=D e

I

| S _—1__1e" | - D=b=-1]

Denominator bcco_mcs zero.
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__R_Il = ~2~l—)— ex_y [Applymg type IV]

..- . .-. . 1 - g .
P, 2z = ———— sin(2x+3
2 - p*-p? ( A

o1 D4 D= o
T - (9) sm(2x+3y) ._[D -4, D" =-9]

= % sin (Qx + 3y)'
The solution is z C F + P.Il + P.12

Lz = f10)+x)+xf2(}'+x)+— X Y+_-§» siﬁ.(2x+3y)

~ 13..(b) (i) Solve | O
(D? —3DD' +2D>+2D —2D')z = x+y+sin(2x+y)

'.Solutlon:
| —3DD’+2D'2+2D 2 =0
" (D =D')(D-2D)+2(D-D" = 0 3
 @=-DYD-'+2) =0 |
_Putbzm,D' -1 -
Auxiliary equation | is
Lom-lm-2+2) =0
o .(m-."l)ni.__% 0
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The CF _f1@+ww5(§}Ranker com .WwW.FirStRank‘éP.bofh
Pl = — -1'2 (x+y)+sm(3x+y)
(D*—3DD' + 2D+ 2D - ZD)
- D2—3bD’ +_21)'2+ZD—2.D’- (x+_y)
D" _3DD' + zi)'z Py o @)
- PL+PL o
7 A S— (x+y)
 D?—3DD' +2D"? +2D - 2D’
_ 1_'_2 x4y
D2 1__29_’_,__2,9’_ 2_2

D D2 - D p?

| o | Y oe |
1 3D 2D?% 2. 2Y)
=3 |- (D ~ p: D +D2)jl @+y)

-

[ e w2 o2 2
= —_—— + — —— g, o— ——
| T D+Dz](x+y)

[Applying Binomial series and omitting highcr degree terms]

= 51-Z~|:x+y+3D’(x+y)—-"§~D’2(x+y)--—(x+y)+ (x+y)}
oA B 22 22 2]
= _x+y_+D(1) (0) D Dy+D2x+D2]

o1 [ 22 .x3' 2

R P e
= — |&"+y—2 -_-ny—kjg-l_-x-y_ -
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e, S e
D T3 T2V T 1273
2 2y o Py 2 oy
3 2 12 3 60 12
.- The solution is z = fi(y +x)+ )
L2 Ay & Py © oy
3 2 12 3 60 12
PI, = - sm(2x+y)

- D? —~3DD’ 2D’2+2.D 2D -

Replce D7 by ~a%, D by ~5? and DD'*’.’ by -ab

,___-4 3(-2) +2(- 1)+29 wsm(3x+y) ---_a-z,p.-u |
= B IR sin(3x+ )
—4+6-2+20 -2 R4

—— ZD ZD’ sm(3x+y)

I

- '1' D'—FD._.'.....'..-? Ty
- am— - X' . '. + - , . . . §
. T 2M=D) D+ D,Sm(3x y) [M_ul_nply agl.d c.i;:vxfl._e._by.conjugate]

= — sm(3x+y)
Y T .( )

Re-p.lace: D? by —a® and D" b‘y —b?

D+D" .
= m-—i——)-sm(iixﬁ-y)
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D sin (3x +) + D' sin (3 +)
ey

3 cos (3;x'+'y)' +cos(3x+y)
: ) =6 ' :

4 cos (3x +y)
N -6 )

14. (a) A nnifortn-string is stretched and fastened to two points
P apart. Motion is started by displacing the string into
the form of the curve y = kx (/ — x) and then released from
‘this ‘position at.time t = 0. Derive the expression for the
displacement of any point of the strmg ata distance x from
one end at time t. - :

| Sbluﬁon :

.2 2
Solution : The wave equation is LB azi}—%
312 dx

From the given problem we get the following boundary conditions.
(1) y(0,¢) = 0 for all t >0
) y(l,t) = 0for al 0<x <!
(i) y(x,0) = 0,0<x</!

(iv) %-Jti(x,e) = Ax(-x),0<x<I

Now the suitable solution which satisfies our boundary conditions
is gien by

y(x,t) = (cpcospx+cysinpx) (czcospat +cysinpat) ... (1)

www.FirstRanker.com
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Applying condition (i) ' v(‘f'ql:lirﬂﬁl?n F&e e get

y(0,8) = cy(c3cospat+cysinpat) =

Here c3cospat + cysinpat # 0 [ It is defined for all ¢]

Therefore we get

Substitute ¢; = 0 in (1) we get

Y@, t) = cysinpx(cycospat +cysinpar) ... (2)
Applying condition (ii) in equation (2) we get

y(U,t) = cysinpl(czcospat+cysinpat) =
Here (c3cospat +cysinpat) #0 [ It is defined for all f]

Therefore either ¢, = 0 or sinp/ =0

Suppose if we take ¢, = 0 and already we have ¢; = 0 then we

get a trivial solution.

Therefore we consider ¢, # 0 and sinp/ = 0

sinpl = 0
pl = nn [ sinnz = 0]
p = = [n being an integer]

Now substituting p = % i equation (2) we get

. t . T at
Yy, = czsmm;x (c?,cosnjia +c4smn Za) - (3)

Applying condition (iii) in equation (3) we get

TX

y(x,0 = czsinn cz = 0

X _ 5

. AT
:'CzC:;SII! ]
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Here sin ;

cy # 0 [. If ¢c; =0 we already explained]
Therefore (c3 = 0

Substitute ¢3 = 0 in equation (3) we get

. nTx . nurat
y(x,t) = cycq sin ; smT

. hTx . nmat
= Cp SiIn T sin T . (4) where ¢, = cy¢4

The most general solution (4) we get

vyt = Z ¢, sin 22~ sinjwrmf .. (5)
n=1 ! !

Before applying condition (iv), diff. (5) p.w.r.to © we get

ay(x b = - c. sip PTX nma  nwal
at ™’ n=q " ! ! !

Now we apply condition (iv) we get

%%(x,O) = 2 Cp sm’”;x n:r;a = Ax(—x)
n=1
= 2 [nnara} sin 2% = Ax ({—x)
n=1 / !
= 3 B, smnj;x = Ax( —x) (6)
n=1
where B, = Cnn:;:a

To find B, expand Ax (/ —x) in a half range Fourier sine series
in the interval (0, /)

. MITX
b, sin

Ax(l=x) =
1 [

n

N M3

... (7) where

www.FirstRanker.com
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= 7 ff(x) sin

From (6) and (7) we gct b, = B,

!
B, = % ) Ax(z—x)sin”";xdx
0

[
B, = _zli .(}; (bx — 1%y sin 22X

i [ ] ] [ s nx !
22 2 [ l [
=7 (be—x%) — —(—2x) ; +{-2) 3
7 3 i
i i ) | )

2 3 {
= %1— [— (k—x?) (f;{) cosﬁ?—-t-(l —2x) (;lirﬁ] sin%—-Z (;f;] cos%j!

2ol Lt |

2
=3}2( ][1 (-7 = 550 1))
2
By = 551 = (1))

WWW. Fﬁri,t?an ker.com www.FirstRanker.com
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Ch = nIa [ 3 3T[1"(”1)n]
. no
470 0
= [L- (-1
an4 3'54
0 ifn is even
. 3
B 8;{41 7 if n isodd
an

Substitute the value of ¢, in equation (5) we get

3
* . . t
yx,t) = X 8’1[45mn?x smn'?;a
n=odd an T
gAP = 1 nTX nat
= A > —  sin ; S ]
aim n=odd N
3 = — . (2n—-1)mat
- 8114 > 1 2 sin(zn ll)nx sm( l)
amxr n=1 (2fl"‘“1)
(OR)
3
x . (2n+VDxrx . (n+ Dmat
ye, ) = 8'”4 x 1 4sm( Z) sm( Z)
airt n=0 (2n+1)

www.FirstRanker.com
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14. () A rectangular plate with insulated surfaces is 20 cm wide
and so long compared to its width that it may be considered
 infinite in length without introducing an appreciable error.

If the temperature of the short edge x = 0 is given by

_ J10y , for0<y<10 ' '

{10(20 y), for10<y=<20 _

and the two long edges as well as the other short edge

are kept at 0°C. Find the steady state temperature

-distribution in the plate.

| Solution :

The two—dimensional heat equafion s

3 a o
oy
- Consider the first sqlu_tmns_
u = (Ae’* + B e PX) (C cospy +D sinpy) ‘ . (D)

o

Cy

: We have the follomng boundary COl‘ldlt-IOIIS.- .
@) u =0, wheny_O
(u) u =0, when y = 20
(i) u = 0, when X = 00

__ (iv)...'u - f (y), when x - 0

www.FirstRanker.com
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’ -

0 = (Aep"+Be P (CcosO+Dsm0)
0= (AeP"+Be"P") Cc+0
Sub C= 0 in (1) we get
(Aepx+Be I”‘)Dsmpy T i ....._'(2)'
Applwng (i) in (2) we get o |
0 = (Aepx+Be px)DsmpZO

S sm20p =0 S '{D%O}
: 20p'. = nw .
p ﬁ 20

.Sl-.lb'sﬁtl_lting, p = nz 0

in (2), we gct

nxa —NnaTX

u o= (A_em_ +'Bé.2°")'1_)sinw. G

0
-Applying (i) in (3) we get.

CNIAX

.-O = (A 20 +(']).J.Ds%nﬁ.'ll : -(e_m#Oj

'nnx

Gedac? (Dsn ) Lo

> A - =0
-SubA-—_Oin(?;)_we get
—nrx

u = Be .20_Dsin£2%y—-- '

px
20 . nJIg'
BD e . sin 0

]

—nax

e =be2° sm%“ [TakmgBD b]

WWW. FlrstRanker com



o had -._____n.?fx .
u =y b, e 0 gntTY
: n=1 20
o Aplﬁlyin_g (iv) in (4) we get
Cf6) =3 bpelsin
:e,‘.\_ n=1 200
The RHS is half range sine 'scrics.'
Its coefficient is g1vcn by
by =% f o) sm—Xdy
ﬁ____' . AT x
= {f(y)sm"—x-zo @ (- 1=20}
e 7 f10ygm sl dy+?fo.10(zb'-'y)sin”—’9’~dy
= iﬁx 10 E[;ylsm 20 dy+_f (20 _.y) sm—'Z
- / : . . "n- \-10 )
[ |~cos =22 —sin 2221
_ 20 ~ ) 20 {1}
4 - nm . - nzxz. |
.20‘ ° '.
AR | 202 o
- n_. o - =20
_- S PN i
+ 1(20 —y) |- - (-1 ——
+ 0=y | T
: 20 : )
L A\ 20 10 -
- 410 [ S 212
Ccos 2L in BEY  cosPEY gn2TXT
S|y 20 T 20 gy 20 7
I TR CY T T e
i 20 |5 | . 20° |

l FirstRanker.com

Fnrstra nkE-r s choice

The most general solution., ErstRanker.com '

- www.FirstRanker.com
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_ -—10c05-2— sm-——-. 10cos"é—
= g A = 2 (0+0) - (0+0)-—
20
wl{)cosT sin--“:i'?EE 10005—2— smﬂg
= — —+ 5+ +t—=5
nx nta? nE n“w
2 400 2 400
‘ nm
w- 251 )
n2 2
_ 2x400 [S'ing_ag]
nznz o 2
_ 800 mﬁ’l
n® o 2
. " 800 ?-narx - ;
. : nm "2 . By
U = sm— e sin ——*
. n21 nznz l 20

15. (a) | (i)Using convolution theorem, find inverse Z-transform
of -
z-1)(z-3)

Sq!ution :

z 2 Z

c-De-3 @-D -3

z
z-1) .
] _

Ty

Let  F@) =

www.FirstRanker.com
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_ tz—1
S o 1" '
_8n' =2z [ _z._5:l .
= 3t |
~. By convolution theorem z! [F @) G'.(Z)] | 2_ m gn-m

“ zz T n—m.
7 [(z—l)(z—s)] P

= 3“ +371 4324303 4341

1+3+3%+3+.. 43"

31

' ' : _ . al(r — 1
. [Geometric series @ + ar + arz +..+a" = -ir—_l—l]
2.

18, (a) (i) Find the Z-transforms of a" cosn6 and e 2 sin bt
' Solutib_n :

2(z— cosb)
22— 2zcosf+1

W_c know that Z_[cosn 9] =

i . By change of scale propefty Z [d“.fn] = F [.%.]

whcré 4 .[fn-] = F[z]

www.FirstRanker.com
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Now replacmg z by o _

, 'z/a(z/fz—cos'e)' _
, 2
(g-] -—2(5) cos@+1
a/] \a SR

_ 2 _ > S _
S z"—zacosf [on simplyfying]

z_z--Zza cos@+a2

Z[a" cosn 6] =

(11) Z [e~?" sin bt]
Solunon : By shlftmg thcorem
Z[e *sinbf] = {z (sinb)}, —aT
| we know, | | |

Tzsinf
z2 —2zcosf+1

z (sin.r'l ) =

© zsinbt
22 —2zcosht+1 |

Z[é_atsinbr] = _zsinbT - N -
T 22 —2zcosbT+ 1|  -aT
: . _ _ z->ze

Z (sinbt) =

o - : ' ';aT .
7z [e_—at Slnbf] i — T- Z€ sinbT o
Lo s (ze € COs
o _ (ze™® ) 22 " eos T + 1

15 b) @ Solve the dlfference equation
y(n+ 3) 3y (n+ 1) + 2y (n) =0, gwen that
YO = 4, y() = 0 and y@2) =

QSolution :
Let y Z{y.]

Takmg Z-transform on both s1des '
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A [y yo—'—1~—§}——3z0} yo) +25 = 0

Apply the Given conditions y (0) =4, y (1) =0 _and' y 2) = 8

2 ;-_49_,-8;—2_32;4.-1224. 2y =0

Ay -4P &Ry + 1242y = 0

By -3y +2y 423 + 8 — 122

[z -3z+2] =422~ 4

.' _-—‘ 4z3 4

e [z3—3z+2l

Ii

42 -4 4G -1)

Let F(Z) = = : :
e (_)_ 2-3%+2 P-3+2
JF(z) _4@-n  1]1 o -3 2
'z _z3-.-3.z+2 o e S0 -1 .1 -2
— _4§zz—'1.2 o N 1_' 1 =2 0
o C-1)E+z-2)=0
L= 2D e-DE-DE+y) =0
c-D*e+2 B
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,z (z +2) (z — 1)2 | |

'__-_ 4z +1)(z—1)
C+2)@e-17>

F.(Z)'___' 4E+1)

z  z+2)e-1
4z+1) - A -+ 3'. 

."L_et._.\(sz)(z—l) &+ T @-n
4E+1) =A@~ 1_)+B(z-.+'“2)_ -'

Putting z =1

_8
B =3
Putting z = =2
=4 = —34
L4 .
A T3

| 4 8 |

FZ 3. .3 0

Z e 2
“ z-1)

F(Z) - 3(z+2)+3(z-_'1_)_

P S & |
e =27 [3(z+_2)_ +_'3(z—-»1)]j

i -1 z 8 _1 z |
3% L+4+3Z [-J

il
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i 4 . 8 n-.
= '-3-(“-2) +§(1)

'15 (b) (ii) Derlve the “difference equation from. :
| (A + Bn) ( 3)

')_Soluti;m :
Given Vo = (A + Bn) (__3)11
 '  _..yn = A.'(—3)"i -I;Bn"(—*?i)n L : ()
.._I.{_epl_acin'g n by n+1 we get .~ . |
Youy = A '(-3)**%1}8;@ +1) (43)%‘*1
St =AY FBE+D (I
Dividing by 3 |

___Yn+1'
3.

?,—a A(-3)" +'_B. n+1) =3 - )

Replacmg n by n +2 we get -

1]

asz = A 3)““+B(n+2)< 3)"‘*‘2
Yasz = A3 (3P 4B @ +2) (-3 (-3

asz = AII+B (@ +2) (-3 (O)

yn;2 = Aguj)“ +‘B(n_+2)(-3').“. ) - =0

Considering the determinant of coefficient of 4 (—3)" and B(-3)"
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1 Vn+1 . 0 ' :
B

Yn+2 g : .

: 1 n+2

-9 : .

Yol +2)— (n + 1)]--1[—[)’“3'HL (n+2)— (y“”] (n + 1)} |

I |
ST {_yrﬁ—l _ Yn+2} -0

Lk : Yn+2 n(y +1) n (Vn+2)
yn+[y““](+2)+[“ }(+1) — ~ "¢ =0
9yn + 3)"’11+1 (!1 + 2) +yn+2 (n + 1) 3nyﬂ+1 nyn+2 _ 0

9 _ .
9V +3)’n+1["+2"n]+yn+z["+1—ﬂ] =0
| 9yn + 6yn+1 +yn+z =

www.FirstRanker.com



