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B.E./B.Tech. DEGREE EXAMINATION, NOVEMBER/DECEMBER 2015.
Third Semester
Civil Engineering
MA 6351 — TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS

(Common to all branches except Environmental Engineering, Textile Chemistry,
Textile Technology, Fashion Technology and Pharmaceutical Technology)

(Regulation 2013)

Time : Three hours Maximum : 100 marks

Answer ALL questions.

PART A — (10 x 2 = 20 marks)

s Construct the partial differential equation of all spheres whose centres lie on

the Z — axis, by the elimination of arbitrary constants.

TSSO ST e e

Solution : Given that the centres of the spheres lic on the Z-axis.
Centre is (0, 0, ¢). Let R be the radius.
equation of the family of spheres is

Z+yt+@z-c)?f = R? . (D
where ¢ and R are arbitrary constants.

Differentiating (1) partially w.r.to x and y, we get,
0z
2t+2(z—c) ar 0
>x+@EZ-c)p=0=(2—-¢c)p = —x .. (2
02
—_) — =0
and 2y +2(z —¢) 3y

>y+(z-c)gq=0 = @z-cq="Yy - (3)

@ P _Ep -
3) q y Py qx

which is the required partial differential equation.

2. Solve (D+D'-1)(D-2D'+3)z=0.
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Comparing this with (D—m; D' —c; ) (D—-m; D' —¢, ) = 0, we get
C1=1, C2=3, m1='1, m2=2
~. the solutionis z= € f, (Y +MX) + e='f,(y+m,X)

z=e *fi(y-x)+e *f, (y+2x)

Find the root mean square value of f(x)=x(l-x) in 0<x<I.

3.
j_ Ll e
| 12 1 V12
4.  Find the sine series of function f(x)=1, 0<x<r.

b, zgjf(x)sin nx dx
%

= Ejsin nx dx
T

5. Solve 3x%—2y%= 0; by method of separation of variables.
X y :

Let u=XY be the solution where X =X(x) and Y =Y(y)
Thenu,= X' Y andu,= XY’
3 X'Y+2XY’'=0

3 X'Y = -2 XY’

www.FirstRanker.com



:l » FirstRanker.com

A Firstranker's choice

www.FirstRanker.com www.FirstRanker.com
3X :—2Y—:k
X Y
X"k Y’ k
=— and —=——
X 3 Y 2

Integrating, we get

k k
log X = gx + logA and logY = —Ey + logB

K
L k
X=Ae3 and Y=Be?
K
ke Ky
u=ABe3 e ? (1)
g g ! 2 . o #n Ou
6.  Write all possible solutions of two dimensional hest aquation 6—§-+§= 0.
x

u(x,y)=(Ae”+Be*)(Ccosiy+Dsiniy)

u(x, y) = (Acos Ax + Bsin Ax)(Ce™ + De ™)

u(x,y)=(Ax+B)(Cy+D)

7. If F(s) is the Fourier Transform of f(x), prove that F{f(ax)}:lF(EJ,a;tO.
a \a

F[f(ax)] = T f (ax) e**dx

1
N2r

ey o) 1
& dt {put ax =t and dx= — dt}
a

1 1 i
_gﬁ_{of(t)e

ED
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e « 52
8. 'Evaluate I ( T ™) ds using Fourier Transforms.
JER ) | |

9. Find the Z - transform of o :

n+l
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Solution :
0

We know that, Z{x(n)} = > x() z~

n=

oo oo
1 1 -n _ 1 (1
Z[ ] =n§ n+17° _2 n+1(z

n+1 0 n=0
2
1(1) ,1(1
F— - |-+ |- =
1+2 (Y 15
- 2
Formula : I P P 1) 1)
z 2 \z 31\z
—log (1 —x) L
2 2 3
RN S 1 1
2 3 B z Z
L8
=z |=+
Here, x =}1- | = 2 >
1
- 2 [~ (1)

I
N
1§
]
<}
4]
3]
N
[
L T A
.

[~ Z l __._z..-—-'
=z |lo ] = zI0g" _
%871 z-1
10. State the final value theorem. In 7 transform.

The final value theoremin Z transformis | t f(n) = Lt (z—-1)F(2)

n—oo 71
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PART B — (5 x 16 = 80 marks)

11. (@ () Find complete solution of zz(p2 +q2): (x2 +y2). ®
' 2, 2 S
Solution : Given: z2(p°+q°) = 2 +y* [A.U. CBT A

Y
@)+ (@) = 2 +y . () (AUT cu )

This equation is of the form f; (x, 2" p) = f2(y, 2" q) [1y,,

Here m# -1

= Z

I
N

I
N
S

I
S

Similarly,

wlo wBIv g TR N N
]
S S

vt

Substitute in equation (1), we get
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+y2

S
N | =g
™
[\
+
P T
N[O
o OREEP
[ %]
1
~
[4%]

PP+ Q" = 4(2 +)h)
PP—a? = 4_)}2-—()2
This equation is of the form f; (x, p) = f,(y, Q) [Type 4]
P2 — 4 = 4% — Q% = 44® (say)
P2 = 4+ 4 | QF = 4 - dd?
p =2V2+2, | Q=2%-42
dZ = Pdc + Qay

iz = 2Vl +2 de + 2Vy -a dy
[dz= 2[Vad? 2 ode + 2[Vy-d dy

2 a "1}1 +b

= 2+ a?
Z=2|5

-1y
11X 2_ 2 —qtcosh™ = +b
2 _ yVi2 +a* +a’sinh IE"'J"G’—’G— ¢ a

-1X _ cosh'l-‘%il +b

2 2 |sinh
=xVx2+a2+y‘[}_’2’::+a [sm o

(ii) Find the general solution of (D2 +2DD'+D'2)2 =2cos y—xsiny. (8)

www.FirstRanker.com



www.FirstRanker.com

:l » FirstRanker.com

A Firstranker's choice .
www.FirstRanker.com

(- vandag?) = = 20—

The gomxitlary o g
W g2m4 ) =0
™M aAMmaAmMmt] =0
m({ W) ) (mi1) =0

W) M) =0

CF 61 (l{_l).{_ &61(9-‘1)

) \
(D+d)(pro)
= ?'Tn + ?I:.
P.T, -
- &Lo:.a ' Bere
PPy 2pdy 2= _a® =D
oy = ©
- ! 2 tosy el
oAxe —)

?’T'z = \ g 2 Si‘na .
Py 2pp A’

= S (%) 2 3fa(eyn) dx

= ______E_______. x 5'\'-13. —
Qp—\—n‘)L’D—\rD‘) 2,
a’b‘: ﬁ: Cx¥

= L"f_ [;-c stalt+») « wsun)j

-—

2
?“’bﬁ C=y-x

= _"_‘;‘_, [ % stay + tosy )

2 ‘i
y = ,Y) = £o(w-») ¥ wk, (4-7) — 208y +j%__ 12 siny .a-ca:,y]
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b @ Soive the equa_tion (x2 - 32 -_-_zz) p + 2xyq = 2xz

Soluﬁon : This is of the form Lagfangc’s Pp+Q q =R

Th .bs"d' c-ua.lt.ion 1s dx . &
e S“_hl _ary q 2 _-yz_zz zvy 2xz

Considering two equations,

Cdy _ dz
,Zj_g 2xz

Cance]ling ‘2x’ _

& _ &
' z

. . | y ) B
' Intcgratiﬂg bo’th' sides,
Iy = 1%

lbgy_ = ‘logz + logcq

: Iog‘y.——lp'gz = logc,
log (Z) = logey

YL
z A
E Consider the multiplier x, y, z

xdx' o :ydy;ﬂz.dZ'
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xdx-.-i-ydy +zdz
2 |
x (@ =y = 2) +y (29) + 2 (2z)
_-xdx-i—y.dy-i-'zdz. |
X —.xyz =~ x2? + ny2 +22%x

Cxdx+ydy +zdz |
x (4 y2 + 2%

~ Equating the ratios
xdrtydy +zdz dz
| -x(x2-+y2+22) 2xz

Cancelling %

2@dc+ydy+zdz) < dz
x_2+y2.+22 -z

N ._In'tlegrating fboth éidéé,_
| log (x* + y* +z’,2.). = ngz +logc, |
log 2+ y2 + 22 —logz = lég”cz
X%+ yz + 7

log——'—*——-—“—z = loge,

Thc_solution_ié- @ (c1,¢0) = 0

-¢-(X' i2-+ Zzl+zz). )

z z
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(i) Find the general solution of (D2 55 )z =xZy?. (8)

(F157)2 -

The caxllehy € pfe) =
Mt =

o g
TF by ) 14, (-l
P.T = 1 2
'(DQ-tD‘z) >* D (11‘1"’) = :n.a(yL p (sﬂv‘) = 2%%y
& \}'z. D"( 1> qu) = 2—‘11 »? (L) = 29"

)
¥ (-2
oLl
,.‘.-—- (\?ﬁ,ﬂ) Y
1:.,.-[1-} " J:«:—"‘}L
.___[_)_'Zix) (,'JLY)’]
"-—;[a‘fﬂr E%‘J
,,—T:;y-f.ﬂjxfu_]
-::._,_..l:-i‘} -*/51:9!9,1]}
-:bl;_[ﬂ +Ja%3Ax)
4
S 2]

bJf e

R e n{’rJ
’"6"[’% 2

2
o= Lf_‘i_ 2 22
| 2 120

2 = 4 t\;.»,]n)-réq

1

"
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12. (&) @) Find the Fourier series expansion the following periodic function of
24+4x —-2=x=<0
period 4 flx)= { Hence deduce that
2—-x O<x=2
S e | 72
l_2+3_2+?+"":?. (8)

Sol. Given interval is (—/, /)

- P1x), —Il=x=0
Let fO) = g (x) , O=sx=1
where @1 ) = {+x, Pr(x) = I —x

Here #1 (—x) = {—x = ¢2(x)

L is an even function.

Let the required Fourier series be
do * nJjx
- — 4+ = a, cos—p— ... (1)
w f) 2 = " i
£ dx
where a@g = 7 .g f )
> {
ag = 7 f (l'_x)dt
0
2 x| _ 2 2_L|l —w-o0
=7[—2]_1[[1 2]( )
_ 2 |2] _
7 2
apg = l
2 4 x
an, = = J (@—x) cos— ) dx
LA
7T X 1!
n
5 smn::,tx b —cos —,
=7 |¢—» s —( 2
7 n
7 Jo
2 ~47
T x e cos BEX
- 7 [“"‘) =z ST (nﬂ £ Jo
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T e 2

n 2
b)) b- )
HECKEN =N

2
2 (L — (="
= (n) =

1l
~|ta
P
———
o
|
|
s~
. TRy

= 2L - (-1"

if n is even

if n is odd

S fx = Lis . N cos
2 n

Put x = 0, Here x = 0 a point of continuity.

f@}z,

il x ==

18

41
1 (2n —1)% 72

+4-
n

N~

417
n=1 (21 — 1)% 2

I
Il
M8
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(i) Find the complex form of F ourier series of f(x)=e™ in the interval
"(~z,7) where. @ is a real coastant. Hence, deduce that

i o

=— : 3)
“~ a’+n® asinhar

golution : We know thag fx) = i C. ginx
n

n where
i’
1 JT
R PR (R
1 f ax —i
= — f e e“lnxdr
An .
L | a-in
o eld —in)x 4
2 Sy
JT
1 e(a—in)x
T 2z a—in | _
-
B 1 ) [e(a—-in)x]ﬂ:mC
21 (a—in =

Il

1 [e(a —in)x _ ,~(@— in) “:I
27 (a — in)
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1 ax —inmx —as _Inx
= — [e e — B e ]
27 (a —in)
™" = cosnm+isinnmw = (—])rl +i0 = ("‘1)11
S S PEP R
27 (a — in)
(__1)[1 ean’ _ e—an
" m(a—in) 2
n -
(=1 (a +2m) sinki g.o8
7 (a2 + n®)
o0 n = o
Lfey =3 @) oy g eine
nm—oe I (@a° + n°)
o0
1 a-+in i
o, £ = SIREE 3 ¢ gy BT g L)

n=-—0o0 a® + n?

1 /; N
(il) cosax = 5 (elax + e mrx)

’ Put ¢ = ia in (1) we get

. - [e.o] . . _
eiax _ sinhia E (_.l)n la +n ol X
7 : -~ 2. 9
n= —oo a” +n
| o0
' thxasrr E (=1)" 1(a+n}
; n = —o0 ——a +n

—isinhiamx § (—1)" a+n oI

7T - o — n?
(WKT sini6 = sinh® B
Put 6 = iaumx, sini (i « ) = isinh (i a 7)
sin (—a 1) = [ sinh (i a )
—sinax = isinhiamn
1 sin @ 7t = —jisinhian y
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~a

(b) () Find the half range cosine series of f(x)=(z-x)’,0<x<7z. Hence

find the sum of series l4+——1— i+

24+34 ' + (8)

- - ) ey

Solution. The half range Fourier cosine series is

f(x) = % + ; a, cos(nx)

ap = Jgrff(x)dx

2, w2(@-x'\" 2 2
f(ff x)“dx 71'( )0 —5(0—713)—-519

Fid
2
ap = p ff(.t) cos nxdx
0

i g
2 2
ol (r — x)* cos nxdx
0

_2 __\28in Cos nx —sin,
= n[(" x) 7?—2(7r—x)(—1)(— ) A/‘"/L

2 2
= —= X —=(0—-mcosnm) = iz(---l)’I
n n

T
. The Fourier cosine series of f(x) is
f(x) = ﬁ + i i(—l)" cos nx
3 — n2

By Parseval’s identity we have

2 oo
2 f (F())?dx = ‘% > an’

www.FirstRanker.com
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0
5\7 — 16
2 (n—x)) =.l_:1'.3r4+2;—
a\ -5 Jo 2° n=1
— 1
_—2 2 = -2—71'4 + 16 —4:
S 0-m) =5 ey,
2 S L
-2-Jt4-" t= 162:14
5 n=1
— 1
1 1) —
41 - _ =} = 16 4
o (5 9 ,,Zf”
L6,
4 _ —
X — = 4
2“ 45 = n
1
ol L, Lage
Z = ;;; =714 " 24 3
90 =
(11) Determine the first two harmonics of Fourier series for the
following data. (8)
x? e R L 2_;11- /4 4z 57z
3 3 3 3 3

e ¥o8 1.30 1.05 1.30 —0.88 -0.25
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% y y cosx ysinx ycos2x | ysin2y |
Q° 1.98 1.98 0.000 1.98 0.000
T _ 00 130 0.65 1.126 ~0.65 1.126
3
2n_ 0| 105 0525 | 0909 | —0525 | —0.909
3
7 =180° 1.30 -1.30 0.000 130 0.000
dm__ 0| -0 0.44 0.762 0.44 0762
3 .
57 00| 02 —0.125 0.217 0.125 0.2167 |
-
Sy 2ycosx Zysine | ycoszx | = Y sin 2«
= 45 =112 =3.014 =267 =_0.328
——
= Zy 45
ag = 2[,1} =2 ‘E‘J =15
3y cosx h
1.12
a = 2 —%J = Z[TJ = 0373
f:Z Cos 2x 2
a2=2—nL=2—f—7J=0.89

6

n

r :
by = 2 M} = 2[—3;(11—4} = 1.005

by = 2 M} =2 ["O'mj = -0.109

6

n

a
y =5%

(ag cosx + by sinx) + (apcos2x + b, sin 2x)

= 122 + (0.373 cosx + 1.005 sinx) + (0.89 cos 2x — 0.109 sin 2x)

= 0.75 + (0.373 cos x + 1.005 sinx) + (0.89 cos 2x — 0.109 sin 2x)

—
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13. (a) A tightly stretched string with fixed end points x=0 and x=I is initially
at rest in its equilibrium position. If it is vibrating by giving to each of its

e 5 in 0<::c<i

2  Find the displacement of the
5 <w<l

points a velocity v= 2k(l-x) =

l

string at any distance x from one end at any time ¢. (16)

2b -

7X »0s=sxg<d
. the initial position y (x, 0) = 1,5, ;
_f—(l_x)' _Z"f-x-r:‘

Thus the boundary-value conditions are
(i y(@©,0)=0 and (i) y(¢(, ) =0 V=0

. 2b .
’ (iii)%"f(x,())=0 and (iv) y(x,0) = TxlfOExs%

2
The solution of the wave equation iz_yi = ¢? Y. ;

ot

y(,t) = (Acosdx + Bsindx) (Ccoslct+Dsin).ct) w (1)
Using condition (i) ie. when x =0, y =0 in (1),
we get (AcosO+ Bsin0)(Ccosdct +Dsindct) = 0
- A(Ccosdct +Dsindct) = 0=2>4 =10
- (1) becomes y (x,f) = BsinAdx (CcosAct + D sinl ct) s )
Using condition (ii), ic. when x =7, y =0 in (2), we get

BsinAl(CcosAdct + Dsindct) = 0

= sindl/ = 0 [ B0, Ccosdct + DsinAct#=0]
i
= Al = nm = 2 =n-—;£,n——'-1,2,3,...

<. (2) becomes

Yy (x,t) = Bsin (n :;::x) [C cos (H______JCIC r] + D sin [g%ﬂ)] &)
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pifferentiating (3), w.r.to ¢,

. [(nmx . (nmct
3 - nn
E%::Bsm( 7 )[ Csin (‘—-——l ).(“TE)+Dcos (n-"tlct)‘(nnc)]
{

Bsin ("—’I”i) [0+D.’”“]= 0
l

. nixc
> Bsm(—l—).D. =0=>D=0

. (3) becomes y(x,f) = Bsin (’”;x) s (nncr)
!

nrwct
cos( ! ), n=123,..

. the most general solution of the differential equation is the
linear combination of these solutions

I

B Csin (’”;x) .

- the general solution is

y@, 0 = §=:1 B sin (ﬂlﬂ) . COS (n:;cr) . (4)

Using condition (iv), ic. when t =0,

%x,Osté
Y0 = f@ =4, ,
T-x,5=xs!
fof) = 213,‘ sin ('”1”) cos 0
n=
= 3 B, s (’”,”) =1
n=

www.FirstRanker.com
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Since f(x) is 1n algebraic form, to find B, we expreg ) w

Fourier sine Series.

Let f (x) = 2 b Sin( 1

[
n.ﬂ:x) .. (6), where bn=% J f ) sin (9-’.[_{]
0 I

dx

Comparing (5) and (6) we get B, = b, n=123, ..

Now bn

~| N

I/
fzf(x) in (nzrx)
1/2

/2

~|t

dx+ff(x) sin

2bx . [(nmx f 2b
a3 1 |
| [ /

[«
(! — x) sin (n;”)dx

11172

2bx

~N
~—~

~ |
T

2b
iy I (—1).¢ y

"

=« 2b 4 nmwx
2 2b /
MRS [-H(I_X)CDS
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4b [ nx | /
— e -~ A . I
_.—-l l 2 os(l .2)+n2n251n(—~—l —)_ }
4b l nn 7
— |- -1 ko - nm
1 _nJr( ) cos(l A nznz_sm (-—— )
-l l nx | 12
1= 1 -L LA N hw |
(= 2) °°S(1 2) 2 (1 2)

y(x’ t) = Sill
= n? ) l
8b « 1 nmx (n:zx) ("-””")
= — = sin—— sin s

www.FirstRanker.com



:l » FirstRanker.com

A Fi ' oice ) .
Firstranker's ch www.FirstRanker.com www.FirstRanker.com

(b) A bar 10 cm long with insulated sides has its ends A and B maintained at
temperature 50°C and 100°C, respectively, until steady state conditions
prevails. The temperature at A is suddenly raised to 90°C and at the
same time lowered to 60°C at B. Find the temperature distributed in

the bar at time ¢. (16)
Solution : The temperature at any point in the bar is given by the
2
. ou _ 20°u 1
heat equation 57 =2 pye) . (1) 50°C I
In steady state, the temperature is A j B
10
6, — 6,
uRE) = 7 x+6 Here 6, =50, 6, = 100, I =10
uXx) = _100;1(-)-_59x+50 >u(x) = Xx+50,0=<x=<10

Then suddenly the temperature at A is raised to 90°C and that

at B is lowered to 60°C and maintained. So, the temperature distribution
in the bar is changed from steady state to unsteady state.

The temperature u (x,t) is the solution of (1)
The boundary-value conditions of the unsteady state are
() u(0,6) = 90°C,  (ii) u (10,) = 60°C V=0

and (i) ¥ (x,0) = S+ 50, 0<x <10

Since the temperatures at the ends are not 0°C, we split the
solution u (x,¢) of (1) into two parts in order to get zero boundary
conditions.

u(x,t) = Uy (x) +u,y (x,0), where
u, (x) is the steady state solution of (1)

and u, (x,f) is the unsteady (or transient) solution of (1)

www.FirstRanker.com
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Since u (x,0) = 0, the appropriate solution of (1) is the soiuli
with trigonometric function of x. on

S u(xy) = (AcosAx +Bsindx) (Ceiy+De"Ay) - ()

First we use the zero conditions.

Using condition (i) ie. when x =0, u =0, in (1) we get

(A cos 0 + Bsin0) (Cé*Y + De ™2y = 0

> ACY+De™Y) =02 4=0 [ C&Y+De‘lv¢0]

(2) becomes u (x,y) = BsinAx(Ce'Y + De™* 7 w (3)

Using condition (i), ie. when x =4, u =0, in (3) we get

Bsinda (Cé'Y + De™*Y)= ¢

> sinla = 0 [ B(CEY +De™Y %0 ]

> Ada =nm >} = ﬂ,n=1,2,3,

a
(3) becomes u (x,y) = B sin > Zx (Ce*Y + De™* 4] . (4)

Using condition (iii), ie. when y = b, u =0 in (4) we get

B sin (n;i:x) [Celb+De—Ab] = 0

niwtx

"’ Bsin # 0, Ce/1b+De_}‘b = 0= De 't = —cét

. (4) becomes u (x,y) = Bsin (" er) (Cej‘y — C2tD .e—AY)

Il
o> ]
0
%z
o
=]

e
=
|
=

L T

T
)
b
|
o

3]
-~
(=2

o

|

-
<

Se——
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B, s .
Sm( a ) ¢ [e“yﬁb)-e"‘(y*b)]

a 2

= (BC ¢ b) 2 sin (-’-'_Jt._’i) {M}

Il

ksin [7EX) .
A ( a‘) swh (2(y ~ b)), n=1,2,3.
-, the linear combination of these solutions is again a solution of (1)

-, the general solution is

uxy) = ngl A_ sin (" ;”‘) sinh (A (y — b)) .. (5

Using condition (iv) in (5), ie. when y =0, u (x, 0) =x (a—x), we get

uE,0 = 21 A_ sin (E—;-Eﬁ) .sinh (1 (=b))
= ng:l -, sin (n;rx) . sinh (n:b)

[CA = % , sinh (—x) = —sinhx]

= i (—An sinh (n.;rb)) sin (n;rx) .. (6)
n=1

Given u (x,0) = f (¥) = x (a — x). Since it is in algebraic form, to find
A_ we express f(x) as a Fourier sine secries in (0, @). Here [ =a

nirtx

e y i L7
u@0)=fo) = I b sm( : )

/ nix
: dx
where b, = { fx) s ( / )

~I\r

_ } (ax—xz)sin (n::x)dx

0

RN
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i —cOs (n:rj —Sinn:x
2 2 4 /|l ~-(@a—2%) |————
il (ax — x%) n ( ) 2
E nx
“ =]
nxx\\]®
cos
+(-2)

a T a nz
a
a3 nitTx
-2 3 3cos
n’m a .

2
- a
- [—-—‘L (az—az)cosn:ir+(a—20) S S sinnw
a n-m

ni
3 3
a 2a
-2 cosnm — |0 — cos0
n3Jr3 [ n3n3 H
2 24° 2 4q* n
b, = . |:0 33 cosn:r+n3.n3 = o [={=1}" +1}
When n is even, (-1)" =1 . —(=)"+1 = —141 =0
When n is odd, (-1)" = -1 = (-D"+1 =141=2
4 a* 8 a?
b = 2 = =
n T 33 3.3 n 13,3, o
Comparing (6) and (7) we find
—An sinh (n.nb) = h = 8a2
a n 3.3
n”x
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At
Sannb , n=135,...
s An=*n3.7r3sinh(a) .
0 , if niseven
Substituting in (5), we get
—8 4% . naTx : nx
u@ny) =2 nab -Smh( . )-Smh (“;‘“(y—b))
n=135,. n3:z351nh( = )

14. (a) @)

Find the Fourier sime tramsform of

f(x) = e ~ cos x

Solution : We know that,

Fs [f(x)]= \/E {f(x) sin sx d

p— x -
F, (e X cosx | € " Cosx sin sx dr

Il
S
o~ 38

e X sin sx cos x dx

\/g ?e_x [sin(s+1)x+sin(s-1)x]dx

]
5
O~ 8

\

0 2
1 P ? X
= ———[[ e ¥sin(s+ VDxdx+ ) e “sin(s — 1)xdx]
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1 s+1 s—1
T V2 |(s+1)2+1 (s—1)P+1

- b
(e Xsinbxdx = ]
[-{e sin 210

1 s+1 . s—1
V2% |2 +25+2 sP—2+2

2 —
1 s3—292+29+s2_2g+2+33+252+2s_s—Zg 2}
= = 2
(2 + 22— ()

_ 1 25°
V2T |t 4 4 + 252 — 457
3

1 257 L

o x= Sz+4—23'2 T V2=n (sz__z)

(i) Find the Fourier cosine transform of the function
~bx

f(x)=e_u;e %>0. ®)
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.

o deg

i

Folf ()] = -f-—%ff(x) cos sx dx
0

F,[e=] = ‘7/.—_2. /e"“ cos sx dx .
0 4

—ax
- :;;25 [a§+sz (—acos sx £l
cax] V2 _a
F.[e ] = VT s2+a?
‘/r:;' e B . V2 a
_—ﬁ/e “xcossx dx"_ ﬁ s2+a2
0

Integrating both sides w.r.t a

= e \/E a '
:5_; / = cos sx dx = _\/__J'E fs—z—_i_—ai}
0 3
V2 (e —VZ 1 .
cos sx dx = R i
V7 of — \/El
o e—ax 1 ;
A
S
N
e —e™ B e~ e—bx
F‘.[ x ] - Fc [ x "'Fc [ P ]
=—-_._.1 log (az+§)+ 1
2% \/275
1 s? + b?
27 52 +a?

1-|d, <1 .

(b) (@) Find the Fourier transform of the funcﬁyu f(x)= A
_ e 0, |x>1
. © . 4 g
- Hence deduce that J.(%t) dt=§.' (8)
8
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o N % { (a,) Ty gven by 3
| )=l S [ o0 e,’”"“af«.« |

[J‘ -1l % :
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D

’—L—j[ [~ Coss Ytosus - | svmxs) cls

T" ‘3-1
2 o
t -:n:*f ' 30959«50(3ro'
’ 0 S R

o0
> flwg(k%qsdg

N i

P‘-‘* X0 ow bS

’ l ’Olz—j [~ CE83 (_A?dd
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S f St Ao = T
3

@) Verify the convolution theorem for Fourier transform if

fx)=g(x)=c . ®

o —

Definition : Convolution theorem for Fourier transforms ‘The
Fourier transform of the convolutlon of f (’x) and g(x} is the product.
of the,lr Fourier transforms. .

Flfe)*gx)] = F {{x)}F {gx)}

-
—X

Given : _ fxy = g't-x) €
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R

1 }" éf'_xz fiS_’_‘di“", -

\/_Jr

n; ? e
-iclrde
5 rn;fw"’< B e
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cr';-'ﬁ'S'

Vo - vE)

_ 54

|
o
R
Ry
o %8

- "[f('és)"j = _1 '.;-—\s/_?_f_. %

F[g(x)] F[f(x)] i ST
¥ [,g'(x)ﬁ]'-'- Ls ©) - ( o /4) (Fre ) - 4o, @
f(x) . g (x) = \/_n fmf (u) g (x _ u) du by con§§'1at;'o_n definition

e . *eT.

-Ii' '

\/_.n fe_'“_ (x—u) du
= \/}—n feh(x""“) - du

\f_n-

Te f<u'-:§>?fz—-1

Il

R i

B Iput' f "u- -

ot

I
S
=

e
e

4

|

8
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' ' .-.-—x/Z °°
a € -—2t

A=y |ty

I

—-x/ﬁ \f_ ' z w _ w ; ‘/J_E
e\/_x v% oo b [ dt = g7

1 —x/2 .

"i!

¥,

. F[f(x)*g(x)] [ "’2]

.—X/Z]

er—-\

- We know th‘at,_ e /2 is self --rempro_cal_ under Fourier transform.

CFU@eE@) = 2 L@
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15. (a) () IfU(z )—(—Z—J'l—;' find the value of u,, u, and u,. )
Solution :
Let F(z) = z(z+ 1?:‘}
(z—3)

Multiplying both sides by 2"~

AFE) = 12D
-3

2" (z+ 1)
z-3)°

'Equating the denominator to zero

=g

z-3°%=0
z =13,33
= 3 is a pole of order three

The residue for the pole of order three is given by

.1 4
lim 5 - a’g )

Z=*a

Residue for z =3 is given by

.1 d z+1
i g e
lim 5 %.zﬂ(zﬂj

lim %%(z““u")

z—+3
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im L9 Ny pz01

N :‘,{“32& [(n+1)z +nz ]
g )
lim = +1 L4 —1)z"
z__:na 3 [n ynzZ" +n(n 1)_z 2]

S[o+ 1}n3"‘1 +n(r =137

2
(11) " Use convolution theorem to svaluate z'l{-—-z—-} (8)

(2-3)(z-4)|

.

W
= 4w
n wm ”
M=o
n -m
:_gm Z’ ‘FME
Yh':.o
Wi m
. _ = (4) '
.' M= D
na)
= gm L%) —
| beivg a 6P
4/ = |
3

O\
c
i
X
>
i
]
B
"’s
e
M ]
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(b) (@) Using the inversion integral method (Residue Theorem), find the

A
i Z- transform of U(z)=——— .
inverse Z- transform of U(z) m t))
Solution : Let F(Z) =
L E+DE+D
FZz) _ . z
z C+2)E+4)
z ' A Bz + C

z+2)E+49) z+2" 244

_A@+ Y+ Bz+ O +2)
z+2) @+ 9)

z =A@+ +Bz+C)(z+2) w (1)
Put z. =. -2

—2= A (4+4)+ (Bz + C) (0)

—2= 84
-2
A4 =3
1
A4 = -3
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' Removing the brackets i_n'. @

2= A@F4+ B+ 2B+ C2+20)

_ | Comparing the coefficient of 7
A+B =0

— - ’ .1
g TB=0=58~=7

" Comparing the coefficient of constant term

44 +2C =0
-1 )
4(4_){2(: =0
~1+2C =0
2C= 1
1
c=3
1 (1) 1
— = + =
F(2) 4 _(4) 2
z z+2 244
111
4 4 2
= 3 -+ >
z+2 . 44 +4
——l*z '_1“22- -1-2.
Fay = 3° 2
DT 242 2h4 Pta
1 1o 1
ZF@) =2 |t t S
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j- ..1 1 2—1 22 + 1 z_l Z
= - +5Z 5 2.,
P + 2| " 47 |2+a| 2 2 +4
1. f .I_- n nw lan_ BT
—= _E(—Z) +42 cos — +22 sin =

(1) Using the Z- transform solve the difference equation
Uy +4u,,, +3u, =3" with u;=0,1u,=1. (8)

n+l

Solution : Given : y, 4+ 4y, 4+ 1+ 3y, = 3"

Z [Yn+2] + 4Z | yn+1] + 3Z[y,] = Z[3n]

[22Y @) -2y (0) —zp (V)] + 4[z2Y @) —2z2v(0)] + 3Y (@) = ZiB

(22+4z+3)Y(z)—-z=zi3
E+DE+3)Y@ER) = ;=5 +z
_z+z(@z—3)
B r—3
_22-—-22
-
_ zi{z—2)
Y@ = GxDe+3)E=3)
Y!zl _ z—2 _ A B C
z  (+D(E+3)(@z-3) = 2E1 E%3  z—3 - (1)

Let z — 2 = A(z+3)(z—3)+B(z+1)(z—3)+C(z+1)(z+3)

Put z = —1, we get put z = —3, we get put z = 3, we get
—F ol =84 —5= 12B 1 = 24C
= 3 =S 1
A = 8 B = 12 €= 24
. Y@ _ (3/8 +( 5/12) (1/242
- (1) = z z+1 z+3 z—3
Y 3 Sz |+ (—=z_
. = 8( ) 12(z+3)+24(2—3)
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