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B E. /B Tech DEGREE EXAMINATION

MAY / JUNE 2013
" Third Semester .
MA 2211 /MA 31 /MA 1201 A/CK 201] 10177 MA 301 /A
~ 080100008/080210001 - _ B
TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

(Common to All Branches) '
: : ' _ (Reglllatmn 2008 / 2010)
[Time : Three hours] o [Mammum : 100 marks]

-

. Answer ALL questions.

[ PART-A (10x2=20 marks)

1. S{ate the Dirichlet’s ébnditi_ohs for. Foufier sg'ries.
Solution : '

.Any function f) ~can- be developed as a FOIil‘_iCI series
a9 < h & b aré e
5 + E an cosnx+ Elb sin nx where ao, a, b, are constants,
n=1 - n= '
- provided that it satisfies the 'following Dirichlet’s conditions
(i) f() is periodic, single valued and finite. -
(it) f(x) has a finite number of finite dlSCOIltlnlllthS in any one -
period and has no infinite dlscontmulty '

(ii1) f ) has at the most a ﬁmte number of maxima and muuma

~2. What is meant by Harmonic Analysns"

Solution : The process of ﬁndmg Euler constant for a tabular 4
. funcuon is known as I—Idrmomc Analysis. '

3. Find the _Fourngr Sine Transfor_n_l_ of e

Solution : Fg[e” )= V % [ e *sinsx dx
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o0

f e sm.s:xdx
0

I

2

Fo‘r:mu_la' F [e_"’_*’.ﬁ =

| 4 " .If.F {t‘(x)} F(s), prove thgt F {f(;x)} “1g (a) "

" P;-;;of.: We knm.fv.t.hat, F )] = "‘Ji“’?? f o{ (;c) ei“ dx
CFIf(@)] - %_?ﬁ{(ax)edx

B pﬁt r-"' = ax ,x-;..oo >fs—0 , ifa>0

adx Uy x-*eo.' >t , ifa>0

- \,— ff(t) /s 4 @ _ ;}——15 ff(t)e‘s(‘/a)dt o
= 'i' J—n f f&) el 7% gy dx [ tis a durﬁmy variabl'é] '
o |ef

5. - Form the PDE from (x - a) +(y- b) e
~ Sol. Given : (x——a) + (y — b)? +22 =7 e (1_)'
__ Hefe, a and b are the two arbltrary__'_ constants.
L diff. (1) p.w.f.fo_ X, we get | |
26:-0) +:2z-§-fc— = 0
'('x Q-Ia) +ép =- 0 L) [p =" 9z

diff. (1) p.ﬁv,r.to y, we. get
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2(y-b)+zzay = o. :

(y b)+zq = .0
'Ehmmate a and b from (1) (2) and (3)
@) = x—__a_-—' -zp .
B) =>y-b = -2

W > (@t =2
Rt

wh;ch 1:; the requu'ed p. d e.

6. Find the complete mtegral of P+q=pq

Solutlon :

leen pt+tq = 'pq

Thls cquatlon 1s of thc form F (p q) =

Hence, the trial solutlon« is z = = ax “+ by +c

www.FirstRanker.com

o 9z
@ [q=2
ac | LV.
a, b X, .y B

- ris a gl\-’t’.l'l constant

no.. ofac--no of LV.
.‘-Weuscp&qonly, '

no need to eliminate. . | -

o (_i)_
e
o '(.3)_ |

~ To get the complete intég_r‘al (solution) of (3) we have to eliminate
~ any one of the arbitrary constants. Sincﬁ*_in a (_:_omplcté integral

~number of a.c. B number of LV.

s = z =ax+by+c |

0z "'

P = 5;‘"'“ _“_
9z
9= 5y = b
() =>a+b '='_ab. ;
. 'b-'ab = —q

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice www.FirstRanker.com www.FirstRanker.com

b(1-a) = —a

h ==

a
a—1

" Hence, the complete solutioﬁ is
"(3)=>z=czx+——y+c o (4).
_' Since number of a.c. = number of 'I'.'V "

7. In the one dlmensmnal heat equation u = ? uxx, what is ¢ "'.
Solution : (:.2 = —415-.,
= - sp |
“'c - 'dlffersmty of the material of the body through
which heat flows. -
densﬁy o
~ specific heat
__ thermal' conductivity

'»-ce-cs
voob oy

8. erte down the two dlmensmnal heat equatlon both in transmnt
~ and steady states. |

| | - L (2 2
- Solution :' ‘Transient state  : L o 6__% + 6_1; :
o o T a_r- d9x" dy
* Steady state _ -l?w—% + wz" =0
N o 0 dy
9. Find Z () |
_ Cee
Solutmn' We know that Zixm) = Sx@z "
| | 0z
oz =3 et
o B S ()"
=0 Z n=0 \#
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N =
| —
[y
+
(3]
o
N
e’

S+ N

_ W
NS
N =
e

.
+
| —

1r 1\ -2
Tz _(1-'-2-) ] '
':For_mula S NS __” 1 _(z—l ‘,.2]
(1-x)"2=1+2+ 3 +..| 2wz )
. .- ) . | .—'. : . e . 2 - ’
' 2 4 : ' oz |lz—-1 z
e, (1] < 2] o oL )
ie, l21>1 | 2 s
' ' (z-é_l).2 ;
10. Obtain Z [(z rETYE +2)]
- S__olu._t}on.l : Let X (2) = GFDGETD
X@ 1
z e+ E+2)
= — ' - ' B § |
z+1.+z+2_ : o o _()_
1 =A@E+2)+BE+1D)
| Pﬁt.z: —-1', we get . | Put x= ?-2, we g_ct '
1 = A et ' 1 = —B
il = 1] ie,|B = -1
e X@ 11
”(1_):'_ z  z+1 z+2
T Sz _z
e, X@ =777 7v2
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le Z[x(n)] :
R - _=( 1y ~( 2

| .le Z [(z+~1)z(’z +2)} = -(_"":1)' _( 2)
z_ia ™ _Z._._l [z_-iz"] *a“ "

[PART-B (5% 16 = 80 'marks) i

| Forml__lla' L Z[a"] =

1L @ @ Find the .Four.'ier s'e'ri'es' of 1;{2 ih (=m,7) and hence

11 1 ---'n-“
:detil.uce.thatF+?-l-_;fl- | 90

'_ Solutmn : G1ven f (x) = _xZ f (-—x) '(—x) x2 = f (x)

Therefore f (x) is ‘an even functlon in (—'JIZ JL') Hence by _.-'—*- 0

The Founer ser1es for f (x) 1s

f(x) = %. + Z an‘cosnx '_ £
wh‘e_re'--:'__ ' R S
2 [ 2 ] 2 2] 2w
s - T
?o- = T

a % zf(x) cos.ﬁxdx"ﬂl..

xzcosnxdx

2

"G"-—sﬁ
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o ‘(“-‘:;"*J ‘ “ws':x] -z[sin:x)r aha
| [04.@ So)pios 0)] |

I

-le

élltio

1
B

1 a0 costim e (P

“=Ty [ =g O | b

1
Q

Usmg Parseval’s theorem,

e B35 ety - TrePa - Toe
[¢ra¥taral) - Lyors - [re
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T nt 190

YRR
P MR ST SR
oW Tttt
11 | (a) ' (ii)_ Obtam the Fourier cosine s;erlés of
'kx._",. 0<x<~4l—'. _ Lt D
k(l x-),_—'<x<l . RO

| Soi_utlon : The reqmred Fourler cosmc series bc,
_ %  er

n=1

1

| 2 T e
% =7 .Of feyde

. .. ._ f l - : ;
an 3 Zi{ f(x) cosT==dr L (3) e
@= e - f ke di + f k(l x)dx

| o -, 2

7 1

REE xdx+ J - x)dx o
©
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B P
=7 3*,[22 Bary N

2

dx+j(z
o 7 2

s -Talée.

Rz -
nITX PR
-~ fxcos—dx

I

dx+fk(l~—x)cos

x) cos

www.FirstRanker.com
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f(l--x)cos JCa!x= (3 x)

www.FirstRanker.com

nTx|

VISR I
:'(’EE.) 1
L),

ORE =;7[ -22[1+(—1)“]]

2.7]:2

o i [2
Zkl

1f n is _Qdd'.__ |
2kl |,
om0 2

= [ s——'[1+( 1 ]}

césL—(1+( 1) )}

2:cos-n—.-_-2] if niseven . =

(1) f(x) m_[kl/2|+ 5}: 4 kil [COS_{E o 1] COSRJE'JC'_

I
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kil 4k "-ii [ 2pm ] 2msx

= I—k-%i- DI cos 2._:_—- l -
e [Replace n by Zn]

N ki 4kl N L' | 2nmx 3

== ———wx g n [cosn 7 - 1] o8

Y%l kL, ki i 1. 1 | 1 Znnx 37

= 4 2 L 2 ( ) - ]C(}S /

11. - (b) . (i) Fmd the complex form of Fourler serles of cos ax in-

_ (“ﬂa ﬂ), Where "a" is not an mteger _
 Solution : We know that, £¢) = 3 Cue™ . (1)
o SR Cmns T n——w; . IO

N = AL o )

.Here‘. f ) = cosax

' 2 = 1113( )

__() G = T esae™a

- i.C., ._ C ) = _ —Inx ey :
e, Gos _{r.e. ookt
_F_O_rmula : f ea" cos bxdx A (a cos bx + b sin bx)
SRR ’ a2+b2

- __I-Iere, a —~=-:—m_ b= a

e

S _i L eTinx e :
oGy =_2 | 2[ zncosax+a51nax]
' ( m) +a Sy e
_ R
. .. 1 - e"il‘lx : Jr. -.
= (—in cosa.x+asmax)
2z —1:2+a2 ) : _
. PEr _-—JI’
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e

1 e_ll’l g

Y __az'\ 2 (-m cosan: + a sma:r)
_ em:r

z(wzncosa:zmasmaaz)
a —~}2 , 5 : .

= [—mcosa:r-i—asmczn+
Zn(a ___nz K in cosaar+asma:r] _

_ 2&1({1 _ 2) [208111(1...71;]. : ._ [ e—ln.ﬂ::(__l)n :_an”]'

= ( 1) asman’ :

(1) = f(x) E ——("—lLa sina 7 ¢'"

=—oo:' Jr(a ——n)

_asingm & (=i
R E %)7 ‘i the interval‘(-—;;,-n)_-- '
S on=-—o 1 — : | ) 8

11. - (b) '__(i_i) Obtam the Fourler cosme SEI“!ES of (x - 1) 0 < X < 1

_.Solution : Here t' = 1

and hence show that 1 =+ —I— + 1 + = -Jﬁ :
B R St 27 S 6

a4
i

The requlred Fourler cosme series be
do

n-l

f(x) = + 2 at; éosn er (1) Wherc o

o

3

b, *2["“*?% o[

I

Zf(x —-'I 1)_2 cosnmxdy

www.FirstRanker.com
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S smnarx (—COSHTTX) , ,|—smrxx) i

Pl ( = ( ) 2(x—~1)[ 2 ]*’2[‘;;3;;3']]

R Iy B e R A i e o 0
S e S N T

NOES _f(x) _"e_'§+ S csnmr
- : n=1"n7T 7

W=

go-th S e L@

: At x= 0. Herej.c =0 1is a pomt of ﬁmtc contmuxty m the m1ddle
-.[Slrlce )= (x—-1) in (0, I - Fa
Cf) = ("-x—— 1) in’ ( 1 0) |
f(O)—f(O) 1

| Put x—O in (2) we get

2 *_ L l=3t5 2 g

r—l

|
W | =

|
M
Nz

W
1l

pi-i'-*-.

18

2oz T 6
i » '.Fm’d"the ﬁoﬁrier tr:alll.sf-orm --of.f(x)' =1, |xl <a
SR he Fourler franstorm of 19 =10, 'Ix| > a
= and'henée, findf Smxdx R

‘Solution : The 'given_"functi_on_' can be written as

www.FirstRanker.com
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1 1f -a < X < a
f (x) {0 other\mse '

F(s) F [f(x)] *—fﬁ f f(x) el“ dr

1 a" is;t" T
vz—x,.f‘“’_ )

www.FirstRanker.com

ot f(cossx-l-:smxdx)dx

= f cessxdx+ \/—_- f smsxdx

o 2{ ‘_’93_“_4’_?- cm

cossx is an even func,tmn in ( a, a) &

sm sx is an odd functxon in _(-—a, a)

o | |
e}
. o .

2

&

R |
.ﬁ
o

4!

=

8
e

e Now by Fourlcr mver51on formula we have

f(JC) \/___ f F(s)e __1sx dé‘

www.FirstRanker.com
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- 17 ‘\/ 2 (sinms). .. B |
vl Va5 ) Ccosmisinamds [usmg.(_l)] o

1 ;I'(si,r.las.\ TR iﬁds L
T f ——| cossxds — Ef smsxds !

i ° (sin'as '
= 3 f . cossxds——-—({])

R ] .

~ ... {sinas :
[- ( B ) sm sX 1s an odd function m (—oo oo)]

© . p. [sinas) ' |
S ( P ) cos s is an even functzon in/ (—»oo oo)]

| mas % | | =

~ Now, put’ t =‘as,. Then.we have.s} = i‘_ and dSm

'Further":t —>'0 as s> 0 and f>® as s> 00 -

00

'-chce f (Slil t)_df =='J-2I- , 1e,fde o |

0 X 2 |

12 (_'a) _'(ii) Verlfy the convolutmn theorem under Fourler

Lk Transform, for £ (x) = g(x) =e"

Definition : Convolution - theorem for Fourier transforms The __

| Fourier trarisform of the convolunon of f (x) and g (x) is the product.

of thelr Fourier transforms

F i) g0)] = F Yl F {g (x)}

Grens 1) = 5@ Lot

www.FirstRanker.com
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;.We know that F {f (x)} = {.«. f f (x) é_lsxdx

Il
|
—
|
5
m i
S
;\
e

s _'F_'.._[-e"’:‘zll-' "_'"

www.FirstRanker.com
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r:r';-'-s'S'

o
3
B
c:'-—-.s
m

_ —52/4 | -1/2 dt L \,—] |
¥ [fw "1 |
. 2 3 %

F [g(x)] F [f(x)] et

" F [_g-(sr)ﬁ]'f. [ (x)] ( ot /4) (Fre _; @
f(x) . g (x) = ' \/_n f f(u) g (x - u) du by convolution I_deﬂniti_('m'

—X

\,1_# ot

II

s mz -fof_ ['(“‘_%)2:'"’??] au e

2 00 2
= ern [ e (“_E) du

0.

Il

U = — o = t'—*'_--oo

R e

- Iput' f "u- -

ot

I

di | use o mtsoo

www.FirstRanker.com
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At =dy |tresyse

8

B

R=
&

e«;i j V@ o [f eV ar = %—]

1 —x/2 .

"i!

F [f(x) * g(x)] [ "’2]

.—K/Z]

er—-\

- We know that,_ e /2 is self --rempro_qal under Fourier transform.

LR ) g W) ]x%e"/ 2 L@

www.FirstRanker.com
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(1) = (2)

Hence convolutlon theorem 1s Verlfied
-(O-R)J-_ .

12. (b), (i.) '. Obtai_n the Fourier Transform of ™% = -
__ .—x-

e,

-'smutmh '_: Given : f (x)

We know that F [s] F [ f (x)] .__ \f__ f f(x) ele dx

L ‘-'xz-'_ (We know that, _ o)
R | L e
= . 2 ,isx ' LA (4:1-—1'))2 ='a2 — 2ab +'b2
- \/_Jr fe dx [ T S
ey @’ =2ab = (a-——b)z--—bz
' '.-—.+1sx Here, a = X, b T
= r f e dx s
27 —o x2 2zsx = (x—xs) -(zs) "
= A [ 2 TEN TN e

% = x —is) + 57
1 i 2 ™

- —“"(X“"'IS) __182_-_

| _=.__ v _f__‘; U a

gl f. ~ L=y L
| \/Tn e 2! e~ 7 dx
1 _‘2i_ R '-_(x«-’is)’z
=vm e Je V) a

www.FirstRanker.com
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I

_L
3
L 1:' ._. .2/-2 oo_ 2 w, E - R AN h . :
SR 2T [T s even in (—w, )]
g
\£3

CLan (VR % e e

= Hcl}ce-, @) = X% s 'self reciprocal with respect to Fourier
12. _.(b) (n)_ Evaluate f 33 usmg Parseval’s 1dent1ty

: | _ (x2+a
'.I'Sollltwll g Letf(x) o T

.We know that F (3') = F [f(x)]

By usmg Parseval’s ldennty,

/

[F(s)| ds = f !f(x)l dx.

7[‘@ P

s+ att
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_..2ax dx '

2“2”;.;@9; 1
(s +a) B

e

0 (P+d? 4
(e f ___....._ =" 3' [ sis a'dummy Var‘iable]“'f_-’
13, '(fa) @) Solve x(y2 ;:2)p+y(z2 :vxz)q-—z(x2 yz) E
_ bolutlon s Gwen x(y ~Z )p +y(z -xz)q = z(x —y) T (1) :
-Thxs equatxon 1s of the form P p + Qq = | ' _ 4 |
where P = 207 =), O = @ “xz) , R mfl?(xz =¥
~ The .Laglt.-‘a'nge’s_ ..su.bsi;d:ifar_y equq;_lons are —- = % =
io, - E L@
"x(y “Z) J’(Z )-_ 262 Y) L s g
"'-'Uee Lagrange multlpllers x,y, z, we get each ratlo in (2) B
' S xdx+ydy+zdz Rt xdx+ydy+zdz.__

xG z)+y (z JC)+z (xz y) 0 ._

e, xdx+ydy+zdz 0
'[ntegratmg, we get | |

fxdx+fydy+fzdz

www.FirstRanker.com
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2. Y. 2 _a
2 \2 - 2

Use Lagrange multlpllen }; , % _

each ratio in 2 -
—1—dx + ldy+—1—dz o . —1— dx 4- ldy + ldz
X y oz . _x y = oz

R
€., ldx,.-l-ldy +ldz =0 |
Integratmg, we get
f dx+f dy+f dz = 0__

10gx+logy+logz = logb
: Iog(wz) logb
1e , Xz = b'

_chcc, the general solution is f (a b) 0 ie. f (x +y +22 xyz) O
_Where fis arbltrary o

13, _(a) (i) Solve (D2 + DD" e D’z) Z= ycosx
_Solutién :"Gliven [D2 + .DD’. ' D’z]z ycosx -

The aumhary equatlon is m + m ~6'=0"

Sa , _m =" 2_,_—3
CF = ¢i(y ﬁ? 2x) +"¢é‘0" - 376)_
PI = — — cosx
- D’+DD - 6D’2 4 ;
= ycosx

(D-—ZD)(D+3D)

www.FirstRanker.com
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1

=“15“”“5f>“ff(c+3x)cosxdxwheny—”3x
xﬁﬂ%ﬁ[(c-tdx)smx——?afsm“i’f] whenc_«-y 3x
B '1

- m [ysmx+ 3cosx]

= f[(c — ) smx+ 3 c(':_"'sx]dx wh_én y= c —-Qx X
= [(c = 24) (~cos®) — (=2) (~sinx) + 3sinx) when ¢ =y +2¢
= —ycosx+sini | | - o
Hence,. the genefa.l.. solution is
“z=CF + PlI .
':qbl(y+2x)+¢2(y 3x) ycosx+smx

Formulae :

iﬁ)_’f(xy) “IF(x c-mm wherey._c_mx -

D %11;“1)7 fey) = J F@xc + mx')'dx "Wh‘_“’re Y =c+ i

(OR)
13. (b) () Solve z—-px+qy+vp +q +1
' Sdiution : (nven z mpx + qy + V1 -f-p2 + qz
This is of the form z = px—i-qy+f(p q)
[Clairaut’s form] ' |
Hence the complete integral is 2' = ax + by + v 1+ az + b2
where ¢ and b are arbxtrary constants.
Since the number of ac. = number of 1. V

-Smguiar solutmn is found as follows.

Lz = ax-_!—_by-l—\fl +_a2+b2- _' ,..".'.(1)._'_' )

www.FirstRanker.com
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' dlff (1) pwrto a, we get _
.
VI +a2 +b2

dlff (1) pwrto b we get

0 = x+

-_0-_~—~y+_
V1t qz_ +b%

1., X = =

_Vl.-i_-az-l-bz'

e, y R
o Vixd e

SRR
a” +b"
X +.y2 = T3 5

_  1+a"+b

o az‘-_'*_._bz
L
1+a +'b

I

1=+

2.2
1=x"=y" =
T 1+ta +b2

1.
: o ttdEy
._'V'l—xz—yz._' = - 1 - |

1

VIR =

. (_2');,, P
@y = VITESF

www.FirstRanker.com
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~ Sub in (1), we get
z = . ad . — '_ y - '+'  1 by (i)
_ '\/-lwx’f_fy[ _ '\/1__—~x“.-y"—)‘ _ 'Vlw'x'z_ ,-—-yz_ a kN
- l—xz _._yZ |
VI=P
oz '#Vl—xz-—-yz '

2 =12
Xy et = 1is the singular solution.
- To get the general’ integral, ‘

- putb = ¢(a) in (1), we get_.-

z = ax+¢(ajy'+ v1_+éz_+'[¢'-(a)_]'2.f -. : (4) :

diff. (4) pwr to ‘@', we get -

0= rip@ys BIV@I@ ®
L VI ZA B @F |
' ehmmate a bclv?ecn (4) & (5), we get the gcneral solutlon
13 () i) Solve : (D3 - 7DD - 61)’2) z = sin (Zx + Y)
- Somtmn : Gwcn : (D3 ’TLDD’2 - 6D’3)z = sm (21: + y)
The aux:lhdry equatmn is m3 - 7m - 6 0

(m + Dim+2)(m-3) = 0

1'e m———-1m—--—2m 3
¢10’ x)"‘@z()’ 2’5)+¢30’+3x) rJ
15 ) R sm(2x+y)

'_'D3—'~7_DD'2—-6D’3
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o = 1 i sin (Zx +y) Replace. D? by ;ZZQ--4
-—4D 7( 2)D' 6( 1)D' - . - :
P L sin (Zx + y) | Dp?by -1P=-1

" 4D + 141)' 6D

DD’ by ~(2) () =-2.

- _14[1) _Tl'SD,} g,,;;:(z;-;y)
= i D——I; .:55?):2 se(Zx +y)
: i _f +2§1(3’ 1') sin'( (Zx +y) 'I:“'Repigcé-?z‘ 'by-:.z?e-;_at"_
e 1 ws.m.(?x+y) L ' 1?_'2 by '—'125 -—1

T4

| ;=-.-—(D + SD’\sm(Zx +y)
= st +ses @

i

= [7:c<?s(2x-_+_y)]_ lzcos(lrw)

2 :L- CF + PQI
¢1(v x)+¢2(y 2x)+¢3(y+3x)~icm(x+y)

‘14, (a) A tlghtly stretched strmg between the fixed end pomts )
' =0 and x =] is. initially at rest in its equilibrium
- posﬂ:wn If each of its pomts is glven a ve!“ ;,y kx(i -x), :
‘-'find the dlsplacement y(x, t) of- the strmg
2 "

o . ) d
Solution : Thc wave equation is —}; = 2 V

- ) af - l')r
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| " From the gwen problem we get the followmg boundary and 1n1t1a1 '.
conditions, - SR : -

@G) y (o, t) = O forallr>0 _
(i1) y_(l, ) = 0 for all t_>0__
(i) y (¢,0) = 0, 0<x <!
(1v) ( ) kx(l—-x) 0<x<l
gt _
S (x,0) S
Now, the suitable- selutlon Whlch satlsﬁes our boundary condltrons
~is gien by ) B G '
(x t) = (c1 cospx + ¢y smpx) (c3 cosp at + ¢y smp at) ( ) -
Applymg condition (i) in equatlon (1), we get | |
oy (0 r) i cl (c3 cosp at + Ca Smp at)
I—Iere, c3 cos p at + c4 sin p at # 0 [ It 15 def ned for all t]
Therefore we get ¢ = 0
Substx_tute ¢ =0 in (1); we _get " . .
oy t) = cz'sinpx (c3 cosp at + c4-:si"1'p at) ... 2)
| Applymg condition (n) in equatlon 2), we get _
| y(, t) = czsmpl(c3cospar+c4smpar)
‘Here, (c3cosp at + Cy sin pat)# 0. It is deﬁned for all t]

-~ Therefore, either ¢; = 0 or sin pl=0 _ - _
Suppose, we take c_:z = 0 and already we have ¢ = 0 then we
get a trivial solution. | | '

Therefore we consrder c2 # 0 and sin pl = 0

smpl 0
Cp=am [ -
L p - EZE In .being: an iifl_teger]_
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Now, substxtut_mg p = HT in equation (2), we get

E Y t) .y sm% - ((:3 cos f"%ﬂ} C4 sin n_J?at)-_ .3

Applymg ccmdmon (m) in equatwn (3), we get

y(x,(_)) = czsan;x €3 = 0

' n:::x
> c2(:3 sin —— 7 - 0
H_é,r_e,-. s"inm;;-% 0 ['-.' It i's-de-ﬁx_led fQ'r"a'lll x]
' cé: =0 [ If €= =0 we already explamed]

: Therefore,  c3 =0
'Subst‘itute'fc3 = 0 in eqﬁation (3), we get

- ' 'nﬁ':nri . nmat - -
y(0) = cycy sin—=sin=——

="Cy '_Sin.n?x.-_sin ;z_:rlat (4) whcrc C = cycy

- The niost.genéral 'sbluti(m is
y(x t) - 2 C smny-”_c Su’l:nna 0
nl 'l_. -Z‘- E SO

K 'Bcforc applymg condxtlon (w) diff. ®) p-wrto ‘v, we get

(ﬂ) ;Cﬁ (s'inn?xj -'(n?a)._ (cos nlji ar) '-.
o n=t oA AR R

: '_Now, we- apply Condltlm'l (w), we get
(9)1) 3T, siu”’;x - kx(l—x)
0 -n:;- 7 R LA A T
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=3 I:C_nnna} sin-m;'- = kx (l x)

=1 . o

| ‘where Bn - _'Cn '
. To l'md B Expand kx (l x) in a half range Founer sine series -
in the mtervai (o, [) o |

. RTX
sin —

. (7) where

_'|| Mg

- k_x - )

x

Y
_bn- ='7

f(x) sin = dr

O""m,"'--

From (6) and N, wei get'. by = By

. Tl
..B-_—l

n

C)L--;“'--

kx(z-x)sm”;‘?'dx N

By o2

n.T

(b = ) sin

. C:"—-‘E"u .

- _ - nm- o . _. nm___. . | i nm_z
: . —(_:OS_**E*-"-. ' f-smT' o COS“‘}""_ el
(=) | ———| —(~20) | ——| +(-2) | ——|

- - S - : ‘ C ' 0

B AR e l
{ (lx—-x2 )( )c@s-—-+(l Qx)( ) sm%x-—-z( 1) cosfﬂ]

| —1 H—om—z(-’—) ' (*1)“]— (-0+,0~—2(—’—) H
N L T I W O

SIS

| '--I&e
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m[ 1) M( iﬂ | .

| ‘x—‘"z(m) B = "-,és_[l - (-1

B, = 4“3[1 (= 1)]

o [nza 4kl ,’1_
<%Ffﬂfggsu-enl
G -f.-(wa) [43k ’3] 1-(- 1)"] |

- 444ue<nl

an'm
-0 1fn Is even

4l '4 1fn ;sodd
an o

Substltute the value of C in cquatxon (5) we . get

= 8k13 .ﬁn‘ . M7 |
ey =F ML g ara

1 . nxx . nrat
i sin =

-ﬂ .

an® p=oda nt 1 1

_8kP = 1 _(Zn D i 2n-1)mat
a:r4n1(2n 1) ".l B A

| (OR)

(x t) Ski v 1 (2:1 + 1)::1:1 in”(zn_.,—!' l)xat-
an’ n-o(2n+1) - o

(OR)

www.FirstRanker.com
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14 (b) An mfimtely long rectangular plate 1s of mdth 10 cm';_.The':
temperature along the short edge y 0 1s given . by

_ 20x , 0 <x <5
u= {20 (10 - x) 5<x<10 If all. the other edges are kept

. at zero temperature, f'md the steady state temperature at
- any pomt on it. T o

© Proof : Let u (x,y) be the temperature at any pomt (x y) in the
. steady state. Then u satlsfles the dlfferentlal equatmn A U= 0

: 1.&,.«—%-}--‘—* = 0 N (1)

@) u©y) =0Vy
C (i) u(10,y) =0,V y
(111) u(x, ) = 0, 0<x<10

: ’ j o _20,‘(_' 04x<5

Solvmg (1) by choosmg the sultable solutlon we have
U (x y) = (A cospx + B sin px) (Cepy + De py) . )
By (n), u(0y) = A (CP +De™) = T
CePY + De” py#G o
R .-.'A_-:.o_t_ s
~ (2 = u(yy) = Bsinpr (CePY+De PY) LB

- Apply condltlon (u) we get

‘_ H(IO y) B sin 10p (CePY + De PY)

IfB = 0, already A = 0 50 we get a trmal solutlon _

B#0

'CGP)’ + De "_PY = 0 {since' .defined:for_ _all_'y]

_'_sinlop =0
. Wp =nmo
o _n=x
P T
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| BERE nxy  -nmy. o ,
| nrx | .10 - 10 | o '
(3) > u(x y) ok B sm ;gx [Ce 4+ De ] . (@)

By condltion (m), we get

ux, oo) =B sm [Ce +D *1 =0 e, C =0

nTXx :_r.l.u S

:(Qan@ﬁ)¢Bﬁnﬂym 10
= BD smn;gxe_ 10 e 6)
 The most general solutlon s B
._'n_;.,rx - ) A
u(xy) —ZB sin ;Bxe._m_ o - (6) -

;:_'.'Apply COIIdlthI’l (w), we get

‘=1 10 ' 20.(10 —-_x)'_,5 <x=<10 -
B 22 _}@-ﬁsinmmfm LTI
St 10T 10 0 “|
SRt . NTX . nmx
< 4fxsm I dx+4f(10 —%) sin - 10 dx
. | g x|
= 4 |x — (1) 10
n (10) - 10 |
I [ 1T T 1719
{ 0 b . 'Cos_n er - ginnﬂ?x '
+4.1(10 - x) D)oy |—L
| nx S
P L . 10 ___.5
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COS
= \HJ'E .

o ‘2
+(m) 
ni

www.FirstRanker.com

sinnﬂ:x}
) 10 0

10 i
- - ' 2 110°
3 10) - nxx (10} . nmx
4 aﬂ @( ) 0 ﬁn)sm m}s
L 50 nm 100 . pm S0 nx, 100 . nam
= 4 [---nncos2 + 3 2.5,11.1.,2__+r”-]:<:cos_2 + 2 2 ‘zjl |
o 800 . nm |
B sin ——
_ n.' n*a? 2
B, = 0 for n is even |
u @) =g§’ 8“’@n”“§h”ixé%§¥.ar
o nm 'd'nzﬂ'z 2 g .10 '
= 890 i Asinmsinnnxe_fé"x-
2 02 202 0
=:m0§j-1 Qn-Ux @nmnxx_lm_ll
2ot 2 A0
15. (@ (@) Find Z (cbs’ n6) '-a_nd hence_ deduce Z (;:OS 11_231:_) o |
Solution : Let © @ = éf Lo
= (gi(’?)"’l = ¢nf? 2 C:o'-s_'nﬂ-‘{-'z' s_-i'_t{na
We know that, Z [a"] = ~—Z—,  |z| > |a|

21 = — 57 - Here,a = e’
Z_._[e | :] "~ z—(cos6 +isin6) [', ¢ C(_)_Sg+ls_l_n8]_

'z

Z [cosn 8 + i'sin;i._G']' =

-

(z — cos 6) “isinf
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= Z[cosn 9_] + £ Z[smn@] ARt i R .
oz T [E=cos6) +isin6]
- (z'—~co$‘9)—"isiri€ (z—c056)+zsm9 .
_Z z—-cosG)-i—:zsmG |
(z—-cose) + sin’@

z(z-0059)+zzsm9
2 —Zz_cosﬁ+cos 6 + sin6

z z—cos(-?) +xzsm6
2 -—22c059+ 1

.z(z-%cosf))' s zsin6
_ N
zz—v220059+1- . z-?zcosﬁ‘—i—l

Equatmo the real and 1mag1nary parts we get

7 (z [
'z {cosn@} = 22.(7_ cos )

: | | > 1 1)

Z {sinnf} = : , 1z > 1 o (2)
% 1 }'_.22—2200564-1 bl | L L

CPut g = %m (_1), we _get'

o . .[C(\).SM-E]'- - 2[2—008%]
B A 2-2csT+1

- z{zfo']_
% 22__22(0)_*_1

-2

— lzl > 1
zz_+-1__ S Tl
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'15_. -_(a) '(i‘i)-_ Usmg Z-transform solve yn +2 3yn+1 1‘03},, =0,
B Yo = l_and ¥ = 0. _' ' _ "
o Solution : GiVen 'yn+2=¥ '3yn+1 - 10y- =0
 Zhnsal =32 D] = 10Z [5,] = Z ) |
PYe) -z y(O) zy(i)] 3[2 Y(Z) ZJ’(O)]‘“ 10 Y(Z) 0 [ Z(O) 0]

'.-'[z Y(z)—z —-z(O)] -3 [zY(z)-—z] ——10Y(z)
2 Y() - 2 —-3zY(z)+32—-10Y(z)

2% —3z—10]Y(z) =z22=3
RCh zz———"”z;i‘”m
| Y(Z)“'-(z-fs;(jiz)" .
| -Yz(Z) (@ —2;(j+ 2) .'_".zfs.fzﬁf 2 - (1) |
le,z-3=A@E+2)+B@E-5) | _
put z =5 we get put - z = ;——-2_, Wc get
2= : | 5=
ek P A =
Cveniedss
Cmve-ifediy
y?n) - 2z [ :5] *'?;Z‘_l[fs]
AR ISl -
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(b) (1) State and prove the second shifting: property of
| Z-transform ; : \

| Stateinent 'z [f(t+T)] —-zF(z)-zf(O)

Proof Z[f(t+T)] Z‘. f(nT+T)z

) n

8

=2 f[(n+1)T]z

l'l'-'

5  _= 4 2 f[(n+1)T]z (“‘*‘1)

0T

=z X f(mT) z m whe_.re_ m=n+1

z [ 3 f(nT)z -f(G)]‘

|

m=0

= zF(z)-—zf(O)

15. (b) (i) _. _.._U'si‘ng gonvol'ution._theo’re'ln.,'a-'-ﬁm.l z7! { Z—a) z-b)|

Solution . _ . I - '
e | 4 —— ._—.:-Z_l = - £ o \ .
. .Z [(z—a),(z—b)] e Z“b] e | B
o Z "Lzua]'*.z' {“"b]" o

I -*bn Ea prm = bni a)"
: -a _ o m=o\b)

. -m=
- Formula : S 1= |9 .
_ a+ar+ar2+ +a" =bn <y T4 b_ﬁmg-a G"P
-'ZM,.if?‘_<1. _ -
L 1_-—r_ : | pntl_ gl
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