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MA 6351 Transforms and Partial Differential Equations May/June 2016

Part A

1. Form the partial differential equation by eliminating the arbitrary function
from

f(x2+y2,z—xy)= 0

Given function is of the form f(u,v)=0. Therefore u=x*+y and v=z-xy

u=x*+y? V=2-Xy

UX=2X Vx=_y

u, =2y v, ==X

u,=0 v, =1

u, Vv 2y =X u, v 0 1
P: y y: y =2yQ: z Z: :—2X
u, v, (0 1 u, Vv 2x -y

U, V| [2x —
R= = y‘:—2x2+2y2

u, v, 2y =X

Required p.d.e is pP+qQ =R ie. 2yp —2xq=2y*> -2x°

2. Find the complete solution of the partial differential equation p®-q° =0

Given equation is of the form f( p,q)=0.

Therefore the solutionis z=ax+by+c where a®<b®>=0 andhence a=b

Therefore the complete solution is z =ax+ay +¢

0 in (-0
3. Find the value of the Fourier series of f(X)= 1 ((0 ))at the point of
in ,C

discontinuity x = 0.

Since x =0 is a point of discontinuity, the value of the Fourier series is
£(0)= f(0O-)+ f(0+) _ 0+1:£
2 2 2
4, Find the value of b, in the Fourier series expansion of
7+X in (-z,0)
7—x in (0,7)

f(x)=

Given f(x) isan even function. Therefore b, = 1 j f(x)sinnxdx =0
T

-

5. Classify the partial differential equation u, +u, = f(x,y)
Here A=1, B=0, C=1, A=B?-4AC =-4<0. Therefore it is elliptic.

6. Write down all the possible solutions of one dimensional heat equation.
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u(x,t) = (Ae™ +Be™ Je” ™ u(x,t) = (Acos x +Bsin ix)e "

7. State Fourier integral theorem.

www.FirstRanker.com

u(x,t) = (Ax+B)

If f(x) ispiecewise continuously differentiable and absolutely integrable in

(— oo,oo) , then

f(x)=%]i T f(t)cos At —x)dtdA

8. Find the Fourier transform of a derivative of the function f(x) if f(x)—>0

as X — too

F[f'(x)]=—isF[f(x)] if f(x)—>0 as x— %o

9, Find Z{i}
n!

o n 2 3 1
7| L :Zil R (T2 0 Y ) I = g?
n! —nt\z uiz) 21z 3\ z
10. Find Z|(cos6+isino)'|

We know that Z[a”]:i. Therefore
Z—a

Z[(cos@ +ising)" ]:Z[(eig)" ]: z[e]= ﬁ

Part B
11.a.i. Solve the equation (x2 - yz)p o> (y2 -~ xz)q = (z2 - xy)

dy dz

o . dx
The auxiliary equation is_ —; =— =—
X“—yz y° —XZ z°-yX

dx —dy 3 dy —dz B dz —dx
X2—yz—y?i4xz Yy -xz-7°+yx z°—yx—-x"+yz

dx —dy dy —dz dz — dx

(x=y)(x+y)+2(x—y) (y-2)(y+2)+x(y—2) (2=x)(z+X)+y(z—X)

dx —dy _ dy —dz _ dz —dx
(x=y)(x+y+z) (y-z)(y+z+x) (z-x)(2+x+Y)

dx —dy dy —dz

Consider

(x—y)(x+y+z) (y-z)(y+z+X)
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d(x-y)_d(y-z)
(x=y) (y-2)

Integrating, we get log(x—y)=log(y—-z)+K

Consider the multipliers x,y,z and 1,1,1. Then

xdx + ydy + zdz B 1dx +1dy +1dz
X} —xyz+y —xyz+2°—xyz XP—yz+y?—-xz+12°-xy

xdx + ydy +zdz 1dx +1dy + 1dz
XP+yi 428 -3xyz xP—yz+y*-—xz+z°-xy

xdx + ydy + zdz 3 1dx + 1dy +1dz
(X+y+2) (X +y* +2°—xy—-yz—xz) X +y*+z2>—Xy-yz—xz

Xdx+ydy +zdz  d(x+y+z)
(x+y+2) - 1

xdx +ydy + zdz=(x+y+z2)d(x+y+2)

2 2 2 2
Integrating, we get ~0 Y,z (x+y+z) K

2 2 2
Xy+yz+xz=C,

Therefore the solution is of the form ¢(C, ,C,)=0

11.a.ii. Find the singular solution of z = px+qy ++/1+ p*+q°

This is of the form clairaut’s equation. Therefore the complete solution is

z=ax+by+yl+a’+b*> ————(1)

Differentiate (1) w.r.t ‘@’ and ‘b’
2a 2b

O=x+——22  and O=y+——2
24/1+a% +b? 24/1+a’* +b?

e ® ad e )

Vvi+a®+b®
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a’ b2 a’+b?

+ =
1+a?+b?> 1+a’+b? 1+a’+b?

Consider x* +y? =

a’+b’ 1
1-(x*+y%)=1- =
( y) 1+a’+b*> 1+a’*+b’
1-x*—y? =
Y T Irat a0
1+a%+b® = 21 .
1-x"-y
1+a’+b® = L
1_X2_y2
From (2), a =—x+1+a”+b? =_%
1-x"-y

S v A
1_X2_y2

x? ( y? . 1
\/1—x2—y2 \/1—x2—y2 \/1—x2—y2

Therefore (1) becomes, z = -

1_X2 _y2

ll_xz _y?
Z7=q1-%x*-y?

X +y?+22 =1

=

11.b.i. Solve (D®-2D?D’)z = 26> +3x%y

The auxiliary equation is m* —2m? =0
m?(m-2)=0
The rootsare m=0,0,2 and hence the complementary function is
f,(y +0x)+ xf,(y +0x)+ f,(y +2x)

1 1 e

P.li= 2% = 28 ="~
T i) T T 4

{putting D=2, D’=0}
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Therefore the solution is z = CF + PI

11.b.ii. Solve (D?+2DD’+D’2-2D-2D')z = sin(x + 2y)

Consider the LHS os the given partial differential equation

(D?+2DD'+D"?-2D-2D")2 =0
(D+D')-2(D+D')z=0
(D+D'\D+D'-2)z=0

Compare this with (D -m,D' -, \D-m,D'-a,)=0

Herem; =-1, o, =0, m,=-1, a,=2
Therefore the complementary function is e“* f,(y~ m,x)+e®* f,(y + m,x)

ie. e”f(y—x)+e”f,(y—x)

1 .
e (D? +2DD’ + D’2—2D—2D')Sm(x+2y) {putD?=-1, D2=-4, DD"=-2
}
1 . .
(-1-4-4-2D-2D") sinlx <2) (9+2D+2D') o2

_ [0- (2D +2D%)] _ )
" [or@p+2p)o- 2D+ 207 " A=

~ [9-(2D +2D’)|
81— (4D? + 4D +-8DD’

] sin(x +2y)

_ [9-(2p+2D")] sin(x+ 2y) = - [9-(2D +2D')]

[81-(-4-16-16)] 117

sin(x +2y)

= —% {9sin(x +2y) —2cos — 4cos(x +2y)}

Therefore the solution is z = CF + PI

12.a.i. Find the Fourier series of f(x)=x in —z<x<z
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a, = % j f(x)dx=0 { since f(x) is odd function}
a, = 1 I f(x)cosnxdx =0 { since f(x) cosnx is odd function}
7

bnzlj f(x)sinnxdx:zj. f(x)sinnxdx :3j x sinnx dx  {since f(x) sinnx is
V4 Ty Ty

even }

ol S - ]2 ]

. . S a - .
The required Fourier seriesis f(x)= 70 + Z (a, cosnx +b, sinnx)
n=1

12.a.ii. Find the Fourier series expansion of f(x)=|cosx in —z<x<x
aO:—I f(X)dX:—J f(x) dx { since f(x) is even function}
T Ty
zl2 T
=—J. cosxdx dx += j—cosxdx dx = 2[smx]’”z—g[sinx]j,2 _2,z2_4
T 212 T T T T T
17 27 . : .
a, :—_[ f(x)cosnxdx = — _[ f(x)cosnxdx {'since f(x) cosnx is even function}
7[0
zl2 2 T
:—J' cos x cosnx dx +— j—cosxcosnx dx
4 0 T nl?2
2 17[/2 21 T
=== j cos(n +1)x+cos(n —1)x dx=== I cos(n+1)x+cos(n—1)x dx
7T2 0 4 zl2
_ 1 [sin(n +1)x+sin(n—1)x T _i{sin(n +1)x+sin(n—1)x]r
P4 n+1 n-1 |, T n+1 n-1 1.,
_1 L5|n(n+1) +Lsm(n )% 1 —Lsin(nJrl)Z—isin(n—l)Z
7| n+l 2 n-1 2| m| n+1 2 n-1 2

21 1 1
= _msm(n +1)Z > +msm(n 1)2

2 1 [ 7[} 2 1 [ 72} 2 7[[ 1 1} 4 T
=———|cosn—|+ ——|—-cosh—| =—cosn—| ———— | = —————=C0SN—
zn+1 2| zn-1 2| =« 2[n+l n-1 z(n+1)n-1) 2
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When n =1, we have

a, :EJ‘ f(x)cos xdx:% .[ f(x)cos xdx { since f(x) cosnx is even function}
0
27[/2 2 V.4 l2 2 V.4
:—j COSX COSX dX +— f—cosxcosx dx = —j cos? X dx —— j cos? X dx
T 0 7s rl2 74 0 73 nl2
2 72'/2 2
=—= J' 1+ cos2x dx——— I 1+ cos2x dx
ﬂ- l?2

1 { sinZXT/2 1 { sinZXT 1 |:7[} 1 [n}
=—| X+ - — | X+ =—|—|-——|—=1|=0
/4 2 4 2 |, m|l?2 |2
b, = 1 I f(x)sinnxdx =0 {since f(x) sinnx is odd function }
T

The required Fourier seriesis f(x)= a—2° +(a, cos x + b, sinx)+ i (a, cosnx +b, sinnx)

n=2

12.b.i. Find the half range sine series of f(x)=xcoszx in (0])

Half range sine series of f(x) in (01)is defined f Zb sinnzx where

n=1
1 1
:ZI f (x)sinnax dx = ZJ' X COS ZxSinnzx dx
0 0

X [sin(n + L)zx + sin(n —1)zx] dX

I
[ _cos(n+1)wx _cos(n— 1) j B (1)[_ sin(n +1)ax _sin(n - L)z Hl
( 0

X (n+)r (n-r (n+1’7z* (n-1}x?

cos(n+1)z cos(n-1)z ]:( 1) (_1)n+(;(_1)n:(—1)”{ 1, 1}

n+l n-1

(n+1)z (n-1)z n+1)zr n—1)z Vi

-l

When n =1, we have

1 1 1
b1:%|' f(x)sin zx dx:ZI X COSzXsinzx dx = J' X sin2zx dx
0 0
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COS 271X sin 27X ' 1 1
(x) - -1 -== = | —=—XC08 27X +——
27 4 0 2 4

Therefore f(x)= b, sin 7z7(+§:bn sinnzx
n=2

www.FirstRanker.com

|

sin Zm}
0 27

12.b.ii. Find the Fourier cosine series up to third harmonic to represent the
function given by

the following data:
x: 0 1 2 3 4 5
y: 4 8 15 7 6 2

Here I = 6. Therefore Fourier cosine series is

a, V4 2 3
f(x):7+al COS X+, COS= X+ C0S =~ X

X y T 2 3 T 27 3T
=X Zx = x YyCOS—X | YyCOS—X | ycos—x
6 6 6 6 6 6
0 4 0 0 0 4 4
1 8 z 2z 3z 6.93 4 0
6 6 6
2 15 2z 4z % 7.5 _75 -15
6 6
3 7 3z 4 9z 0 _7 0
6 6
4 6 4 8z 27 -3 _3 6
6 6
5 2 Sz 10z 157 -1.73 1 0
6 6 6
42 13.7 -8.5 -5
ycosﬁx
n n 6
D ycos = x 8.6 ycos 2% x 5
a, =2 - 2[—;} ~-286a,=2 - 2[——} = -1.66
n 6 n 6

www.FirstRanker.com



:l » FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

13.a. Find the displacement of the string stretched between two fixed points at a
distance of 21
apart when the string is initially at rest in equilibrium position and points of the

string

given initialvelocities v where
X .
Ton 0,1

V =
2l —x

in (I ,2I), x being the distance measured from one end.

9%y _,0%
The wave equationis —=a"— ———(1
q pei o) (1)
The solution is y = (AcosAx + Bsin Ax)(C cos Aat + Dsin Aat) ———(2)

The boundary conditions are

(i) y=0 when x=0 for t>0

(i) y=0 when x=21 for t>0
(iii) y 0 when t=0 for O<x<2l
(

|v) = f(x) when t=0 for 0<x<2l

Substitute (i) in (2),
0=(A) (Ccosat + Dsin dat)
Weget A=0
Substitute (ii) in (2),
0 = (BsinA2I)(C cos Aat + Dssin Aat)
sini21 =0
But sinnz=0

Therefore 2Al=

and hence A =nZ_7IZ

Substitute (iii) in (2),
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0 =(AcosAx +Bsinix) (C)
We get C=0

Substitute the above results in (2), we get
y = [B sinn—”xj(Dsin nﬂatj
21 21

Therefore the most general solution is

= . hr
=>Yb sin—x sm—t -———(3
y Z; " 2l 2l (3)

» ibn —smn—x cos 2 ———(4)

Differentiate (3) w.r.t ‘t’, we get 5 & o o
Using (iv) in (4), we get
Zb N8 gin %
2l
This Fourler sine seriesin (0,21)
na 2% Nz
Therefore b, —:—J- f(x) sin——xdx
21 214 2
2l 2l
) LU N T Y 3_[ WX i 7
200 215 | 2l 204 <0
b, N2 I x sin 2% x dx+ 1]1 (1 -x) sin2Z xdx
"2l 2l 12 1 2l
| 2l
nz
T COS—IX SInjx COS—-X sin—-x
b, —==](x ==X 1
SIS Rt b R s o
2 412 2l 41° |

0

2

nra 1| 2i nz 4 x| o1 2 nz 4 ne |
by, = | ———XCOS——X+——SiN——X | +-|——(-X)cos—~X - ——sin——X
0

21 1P| nx 2l n“z A
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2_2

na 1] 212 nr 4% . n72':| 1 [ZI2 | N (V3
It 0S—-+— 7 + o =
1| nz n°z

1) e sintXt
) + sin=>

21 11| 81> . nx 161 . nx
bh = i -
n®za 2

SIn— SiIn—
nm I> | n°z* 2
Therefore the most general solution becomes

1 1¥/4 nza
sm— sin—Xx sin—-—t

n’z 2 2 2

y= Z

13.b. Along rectangular plate with insulated surface is I cm wide. If the

temperature along
one shortedge is u(x,0)=k(Ix - x2 ) for 0<x<I, while the other two long edges x=0

and x=I
as well as theother short edge are kept at 0C, find the steady state temperature
function
u(x,y).
o%u d°u
The two dimensional heat equation is ) + ay— =0 ———(1)
X

The solution is u = (Acos Ax + Bsin Ax)(Ce” + De™? ) ———(2)

The boundary conditions.are

(i) u=0 when x=0 for 0<y <o
(ii) u=0 when x=1 for.0<y <o
(iii) u=0 when y=0o for 0<x<|
(iv) u=k(x-x?) when y=0 for 0<x<I

Applying (i) in (2), weget 0= (A)(Ce”1y + De’iy)
ie. A=0
Applying (ii) in (2), we get 0=(BsinAl )(Ce’ly + De’ly)

ie. sindl =0
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Therefore Al =nrx

-t
Applying (iii) in (2),weget C=0
: : . nx -y
Using these results in (2), we get U = [B sml— x]{De : ]
L - . -y
Therefore the most general solution is u = an Slnl—x e !
n=1
Applying (iv) in most general solution, we get f Zb Sln—X
This is fourier sine series in the interval (O,I)
2 nz
Therefore b, = TI f(x) sinTXdX
0
|
b, = .[ (Ix—x?) sin"= xdx
0
r |
n nz n
ok COSTX sme COSI’]TX
b, =—|Ux—x") - I —2x) - -2
n I ( nl ( n27z_2 ( n37Z'3

b, - 4k| [1 ]
Using this in the most general solution, we get
< 4kl Ty
u= 1 sin—xe !
> A0 k-t

14.a. Find the Fourier sine and cosine transform of f(x)=e * for x 20, a>0.
Hence deduce the
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S SX © ssinsx
ds and I ———ds

Integrals '[ 5 B
. s’ +a , S°+a

= 2] tsnscax BT ()= 2] t(ocossxox
7% T
\/E.[ e " sinsx dx =1/3J' e 2% cos sx dx

% T

0

2 p-ax © 2 p-ax ©
=.|= | —5—5(~asinsx—scossx)| =,=|———(-acossx+ssinsx)
r|a +s . T |a‘+s .
2 s 2 a
Y 2 2 :FS(S): _ 2 2 :Fc(s)
7 la‘+s T la +s
By inversion formula, By inversion formula,
200 0
= —J' F.(s)sinsxds f(x '[ s)cos sx ds
7[0 0
) _ 27 a
e :—j — sinsxds e ”:—I ;—— Cos'sxds
Ty a“+s Ty a“+s
T r S <
—e ¥ :j 5 smsxds—e j > COs sxds
2 . a’+s’ o.a’ +s

XZ

14.b.i. Find the Fourier transform of f(x)=e 2 in (~o0,0).

E[F ()] =—2 [ F(x)e™ dx

www.FirstRanker.com



l FirstRanker.com

Firstranker's choice i
www.FirstRanker.com

Put (ax—EJ:t, then adx =dt
2a

F[e‘azxz ]: a\/lz_” e_(%] T e

F [e -t ]: 1

e
av2r

when a=1, F[e a ]: 1 e_(ﬂ

V2

14.b.ii. Find the Fourier transform of f(x)=

value of

T sin“tdt

0 t4

F[f(x)]:i]g (x)e™ dx

Vor

1 1
| (L-|X)(cos sx +isinsx) dx =
-1

%‘I—‘
a\

Vr 2

N

Vs 27

1

-
N

0 2r s

2 {1—coss}: 4 Sinz(;j _F(s)

- N2 s?

By Parseval’s identity,

T |F(s)|2 ds=_]2 |f(x ?

=L:[ (l—x)cossxdx_i{( - )(sinsxj_(_l{_ 008 X

1 . 1 2 1 1
~(1-x)sinsx——COsSX | =—— - 7oss
s s

www.FirstRanker.com

1- |X| if |x| <1 and hence find the

1

LJ' (L-|x) cossx dxdx + LJ' (L-|x) sinsx dxdx

NPT
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_— sin“@j )
>z ds =2 (1—x)?* dx
27[;[ s* ’([ ( )
. S

. sin j -
— 42 ds = 2{(1_)() }
27 s, S -3 o
327 sin“(;j 2
_J. 7 dS —
2r s, S 3
Put %:t, then s=2t, and ds=2dt
32(2) T sin*t ds 2
27(16) 1 t* 3
T sintt T
J ]
0

. . nr 1
15.a.i. Find the Z transform of cos— and
2 n(n+1)

()

z

www.FirstRanker.com

[(z-cos@)+ising]

ino |_ o\ | YA z .
z[e 9]_2[((99) ]_ 7 z—cosé?—isin@_(z—cosé?)—isiné?>< (z—-cos@)+ising

Z[eing ]_ z[(z—cos@)+isind)]
(z-cos@)* +sin?6

z[(z—cos@)+isin]
(z-cos@)* +sin? @

Z[cosn@ +isinng]=

Equating real parts on both sides, we get
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2% —zc0s
Z[cosnd |= — - o -
Z2°+c0s“@—-2zcos@+sin“ @
2_
Z[cosn@]: z°—zc0s6

7% —2zc0s6 +1

22

Therefore Z[ cos n% } = —

77 +1

(ii) Apply partial fraction for
n(n+1)

1 A B

= 4+ —

nn+l) n n+1

1=A(n+1)+Bn

Whenn=0, A=1 and when n=-1, B=-1

Therefore ! :1 1
nn+1l) n n+1
— © n 2 3
Z 1}:Z E(Ej :£+£(1J +l(lj S :—Iogtl—ij
LN = nlz z 2\z 3\z z

oot

7 2
15.a.ii. Using convolution theorem, evaluate Z* [ T }
z-a

www.FirstRanker.com
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=a"y 1
m=0
= (n+1)a"
15.b.i. Find the inverse Z transform of ﬁ by residue method.
z°-2z7+
Let F(z) S
2 —-27+2
The singularities of 2" F(z)= ————— are givenby z°-2z+2=0
2°-27+2

z=1+1i and z=1-i are the simple poles.

eslF@hz=1+i]= T (i A T
" [ F() ! ] z—>1+i[ (1 )][Z—(1+i)][z—(1_i)] >
eslF@hz=1-i= -l oGy
R [ F( )1 1 ] Z—>1—i[ (1 )][Z—(l+i)][2—(1_|)] T

z ‘{ﬁ} = sum of residues = i_[(1+ i) (- i)“]

15.b.ii. Solve the difference equation vy, +y, =2 giventhat y,=0 & y, =0 by
using

Z transform.

Taking Z transform on both sides of the given difference equation, we get

Zly,..1+zly.]=2[2]

2¥(e)-yo -2 v - 2

Z Z—

Using the initial conditions, we get
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Y(2)- 22
L +1)(z-1)

Taking inverse Z tansform on both sides

27
=71
Y { 72 +1 (2—1)}

Let F(z)= (ﬁh and apply partial fraction for @
2 Az+B C

(2 +1)z-1) 22+1 71

2=(Az+B)z-1)+C(z* +1)

When z=1, 2C=2 and hence C=1.
When z=0, 2=-B +C andhence 2=-B #1. Therefore B=-1
Comparing coefficient of zZ, we get 0= A+ C and hence A=-1

:—z—l+ 1
22+1)z-1) 2241 z-1

Therefore (

27 :—zz—z+ z
(22+1)z-1)  22+1  z-1

kK ok ok >k ok ok ok >k ok ok ok ok >k ok ok ok >k ok ok ok >k >k ok ok ok ok ok ok ok sk ok ok ok sk ok ok ok ok sk ok ok ok sk ok ok ok skk sk ck sk ok ok

www.FirstRanker.com



