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- TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

ANNA UNIVERSITY. EXAMINATION,
NOVEMBER/DECEMBER 2012

| PART - A (10x 2 = 20 “marks)

_1.. Find the co-efficnent b, of the Fourler series for the function

- f)= xsmx m( =2, 2)

__S__olutlon' : Here, the limits are (—2,2)
- f() = xsinx |

~x is odd function and sinx is also odd function.’

. xsinx is an even function.

2 In-the'interval (-_—-2, 2), by =0

Define Root Mean Square value of a functmn f(x) over the
nterval (a,b). '

c'.Root ‘Mean Square (RMS) value of the functlon f (x) in the
_ b) is deflned by

f e ax
b—a

the Fourier transform of ¢ ¢ !X | ,a>0

CFY = g @ a
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4, State convolution theorem in Fourier transform.

Statement :.

~ The Fourier Transform of the convolution of f(x) and g (x)
" equal to the product of their Fourier transforms. -

(ie.)

Flfe)*g®] = FIf®IFlgm]
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5. Eliminate the arbit'rary '_f_unctidh_ ‘P from z = f (‘E) and form
the p.de. |

Solution | Let z = f(f) - o N ¢
Differentiating (1) partially w.r.t x
9z _ . (v) (=2
ax 7 \x) [ £

p= (:;fl Iz (X) L

X X

' 'Differ_entiat_ing__(l) pa'rtialiy w.r.t y

5 ()

NoRE

N EA YN
= ()l
| =Yy
@* p _ xzf (x)
3) q 1., {y
- xf X
P __Lx‘ Y
o q x? X
. PX = —qy
¢'wa_+"c}ry =0

Solve : D~1)(D—D'+1)z = 0

lution : (D — 1) (D - D' +Dhz =0 . (D)

This is non homogeneous equation
~ The standard form of non homogeneous ‘equation is

(D ~mD' — ) (D—myD' =) = F(xy)
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H_e-née by comparing with (1)
mp =0; my=1

ap =1; ay= -1

I

. CFis Z = ¢M"f) (y +myx) + 2% f, (y + myx).

Z=hte Lo+ __
7. An insulated rod of length 60 cm has its ends at A and B

maintained at. 20° C and 80 C respectlvely Fmd the steady state‘
solution of the rod.

Solution : In' steady state condition, the temperature function is
u = ax+b

Now to find the values of @ and b apply the condltlons from figure. -

" 60 cm AR
| u=20°C - ' '+ u=80
=0 o - x=60

Apply the c()nditioﬁs at the end A we- get:
| 20 =a@+b
b =2
Apply the conditions at the .en.d B we get
80 = a(60) +20

60a = 80 — 20
60a = 60_
e =1

"Substi'tuting for @ and b we get

u =x+20 T
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8. A plate is bounded by the lines x = 0, y= 0 x =1 and y -—l
- Its faces are insulated. The. edge comcndmg with x-axis is kept

“at 100°C. The edge coinciding with y-axns is kept at 50°C. The

other two edges are kept at 0°C. Write the ‘boundary conditions
that are needed for solvmg two dlmensmnal heat flow equation.

Solutlon : &:
u=0
y={
u=50" u=0
=0 .
e x=l
o u=100 X
y=0 _
- First we will solve for uy taking temperature at horizontal edgc'
as 100°C. Y. |
u1=0
y={
. u1=0 '\l]=0-
x=0
‘ x=[
O u1—100 X
_ _ y=0 _

. 'The boundary conditions.
CDuy =0 ‘when x =0
C@u = 0 whenx=;
-(ii-i). "'“.1 =0 . wheny=17"

(iv) Cup = 100 whcn_y=0

www.FirstRanker.com



:l » FirstRanker.com

A Firstranker's choice _ .
www.FirstRanker.com www.FirstRanker.com

‘Second we will solve for u, taking temperature at vertical edge
“as 50°C. .

0o mzo ;
. The boundary conditions are - y=0
@ wp =0 wheny=0
()  u, ZIQ thﬁy =]

I

(i) u, = 0 whenx=1I

(iv) uy, = 50 when x =0

9. Find the Z-transform of a".

Solution : Z[a"] =

'=1+9+(ﬂ +..
. ' Z . z .
Cav-l o
= (1 - ;:—) - ...|By Binomial theorem

S (- l)‘l =1 +x +x% 4 '._.'
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— 1 !
; 1._?;&'
z
: s
S
_ oz
Z—-a
Z @) = z

10. S_olve .Yn+1 2ylrl 0 gwen that y (0) =2

S-olu-tilﬁn P Let y = Z [}’n]
{Yn+1} ZZ{J’H} =0
26 }’0)“‘2@ 4*"-0
Applymg COHdlthl‘l y (O) o

(-2 -2y —;4'0

zy - 2y =2z

V(z —-.2) = 2z
Y z=2
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| PART-B (5 x 16 = 80 --marks)

e —
11. (a) (i) Find the Fourier series expansion of f(x) =x +Xx In
. (mE) |

=]

2

n=1 n=1

 Since f ) is 'ncithcr odd function nor even function we havc.
find ag, @y, by

ag = & Jf&x)dx
A o
JT
= -Jlff (x+x2)'dx
R 4 '
x=
ﬂi 7 [ x is an odd function]
0
1 J} 2 |
= — J x"dx _
™ |
-2 J_lE x* dx [';'.12 is an even functio
™y ' |
2 xs-ﬁ
;n:._3_ 6
2 r 37«
=37 17 ]o
o - 2
2 3 27
"R 1T
_ 2t
4% = 73
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2
=]
I

S o
&—_fnf(x) coslnx.c_ix_ |

IJI

= = (x + x%) cos nx dx
n o .
= fxc‘:osnx'—l—fx2 cos nx dx
|—-= Lo
|
1_ ; . e
=7 I x* cos nx dx
IR :
[ xcosnx is an odd function]
2 -"'1'. |
= 7 f x cos nx dx
e [ x_?‘ cosnx is an even function]"
= % I:xiz (smmc) _ 2 (— Cozsnx}+2( mgnx]}
J S U . 0
! | | | _
_ 2 Zx'_cosnx "
o n? -
o
. . JT
= —5 | XCoshx
7 n? [ ' ]0
= iz [Tcosnm —0]
- 7n
= T3 [7(—1)" ] S . [ cos;z;r_=(—_—-1)]

gy = (D)
. n
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b, = = f (x+x)smxdx

— T

1 T T .

= — | [ xsinnvde + [ x*sinnx dx
!
0

- [ x"sinnx is an odd function]

QA

. | xsinnx is an even functi"on]

]
i
© =3
— e

@

=

g

&

il
)
/‘_"“'\.
n
= |0
17
= N
R
.
f"'\ o
i =
g
11 .
a Z’
=
Q
"'-...___,___,./
=

'0
y
) . i
. Z — X COS hx
- & l: o,
-2 : T
= — [xcosnx
n 10
= =2 [7cosnm—0]
n -
-2
= — -1)"
=2 [ (-1)"]
| C=2(=D"
. Fourier series. is _.:f
f(x) + E a, cos nx + Z b sin Ax

_1 n=1
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'235

oA o .,
=3 +E—(—Lcosnx+27( 1) sin nx

n"-l

- %+4Z( 1) COS@:_ Zi 1) ‘sin nx

-11 (a) (11)Fmd the Fourler series expansmn of

0=<x=1
f X5
(X) { 2—-x, 1<sx<2

| | : o 5
Also deduce ~1—2+—!5+'—1~+... to o0 = 2
| 1“ 3% 52 7 -8
Solution :
o .2 - nnx
) = _ Z - Cos + E b, sin J;x_
HéreZ[ =2-0=2 o
I =1
' 1 21
%9 = 7 f f(x)dx
='i-.£f(x)dx P (=1

L .
= {f(x)dw S feax
v . o 1

1 2 .
-=“,£x_dx_+ J 2-x)ax
L

S X
“Jo 2/

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

dgzi

RITX

2l
{f®) cos dx

0

—Qiy—a

e L .
% f fx)cosnmxdx
0

: | 2
= }f-(x) cosnmwxdx + f’f(x)co’s'r_mrxdx
0 : 1

= [ xcosnmxdc+ [ (2—x)cosnmxdx
| 0o 1 -
xsinnix -—cosn:rx o
- P |
n o
Vo -

0 o '. -

. o . . 2

| sinnmwx) —COSN X :

-0 = -

- eafe)-oo ]

| - S
(cosnmx) cosn:rx) :
=1 2.2 - 2 2 '
n-n 0 fl JT =
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L [(comx) ~ (cosnrs) ]
n"m Llo 1

= ——5 [(cosnm — cos 0) — (cos 2n x — cosn x)]
nem : .
= 1 [cosn o 1 1+ cosn 7
= e 0S 1 7T
n2a? L T EraTe :l
1 |
= = |2¢cosnm —2
.nznz e ]
.2 ) ) .
= — cosnmw —1
nz_Jrz. [ ' ]
. ) [ n _ ]
- -1)" -1
2z LY

._When n is even nﬁmber.

an = ,723;5[1“_1'1 )
= _n—%;[m- |

n 1s odd 'numbc'r._

et

=E (=2
3 ( )
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: 1 o .

b, = 7 ff@)’smn?%dx
2 px
= "i‘ff(x) sin = dx |

0 .

= .{ f@)sinnmx de+ [ f(x)sinnwxds
: . 1 . '

= [ xsinnaxde+ [ 2-x)sinnmxdc
0 GETET LW !

I =CoSnITXx — 1
X |[———=| = (-1 M
1 nmT. , nzxz _
ni n27r2 _ __
_ [—xcosn:rx] [(2 )cosrwrx] o
B [ L P

= Tuw [(xcosn:mx)o + ((2 mx)cosr?nx)liJ

I

L—;.- _;1.3; [(COS,”Z __ 0‘) + (0 R COsn;q;)] -'

: B ni [COS ni - COSIH J’I‘] :
.- ! . 1 . ..I.
= Thm (0)

b, = 0
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. Fourier series isl.l ’
f(x) =E+ 2 : ~5~*—~2— cosn:n:x'
L n=13,. A" 7T" :

= _i Ty COSnﬂ:;} B
Putx=2 e
I, 1 4 [cos0  cos0 ¢ 0 '
0 = = ) 4. cosU | cosO
[ f)=x=0 for x = 0]
) = -

4 _ 1 1 1 1
= —= |4+ =4+ =+ — =
nt [12 32 52 } 2

;f‘Cro'ss mﬁltiplyin'g,'
1 3 _5 8

11. (b){(i) Obtain the half range cosine series for f(x) = x in (0,7)

Solution :

ﬂﬂ = % ;"E f(x)rix

www.FirstRanker.com
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I
CHle
NPﬁ;,i
r

I
SIS
1

2 % D
a, = = | f@) cosnxdx
T

- }Ef xcosnxdx
0 . .
2 sin nx (—cosnx)|
=z -0
. . __-_ I.[}.
d

= _-—gfz- .[cos'rwr - ;:05 0]
- Jrnz [_( 1) £

Case ()

When n is even

1—1]
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When I is odd

a.n

2

—a-1-1
el

www.FirstRanker.com

11. (b) (ii)Find the Fourier series as far as the sec‘ond harmonic to

‘represent the functlon (%) w:th permd 6, glven in the

follomng table.

X 0 |1 2 | 3 5
f@ | 9| 18 | 24 | 28 20
Solutmn : _
Hcrc the length of the mterval is 21 = 6, 1.e, ! = 3.
. The Fourier series can be represented by
4y TX 2mx L. 2mx
y = 5 + {Hl cos —— / + by sin _e'_] + [ag Cos 7 + b, sin I ] +...
4q T X X
Here y ) + ay cos —- 3 + by sin —— . (1)
I * y X in 2% ) cos =X sin =%
! COs 3 510N 3 ¥y cos 3 ¥y 3
0 1 0 9 0
1 18 0.5 0.866 9 15.588
2 24 -0.5 0.866 -12 20.785
3 28 -1 0 -28 0
4 26 0.5 ~0.866 =13 =22.517
5 20 0.5 —0.866 10 —17.321
125 =25 —3.465
r———————————e e

www.FirstRanker.com



:l », FirstRanker.com

A Firstranker's choice _ .
www.FirstRanker.com www.FirstRanker.com

2 2

ag = p» Zy = 6125 = 41.67
2 TX 2

a, = » 2y cos 3 = E{-—ES} = —833
2 . X 2 o

by = ; Zysin 3 = E(—ﬁ.dﬁﬁ) = =116

Substituting the above values in (1) we get

y = %— 833 cosx — 1.16sinx

= 2084 —833cosx — 1.16sinx

12. (a) () Find the Fourier transform of

o fr=gx e x <1 o % sinty
f_(x) { 0 it | x| >1 and hence .eva.luat__e,{l" r .dt\

www.FirstRanker.com
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12. (a) (ii) Find the Fourier transform of

o 2
0 = a x,|x|<a

0o, ]xl Sa>0 . Hence dedqcé that |

3 _‘“=‘Z

}o sint—tcost b
0

‘Solution : By definition

. R D

EIf - | isx
@) = 7z 6 a
lx| < @ means limits for x are —a to @

R | ey

Iz | 2g T P 5

_Ta-king_ 2’ outside |

O e

~ 2 ..xeisx elSX _ 2 . 3 )
- V2n 2 . 3 et P

) A
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- xeisx +_'eisx |
V2r —g2 i3
) R . —a
_ 9 1 qe's? — (—a)e isa N eisa _ ,—isa
- ) dei-_sa + ae—isa eisa_ _ e_—isa
| ‘Q” i —5> is®
2 . €153 4 gTisa N eisa'_ e—iSa
- Vim -s% is?
_ 2 a(20053a)+2£sinsa - eig'-!-'é"iﬂﬂ'ZcOsG'
V2m —s? is’ e’ —e71%=2ising
_ 4 —a COS Sa + sin sa@
Vim 52 o 5
_ 4 |-ascossa+sinsal
V2r 53
YR 4 [sinsa —ascossa
FUO) = 77 |55
Now consider inverse Fourier transform
x) = — FIf (x)] e 5%
1@ = 5z J Flremle ™ ds
: f(x). 1 ? 4 [sinsa - as cossa} '_'isxds
T 2ry V2mo| §3 SRS
2 - 1 ? 4 (sinsa—ascossa) , - . . -
T VEm s vew | | i
=' 4 _ T SIN.SA — as COS Sa oS 51 — '-_(sinsa —as cossay
\/Z—JI -0 . ' 33 . I 33 o
. | \ S
- . I sinsxds
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o : - oo )
2 sinsa—a s cossa) - sinsa—ascosa) . -
= =|f cossxds-1f — | sinsx ds

53 S0 5>
o
0
' o 2 ° .s.xnnsx.—ascossa
- = =.2 f 3 cossxds
Take a=1.
4 ® sins—-s'co-s;s‘
1-x = EI_I 3 cossxds:
' 0 57 -
Putting x = 0 on both sides,
4 % sins—scoss
I == f 3 cos . 0ds
0 s
- 4 ? sms--scoss i IR
_xo ds Lo .[c,qs__():__l]

S

o . - ,
f sinb — s coss
' 3
0

J'L'..
ds = —
5 4

Changing the dummy variable from st v "

3

T' Sinf —fcost
0 t

7
a =7

(OR)

12, (h) () Fmd the Fourler cosme and sme transforms of

f (x) =e¢ ™ g>0 and _hen_ce deduce the inversion _formuia._

Solutwn

The Fourler cosm;e transform 18 dcfmed as. ..

RE)] = \/_ ff(x) cos sx dx
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F [f(x) \/_— fe cossxdx

N ax eax.- .
[. fe cos?xdx = W[acosbx + b sin bx]

a
_Here a = —a, b= 5

' 2 é“ak | ' - ®
= V}f > 5 (= acossx-i-ssmsx) |

a +s
=V % : 21 [._e-ax'ac'('msx_{_' e'-haxssinsx]@
o a +'32 S O
0
.. —ax
-5 | —e€ -.acossx]
a* + s [ : ' 0
[_ax_ _ o
€. -cossx]
2 _&____[0_.60'(;'050:' T e s
2 | T T [ e = 0]
/2 —a
=V -1
VR gl
_ \/z a
: Jr _a2+52

f(x) - \/g g}. F; [f_(i)]-cos;x_ds :

—ax : Fc[f(x)] :‘\};ZE_ . 7..(1_“3 -. ﬂ

a +s

www.FirstRanker.com



:l », FirstRanker.com

l Firstranker's choice _ .
www.FirstRanker.com www.FirstRanker.com

" e X ﬁ‘\/ 2 f 2 TLE cos.sx ds -
. 7 0 n a®”+s°|
.
e X = 2a { = 1 — cos sx ds
7 2
0 a *s

j' cbssxds =,
0 a s o E

The Founer sine transform is defined as

Fq [f(x)] ‘\/— _f f(x) smsxdx

Fs[ --ax V f e smsxdx

~ax

[f eax sin bx dx = [a sin bx - b cos

a2+b

Here ax--a,b—s

Il

'2 _[e s' COSSJC]O
[0 - e cos 0]

a +s
[0—-1]
sz\

.a+.s‘

a+
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- VZ
T a_z +_,§t_2

usmg Inversxon formula for Founer ‘sine transform

_-'"fj(x) \/— f F, [f(x)] sin sx ds.
-._"f(x')"=:_.f?._ax ; F;'_[f(x)] = \/g Ts_

a +._32
V2 iz s
= Vx _g V n_.*z—r-ismsxds

. . X .:- '.. | . T ) | 2 2
ii) Find the Fourier cosine transform of ¢ 2 X, g > (.
—~'x-2/2

lence, show that the function ¢ is self reciprocal.-

@““1_8

£ () cos sx dx

o0 . _

f e X cossxdx

0

i e % cossxdx
— 00

COs §x dx
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1 f e -ax’ Real part of e‘sxdx
\/—Jr _ |
R.P '0?' -I~a2x2 ISX o
= — | e e dx
V2r __fw | -
o RP f erazx2 _-I-'isxdx
- 2x -
Consider
~ P ik = - ('czzx2 —xsx)
2 2 2 2 |
= - 2x2—£5x+-~—2———-" |
4a 4a E
ﬁ
2 2 E
. |

[Addmg and subtractmg T]
2

22_ 2

L= = az.xz—z's}c+—+“-§-— [52_;.'
B 4a2 4a |
i (ax__@..) 52
2a) 4 4>
2
_ () st
a C . 2a 40>
.. . . 2
22 1 % —(ax—ﬁ)z—%
F.le @ % zRPWIe 2a 4a” dx
Lo isy2 =S
©  _(ax —— —
S
_ —s /4a oo J— 'ax—ﬁz.

L
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Put ax— 25 =y
_ .ax= 2 y
' _ADifferentiating, ade = dy. '
_ -
When . x = —o, y = —o
. X = oo s y = Q0
F [ “azx?'] p S 2 dy
e = R.P = Y
¢ - V2x fwe a
2,02
e s /4a” " 2
R,P B — y
av2x '_-’[;, ¢’ d
: :—32/4:-.12 )
RP '
aVln w—f |
. B (=2 _Xz ' . . C :
[.-_fwe dx = \/3? .by gamma integrals] -
'6—32/432
= RP ———
P avavE
-.8452/4512 |
= RP —npnn
S av2
2 '2. ~s%/4a°
FC _ e da X - L. .
av2 )

"-'(a)-{.i) Find the singular intég'ral of 2z = px+ qy+p2+ pq + 02.
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13. (a) (ii) Soh}'e fh’e partial differential. eﬁu_ation' -
- 2)pt(2Z-y)g=y—x

Solution : o
The equation -of the fo_r:‘ri_ Pp+Qq=R

dc _dy _ dz
P00 R

-~ where

" The auxilary equation is

de dy dz

_.Tx-—Zz. Zz‘-——y :y'——x_

Taking the muitiplicrs as 1, 1, 1 and summing up all the ratios we

get _
| detdyvde  _ o
x--2x+'2z_-y+y-_-x_ :
dx + dy + dz o
= 0
0
de+dy+dz=0
Integrating

li

Jax+ fdy+ [dz = 0
. .'C.+y+Z = Cl

!

(OR)

13. (ﬁ) (i) Solve : (D% +3DD’ - 412'2)_; = COS (22 ‘+.,y) + xy
Solution : | o |
The auxxlary eQu;ltion_ is |
| w2+ 3m 4= 0

(m+aHm-1)= 0

coom = —4and m =1
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-~ CF = f10-4)+£0+)

Pl = Z = - cos (2x +y) +xy
L D? 4+ 3DD’ — 4D"? _[ ( ») : !

1 1
= — ' cos (Zx +y) + ' xy
_, 92 +3DD' —4D"* "

- D*+3DD’ — 4D’2

S Pl o= — cos (2x +
Y p*+3pD - 41)*2 | ( y)

L o 1 .- '
= TITa -4 1)""5(2"“’)

[D =—q° ;fDD’=—ab; D"2=-‘-b2]

1
= ——-—~*~_4 6.*.(4(:05(2,)5+y)

- -—é-c_os (2c+y)

D? +3DD' — 4D

- |
= - 21

N _Dz'_' - pr|
_ 1 1
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. The solufion is Z =

- Z -—fl(y 4x)+f2(y+x)---—cos(2x+y)+-‘[x—;‘y— ‘ﬁ]

)

www.FirstRanker.com

g;}]SD’ |
| D
1-— ,
*3:0—77@w]
1 [ 3.
> P o™

L‘.
1|34
2 YT

Py 32

2 2°3

1 [2

5 o
12y _ &

34

CF+PH+PQ

5@ =%]

www.FirstRanker.com

[ D @)=d

13. (b) (ii) Solve : (D? — DD’ +2D)z = ¢2*Y + 4

Solution :

D? — DD’ + 2D is non homogeneous type.- |

Hence factorising we get,

DMD-D'+2)Z = ¢

2x+y +'-4 .

‘The standard form of non homogeneous equation is

(D ml

), = ai) (D "“?717

"az) = F(-’C)’)
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L D= +0)(D-D +2z = &V +4
Here, my =0; a; =0

my = 1 ;oaz = —2
CF = Z :ea1 xfl 0’+ m1x)+eazxf20’+m2X)
R e“f10»+0)+e“2"f2(y+x)
Z =)+ ThHO+Y)
i

Pl =»> Z= :2 [62“"+Y+4] .
S D*-DD' +2D S

R A T C
D-DD"'+2D . D°-DD'+2D

oy o 1 x4y
- Pl A-2x1+2x1°

=703vz¢ 0 Lp=nDEY
;'%623(-!-3;_

Pl = 4,—— L ety
2 'p’_pDp'+2D

Since. the denominator becomes zero applying type 4. |

PI, = 4 Xty
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> The. solution is

Z = CF+PL+PI,

Z =f1(y)+e fo202+x)+ze2x+y+2x N

14. (a) A tlghtly stretched strmg with- ﬁxed end pomts x =0 and |
x=1is initially in a posntmn given by y (x 0) = yD sin (nrz_x)

It is released from rest from this position.
Find the expressmn for the dlsplacement at any time t

Solution : The wave cquation is

_ 1 %y

9y 1
s Ay Ty

axt 2 9l

9y

The solution is |
y = (A cos px + B smpx) (C cos pct + D smpct) (1)

We have the followmg ‘boundary condmons

Ly = 0 when x = Q0
2.y =0 whenx = [
o S
3'61‘:0’- - When ¢t = 0

| 4; y = ygsing%{ when t = (
Applying conditidn 1. in (1) |
= (A cos 0 + B sin 0) (C cos pct + D sin pct)
(A + 0) (C cos pct + D sin pct) {cos() =1,sin0=0]
> A =I O |

Subst_i-t.uta A = 0in (1)
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y = B smpx ,(L cos pct + D sin pct) | e _ (2)
Applymg condmon 2. in (2)

0" =B sin pl (C cos pct + D sin pct)

Csinpl=0 |
~ But siﬁ_nﬂ: =0
,pl = nmx
“ B (X2
P T
Substitute p = % in (2
y =B sin’”;x _(CCosm; t+D inm;d) | - (3)

To apply condition 3 differentiate (3) partially w.r.t ¢

QX._ B si nrTx (__Csinﬂ'.?f-cf HJ'EC+D '--n-"fCtﬂJfC)'

ar — SR Lo TS T

Now applying condition (3)

" 0=B sin 7 (mCsino""J;"-nL Dcoso’”;c)
e G
= D =0 |
Substitute D = 0 in 3
y = B sin Azxx Ccos?xc:+0)
onmx (. narct)
= B sin 7 C cos T
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. . nmx nmct
= BC sin - COS
{ [
. hTx - nxct _
= b sin ;s (BC. = b)
: - | nnx.'nn&: ' :
y = 2 b, sin — COS o . o (4)

n

1 R ._ I
Ap'plying' condit-ion 4 in (4)

TX ‘ . RIX
Yo sm3--~— = 2 bysn—
I 2y A

cos 0

Z b, smnﬁx .1
= N '
n=1 .

Here we have to apply sin 3 6 formula and compare the co- cfficmm& '.
of like terms to get the values of by, by, b3y

Sin39_; 3'sin9~—4sin\6__'
45in®0 = 3sin6 —sin36

.35 3. 4 1.
siny 0 .—I.4sm6. 4511139 _

. sin3 X ""-S-Sinﬂ - }-sili?’érx
R S S A l

Substi_tlitc for sina_%{ n L.H.S. |

o [Bgmx 1 3wx -3 Y
Yo |48 7 45111 ] _mn=1 n ST

3)" . x Yo . 3mx L X . 2mx . 3mx
- *gsm—.--_—osmm_.z by sm—— + b, sin oE +bj sin - TR

4 I 4 ! 1

. . . ’ . . ‘ J-E
Comparing the coefficients of 's‘1n~l—_x—
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Compar'ing‘.the coefficients of sin 27X
_ Comparing the coefficients of sin'3_'}zx
(.
._ b3 4.
" The.S()].ution iS y = 2 bﬂ Sinn;’:x VICOSn'J;Ct .
. ! r. - . . n = 1 . - ! . .
- bism ~Foos™ ~+b, sin 2Jr”Ccoszﬂ Ct+b3 sin :J"JTJC-C(ysEmer + .
[ l [ A N
= %siﬁf—r'—rcosm——&-sin SIX s 2T |
G I B R I
(OR)

14, (b) Fmd the steady state temperature dlstributmn in a

o rectangular plate of sides a and b insulated at the lateral
surfaces and satisfying the boundary ‘conditions : '
u (0, ) = u(a,y)=0, for 0 <y <bh; B
u(x,b) =0 and u (v,0) = x (a —x),for 0<x<a

Solution : u(0y) = 0=u=0 when x =0
" u(@,y) = 0= u=0whenx=a
u(,b) = 0= u=0 wheny=b
u (x,0) = x(a—-x) = u =x(a —x) when y = O
- _

< =
LI T
T o

oo

L~
B |

- O u=x(a-x) - X .
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The boundary 'conditiohs

@) u=0  whenx=0
(i) wu= 0 © whénx=a
i) u= 0  wheny=b

(iv) u=x(@—-x)wheny=0"
Consider the sblution_ | | | | | | o
= (A' COS'px B ‘sin'ﬁx) ('Cepy.-i- De™®) Ca R (1)
Apply condltlon @) in (1) we get ” i | "
0 = cos(}—%—BsmO) (. ePY+D e py)

0 = A (Cepy +De™®)

A'__ = 0

Substltute A 0 in (1)
- B @ D) - )

Substxtute (n) in (2) we get

Ph e

0 = B sin pa (Cca'py + De py)

Bsmpa = 0
simpa = 0 - -
pa = nx

na

S p ~"'—'—a—_

" Substitute p value in (2)

= Bsinmrx (Ce a 4+ De 2 )

Apply (iii) in (3) we get

www.FirstRanker.com
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nab . =n=xb
Ce 2 +De 2 = 0
-nxb nxhb
De 2 = —Ce 3
_ nxb
—~Ce ®
D ___ *nnb
e 2

It 2nab
D = —Ce ©

Substitute D vaiue in (3) we get

' -nyzx . 'HJIJ . 2nmhb nJIY
- . a
u = Bsin — | C —Ce a .ea

- € .€

nmy  2nab amyy
. nonmx | .
. u = BC sin— ,[e . ~g @ 2 ] |

“u = bsin

nmx | LTy 2nnb_—;l
€ . a —€ a .¢€

. The most general solution is |

nmaTy 2nah 'ngy

. Apply (iv) in (4) we get |

' ' . RITX
u =) bn(ea_—e a e 2 )'sm
: n=1 . .

a

www.FirstRanker.com

[Take BC=b]

()
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- X 2nzb )
- . NITX
x(@a—x) = 2 bn-(eo-'«--e a eo) sin ———

o . 2nnth _
: . nxm
x(@a—x) = E b, (1-‘-6 a )smnax_
. n=1 .

" The R.H.S is Half range sine series.

It's coefficient is’ given by

o 2n by 5 ;o
. . NITX
b, (l —e ? ) == [ fe& smn_ dx
| . | A e
[ RHS contains. function of x]
a ) .
=2 x(@a-x'sin &
ay ' S a
= = [ (ax —x%) sin .dx
a’, N
™ . . . - . : e a
: nm ] nIi
2 - —COS L o —smﬁ‘z—x . | COosS— X
: 2 . . _ .
= — =X" - : —(a—2x +(-=2) ,
a (@x=x7) nw ( ) 2.2 ( ) I |
a ) 2 ' 3 o
y -
0 0
_ cos 2 nx|
_ 2|, —4
a S Sr
. “ o
_ 4 @ [Cosn:rtxr
a 723 j’[’%' 0
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—44°

= —5—5 [cosnz ~ cos 0]

Case 1:
| W_h.enxn is even nu.mber. |

| bl_l ) .0_
! _Casé 2:

| When 7 is odd ﬁﬁi’nber. )

. 2ﬁ:rb - 4'7

R3H3
. .ZIHJI'.b .‘ .-'2 |
| B R

n ,
N ) [ - 2n:¢bJ
o B % 1""“8 a

~. The solution is

. 2 : nzy " 2nxn nmxy
:u:'z_ 8:;‘23. . 12' sin [e T —e b e a]
= e P . 2nmb _ a
? 1—e a
15 (@) (i) Find the Z-transforms t}of_slin2 (Ef—) and cos (n—;—?-—l-%)
:I:I:‘Solu_ti(}n : Sinz 6 : i:_._%(.)iz_g g
C2nm
_ 1 — cos ——
L sin? 2R = -4

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice

www.FirstRanker.com www.FirstRanker.com
. nm
B 1 — cos 2
-~ 2 -
e i | 1—'-(;05%
2nmwy L
Z[sm 4] Z 7
1 nﬂ:—
o= ~2~Z [lmcos >
1 | .nar\
A ( 2 )]

_ifz 2
2 z-1 241

Find the Z-transform of cos (%—JE + Eﬂ)

4
Solution : z | cos [2% +27) | = ; [cos 22|
olution : z | cos | = 2] T AT
By formula : | R |
o Ceoed
Z[cosnB] = _.zz - COS_ ..)
' 25 —2zcos6 + 1
HereIB - -.4
Z | cos el 3-_
L P -2zesT 41

)
#-x[3)

. o 1
_ ‘""[”fz*]
PN, R
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l Note :

It looks thcre is some mistake in the qu{,stxon The questlon may

be read as Z [cos (nz - 4”

'Z:cbs iz, ..*-‘zlc.siz—{zvcsir“‘—s BZ in T
' Sz - ‘_’204‘“2_8_4

NS

.z cosnnco T . R . W
= ——COS—| — z |sin— sin —

]

cosnz cﬁosmrz “— sl Jn:z sin 2%
— — | ' — sin—2 |sin —
3 2 47170 2

.

15. (&) (ii) Using convolution theorem, '_ﬁtidﬁthe inverse Zwtr’ansform'

z2

Uf_.._____
o (z+ a)z

. ) .2 .
‘Solution : Let — d S Z - ' z
. .(2'+a)'2 z+a z+a

Let F(z) =

.' Rt,placu n by m

= (- a)‘“

www.FirstRanker.com
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Lz
Gz) =

g, =21 G (2)]

| = (o
Replace n by n---—.m' |
gn-m = (—a)"™

By convolution theorem

71| 2 -
| L + 6)2} mZ“-ofm S
- E e
= L0+ (-0 (0" (e (<Pt (e
= (=" + (=" + ()" + .. + (—a)" S
=0 () () e+ (<) 4 1) tmes
- (~aj“ L+1+1+.. + (n+1) _timeé,]-

= (=a)" (1 + 1)

www.FirstRanker.com
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15.(b)"(i) Solve the differéncc equation 'using_. Z—transform
Yn+3) =3 ¥(m+1) + 2Y(n) = 0 given that yy=4, y; =0, y, = 8

Solution : |
o Lety = Z[y,]
Taking Z-transform on both side

 Z0nid) =3 Oni) + 220 = 0

3--.}’1'-J’2-". ' -
z Y“.Vof?_;} u?’Z_W“YO]ﬁL"ZJ’ =0
7 ;—4-—%}-—-3z[ﬁ—~4]+25§=9

Z

B4R - &35 +12+25 = 0
3= A= oo 3 |
Zy=3zy+2y—4z + 4 = (

y 2 ~32+2] = 422 -4

- 4P

Y =5

zZ=32+2

To factorising denominator we use syn;thetic division -

1 1 0 -3 2

N (z—.l)"(z?%z—z)..
= G-DE-DE+

B - -2 +2)
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422 -4z
ICERCR )

e 4P 4
T e-nPe+

| '.F o 473 — 4z
'@ -1+

Td find inverse Z-transform we apply residue method
Multiply both side by z"

P (4z -—4z)
(z — 1.) (z‘+ 2.)_

"1F<z)—~

- -42“4;2—42“
-1’ E+2)

'Equating the denominator to zero :
)
C-D"@z+2) =

; (:«:—1)2 = 0; (z +'2)- =

..'.z = 1,1,z = -2
The residue at z = -2.
) 4 n+2 42:
Jim. (z + 2) (42 ).
z>=2 (z — 1} (z + 2)

4 (=) -4 (=)
(-2-17

4 (-ﬁz_)“'” —4(=2)"
9 o

The residue at z = 1,1
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. (z + 2) (z -— 1)
o d 4012 40
251 (z + 2)
D @ 2) [(n+2) 4z“+1 4nz“+1] [42" 2 — 4] (1)
' _z_,l - o (z + 2) '

(L4 2) [+ 2) 4 (O = an () = 4[(1)‘“‘2 4]

- - CE
_?z'z[(n+2)4 4n] 4[1——4(1)]
: 9
_zln+ g — 4n] 4+4
- 9 .
_8
3
The solution is
z1 4~ & = Sum of residues.

-1 @E+2)

4(=2)"?-4(-2)" '8
-9 _' 3

'- (b) (ii) Solve y(u+2) + 6 Yn+1) + 9 Ym)=2" given that yy =y, = 0 |

"_c Z-transform on b.otl:i side -

 ZDasd + Z el + 2l = 27

B L P =t o
Y=Y~ _+_6[§0' _yol)],+_9y “Z-2
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2 ' - - '
z B?]+6z_y+9yl. ==
._'.2 ‘ | I-“ z )
leu-[z +6z+9] = -
- - Z
y o= —

TP +&+9)

: - =1 .2
'y_ "Z I:(z~2)(zz+ﬁz+9)]

et

- F(2) =l
Multiply both side by 2"
(z-2)(+3)7?

z""lF(Z) ='=I 21

zl‘l

z-2)(+ 3)2'

zll

(z — 2) (z + 3)“

gl =
Equatmg dcnommator te ZE10.
(z -2 (z + 3)
Lz=2=0 ; (+ 3)
nz=2 5 2= -3-3

The residﬁc at z=2

Zn
lim (z— 2).
z>2 (z-—2)(z+3)
| o

le-2)@+6z+ 9)] |

www.FirstRanker.com
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The rc'sidiie '-for z '=:_' =3, "-'~I3'

lim — (z+ ) -2
z>=3 dz (z—2) (z+3)
hm d 'zn'

. o3 €mD)

= lim <L
z>—3 (z - 2)*
—5n(=3)""1 - (—3)
25°
A Z ._ [(z---Z) (z +3)2J = sum of residues

2" 5sp(=3)7d _(;,3)n. |
25 - 25 25

2" —5n(=3)""' - (5-,-’3)"1 |
BT —
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