[’l ». FirstRanker.com

A Firstranker' sschi \ ‘
FUBIFE:h. DEGRER, EXAMIMYHANKEPYBHFERPECENRRE. B#6tRanker.com
' ' ' Third/Fifth Semester
. Civil Engineering _
MA 221.1./MA 31/MA 1201 A/CK 201/080100008/080210001/10177 MA 301 —
TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS/

- MATHEMATICS — III
(Common to all branches)

(Regulations 2008/2010)

Time : Three hours _ ' Maximum : 100 marks
~ Answer ALL questions.
" PART A — (10 x 2 = 20 marks)

1. If f(x)= x? +x is expressed as a Fourier series in the interval —2<x<2, to
which value this series converges at x = 2.
: . . . . f(2)+ f(-2
Since x =2 is an end point, the Fourier series converges to 1@+ 1(=2) > -2 _,

2.  Define root mean square value of a function f(x) in (0,21)

3.

The above (1) & (2) are jointly called Fourd

4. Find the Fourier cosine transform of e, a>0.
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5. Tind the partial differential equation by eliminating f from z = /(< +5°).

6. Solve ﬁtz;nx+qtany=tanz.-
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Su_, o

7. 'Clasaify the partial differential equation e axdy’ x>0, y>0.

Here A=1,B=2,C=0
A=B*-4AC = 4-0=4,
. the pde is Hyperbolic type

8.  Write down all possible solutions of one dimensional heat flow equation.

u(xy)=(Ae™+Be™)(Ccosy+Dsiny)

U(x, y) =(Acos Ax+ Bsin Ax)(Ce” + De™ )
u(x,y) = (Ax+B)(Cy + D)

9.  Find the Z-transform of nZ.

Z[nn] = —-zgz" [Z (n)]

Z[nz] =

_d_ Z
= —de (2—1)2

(-1 —2[2E=1)]
= —Z 4

=1

[ema-2] _ _ [ol=z
= =z (2_1)3 _ (2—1)3
= 2 +1) %8 zz+z X

-1  -1°

.1{). State the initial and final value theorems of Z-transforms.

Initial Value Theoremin Z transform is f(0) = |_t F(z) where Z [f(n)]=F(z)

71—

The final value theoremin Z transformis | t f(n) = Lt (z-1)F@

n—o z—>1
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PART B — (5 % 16 = 80 marks)

1. (@ (@) Expand f(x)=e* asa Fourier series in (0, 2r). (10)
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(1)  Iind the half-range sine series expansion for f(x)=k(£x—x2) in

0,2). ©)

Or

. . l+x,-l2x20
F— . . . = 7
® @ m.d the Fourier series expansion for f(x) {l—x. — and

hence prove that =8 : (8
g Z (2n - 1)2 8 )
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(ii) Determine the first two harmonic of the Fourier series for the
following data : : ; ®
x: 0 =&

3 3 3 3
y: 10 .14 19 17 15 12 1.0

A >

ng the value of
X&
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&.
<
)

| . formof 1) given by fle)= [L 7 <1
= " : x)= E
12. (a) (1) Find the Fourier transform of f(x) given by 0, for M -1

gl (10)

SOLUTION:

F(s) = % [ fa) ™ dr

1 . 1
_ ! v AT
= I(l 3:) 0053$d$+\/2_ﬁ_j1(1 x) smsr dr
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1
j 1—r cossx dr+0
0

(" flz)= ('l —xj] cosx 1s even & f(x) = (1 —:cz) sinz 15 odd)

BT
= ;!(I—w) cog st dr
. 1
_ %{(1_“32)[5111551.} (—or )( C;DUS.I'J (2)( .;;n&rﬂﬁ

:F{ - ”1“”| (0- o+0)}
/A AN
_ 2 [—Scoss+sins]
T s
. o |2 (sins—scozs
F(s)=2 —(7]
T s )
By Fourter inverse transform.
107 e
=—— | F(s) e ds
=
1 7 8ln§— 3cos$ e
— — | ds
g [ (e
n = o _scoss )
:EI {MJ (cossr —ismmsr) ds
T &

. ) )

sIns— §coz s 2 T (sins—scoss) .
j ———— | cossrds—— 73J sin st ds
— JT

K

—co

4% (ems—scoss
f(I):—j L:COS) cossr ds—0
ﬂ-ﬂ \ 8§
T (eins—scoss T, .
j [%} coesr ds = — f(z)
b 5" _ 4

1
Put 2 =— we get.
2 (=3

4712

]‘3 (U”‘S*SCOFSJ cos(g] dsszl/l]
0

(i.e)

O —

=1 — cepn G A ‘
[7u1n8 .JSCOWS) COG(EJ dS:s—I.
2
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= = [x, O0<x<1
(i) Find the Fourier sine transform of f(x)={2-x, 1<x<2. (6)
' ' 0, x>2

SOLUTION:

F(s)= E jf(ac) sin st dr
0

1 2
_ 2 jmsinsxdx+j(2—$)ain3$d$]
a
L 0 1
2[ —cossz —sinsz 2 —cos ST —sinsz T
o e N B
Tl 5 s o V7 s E 1

2107- 1 2 mn?2 — 1
_ |2 ( COES+EH;8)—(0+U]:I+ _[(I[]_sm2 3)_( cnas_sn;s)]
Al s 8 T 5 5 5
2[—coss sms sn2s coss sins:‘
=\ I B t—
Tl s 5 8 5 s
_ 2[2s8ins E.in23:|
Tl & Pe
g
Or :
® G Fiﬁd the Fourier transform of xe ™, a>0. a ®
"\
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' (ﬁ) Prove that the Fourier sine transform of a sine transform of a given

. N X
function is.itself. Hence find -'the Fourier Sine transform of el

®)
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A tightly stretched string with fixed end points x=0 and x=1 Is

13. (a)
If it is released from

_ o mx
initially in a position given by y(x,0) = y, 8in [T]

" rest from this position, find the displacement y at any distance x f:-;,g; :

one end at any time ¢.

Solution : The wave equation is

¥y a1 dy
,axZ 2 atz

The solution is
y = (A cospx + B sinpx) (C cos pct + D smpct) e (1)

‘We have the followmg boundary condltlons

Ly=20 when x =0
2.y =0 whenx = 7/
| 3. 3‘%'= 0, o whent =0

_4~ Yy =Yy sm?'-—}--:E when ¢t = 0

Applying c_onditibh 1. in (1) A R
0 = (A cos 0 + B sin 0) (C cos pct + D sin pcr)

0 = (A + 0) (C cos pct + D smpct) | [cosO=1,sin0=0]

_ s A 0 | |

Subst_i—t.ute A = 0 in (1)
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y = B smpx ,(L cos pet + D sin pct) | e _ (2)
Applymg condmon 2. in (2)

0 =B sin pl (C cos pct + D sin pct)

Csinpl= 0 |
~ But siﬁ_nﬂ: =0
,pl = nn
“ o AR
P T
Substitute p = % in (2
y =B sin’”;x _(CCo_sm; t+D inm;d) | - (3)

To apply condition 3 differentiate (3) partially wr.t ¢

9y _ . nax _~ . hmcet nwc --n":zctn:rc"
ot .Bsm I ( Csin TR + D cos I
Now applying condition (3)

RITX
[

0 =B sin """[” (o.+_ D_n'?;c)_

0 =".B. sin’ (*—C sinO"n’?:C--!- DCOSORJ;C)

= D=0

Substitute D = 0 in 3

y = Bsi'_nn'mr Ccos’?gjc:-i-_i))

\

R

[ _
. nAWX n 7 ct
= B sin }
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. nmx nmct
= BC sin - COS
{ [
. nTtx - nnct _
= b sin ;o8 (BC. = b)
L 5 nmx  nmet o '
y = 2 b, sin ~ COS _ . o (4)
n=1 . L ! . ' ' : '

Ap'plying' condition 4 in (4)

it

Yo sin?’f—f— = > b, sinn_y;x cos0
n=1 S
. xz b, sin Ix._l
n=1. . '

Here we have to apply sin 36 formula and compare the co-cfficicnts
of like terms to get the values of by, by, b3, ... '

Sn36 = 3sin6 — 4sin’6
45in%0 = 3sin6 —sin36

sin° @ = Esinéi-w-]isbnSQ _

4 4
L sind T = ‘-S-sinﬁg£ - }-'s,ili?".?r']r
B SRR S A
Substi_tlitc for sina_%{ in LHS.
) 3 . mx 1. 37mx _ ® . nmx
Yo 45111.1 4..5111 ] } mn§1 bnslg T
g . mwx Yo . 3mx X Zer . 3mx

- —==sin————sin=—— = bysin

+ b 17
4 7 4 ; .bz U +bj sin

3 ' |

. . . ’ . . ‘ J-E
Comparing the coefficients of 's‘1n~l—_x—
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Comparing .the coefficients of sin 27X

by =0

~ Comparing the coefficients of sin 3% -

: Yo
by = —
3 e
. . : -
- The solution is y = b, sin TE | gos 2L
n=1 !. . l
= . XX Jct . 2mx 2%
bysin = =cos==+b, sm--—f—cos.—TCEH;3 sin%icosé’—rﬁ +
. ! .
o . mx o ‘
y = ZsinTE o L _ Y0 3mx 3wt
a ;05— 3 Sin=y—c

I.

(b) A square plate is bounded by the lines x =0, y=0, x=1 and y=1{.1Its
faces are insulated. The temperature along the upper horizontal edge is
given by u(x,l)=lx—x*, 0<x <l while the other three edges are kept at
0°C. Find the steady state temperature in the plate. (16)

LEFIEp/ ¥ smannr e ym o —— oo

Solution : , [A.U. Nov./Dec. 2011 Chennai, Nov./Dec. 2011 CBT]
- Let us take the sides of the plate be I = 20. : -
Let u {x, y) be the temperature at any point (x, »).

“Then u (x, )) satisfies the Laplace’s equat;on

92u 82u ' o .
-5 t 53 = : .
ax2 ayz_ _0 o ) (D
Twx D= x(f—x)
o=
. P ~
i
x = 0 x =4 -
o°C . (40 o .
(°C - : -
{0, Oy y=0 X

From the given problem we have the foliowing boundary
gondltlons :
(i) u (0, y) = Ofor0<x<l
i) u(Ly). = 0for0 <y <l '
G ux, 0) OforO0<x<l
T(iv) u (x, D =x{—x) for0<x<I.
The correct solut:on of(l) is . : _ _ N
u (x,y) = (c5cospx +Cg sin px) (c ep + cg e“"""’) 2D
Adfter appiymg conditions (z), (u) & {iif) in (2), we get the most
general solutlon is

Cu (x; ) = 2, ¢psin El;}" sin h"?—:}—:‘?‘ S li3) T
: n =i : . . .
Applymg condtt’ion (w) in (3) we get IR IR
. e - . o
_ 'u D = 2 ¢, sin—j  sinfnn =x (J—x) ...(4)
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APPL!bAHUND W .
To. ﬁnd C, expand X (I x) m a half-—r
hemterval()<x<l

From (4) and (S) we get

© _ -
DI smﬂ;}"‘ sin h nm

n=1 - .

Equatmg like coefficlents of (6) wc ge ,

by

cy smhn'n: = b (or) cn sm ;n'

by = %fx(z—-xj"ssn-.ﬁ%?‘f"
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! 2 I )
. 2cos 0
- H_'O'+‘0_ n 3
;3
21 =28 2;3 :
=F| 33008 nn+- 5 g :
R [ |
0, ~  when's'is even
a. b . 812 . ,
! 23 730 When'n'isodd
82 B - o

c = - . . '.' .
n =3 13 sin hnm whenn\ls odd

| Substiltut'ing i§n (3), we get,
© | 8[2 L f?‘ﬂ:x

. n
u (x,y) = Z n3 3. sm e sin 7 _sfn h=y
n=1,3,5.. | |

14. (a) () . Find the differential equation of all spheres whose radii are t?e
. , -

same.

1= Solution: The equation any sphere of given radius say (r) is,

www.FirstRanker.com www.FirstRanker.com

(x—a)2+(y-—b)2+(z~0)2=”2’ — (1) where a,b,c are arbitrary

sonstants

Diff.(1) partially w.r.to x, we get
2x=a)+2(z—c) p=9
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(ii.), ~ Solve [Da < DD‘ & GD'a)z = es‘f’ +sin(x+2y). . (19)
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. Or

® @ Findthesingulafintegraldt‘z;px+q?y+p2+q‘. .‘ (8)
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(i) Solve: (mz-—ny)p-}-(nx-'lz)g:;y.-mx,- ®)
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en+3 e

15. (@) - @ Find the_:_Z-trjansfforlm of m
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(1 +2)-33(n +1)+ 25(n) = 2", given

Z-transform method. ‘ (10)

ii) Solve the difference equat.io'l? y
that y(0)=3 and y(1) =6, using

(i1

Taking Z transform on both sides of the given difference equation, we get

z[y,..]-3z[y,.]+2z[y,]=z[2"|

z{Y(Z)—yo —ﬂ—sz[v(z>—yo]+2Y(Z)=Lz

Using the initial conditions, we get

| v@)-3-2|-alr -3 2=

Y(z)[z2 —32+2]—3z2 —62+9z :LZ
Z_

z

Y(Z)[22—3z+2]: 2+322—3z
Z_
3_ 2_ 2
Y(Z)[zz—3z+2]=”3Z 3z . 622 + 62
Z_

323 -9z +72

(2-2)(z-1)

Taking inverse Z tansform on both sides
y = Z_{323 —9z7? +7z}

(z-2)'(z-1)

Y(z) 32°-9z+7

2 (2-2)(z-1)

Y(z) =

F(2)

32° -97%° + 7z . .
—— - and apply partial fraction for —-*
(2-2)"(z=3) z

F(z) 3z2?-9z+7

2 (z-2)'(z-1)

322 -9z+7 A B C

(1-2F(z-1) z-2 (2-2) z-1

Let F(z)=

322 -92+7=Az-2)(z-1)+B(z-1) +C(z-2)?
When z=1, C=1 and hence C=1.

When z=2, B=1
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and whenz =0, 7 = 2A-B+4C
2A=7-1-4 => A=2

3z -18z+23 2 1 1

Theref =
e (z-2)(z-1) 72 (-2 1-1

F()=323—1822+232= z 227 .
(z-2Y(z-1) z-1 z-2 (z-2)

21 3z%-1822+23z =Z‘l{i}r22‘l[i}+z{ z }
(z-2)*(z-1) z-1 7-2 (z-2)?

= ( " )— 2(2" )+ n2“0 |

Find z __Ez_z_"'_lg.i;'—(gﬁzj} by the_partial f-rlaction method. (8)
(k) @O NS (G _2)(z-3)z-

2
ol 3z - 18z + 26
. :Let —
Solution f@) (z-2)(z-3)(z—-4)
&
Let 32" 183426 . . A + 2 2

@-2)(z-3)(z-4) z-2 z—3+z—4

=A(z—3)(z—4)+B(z-—2)(z—4)+C(z-—2)(z—3]
(z-2)(z-3)(z—-4)

5372 -182+26=A(z-3)(z-4)+B(z-2) (z- 9
+C(z=-2)(z-3)

www.FirstRanker.com



m FirstRanker.com

Firstranker's choice

www.FirstRanker.com www.FirstRanker.com

www.FirstRanker.com



. FirstRanker.com

Firstranker's choice

www.FirstRanker.com www.FirstRanker.com

."1+0032f=200321

3 . . 1+cos2;
I' : _‘_2_"'=coszt
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