
www.F
irs

tR
an

ke
r.c

om

MA 6351 Transforms and Partial Differential Equations  May/June 2016 
 

Part A 
 

1.   Form the partial differential equation by eliminating the arbitrary function 
from  
( ) 022 =−+ xyz,yxf  

 

     Given function is of the form 0=)v,u(f .  Therefore xyzvandyxu −=+= 2  
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     Required p.d.e  is RqQpP =+    i.e.   22 2222 xyqxpy −=−  
 
2.   Find the complete solution of the partial differential equation 033 =− qp  

Given equation is of the form 0=)q,p(f .   

Therefore the solution is cbyaxz ++=   where   033 =− ba   and hence  ba =  

Therefore the complete solution is cayaxz ++=  

3.   Find the value of the Fourier series of
)c,(in

),c(in
)x(f

01
00 −

= at the point of 

discontinuity .x 0=  
 
    Since 0=x    is a point of discontinuity, the value of the Fourier series is  

2
1

2
10

2
000 =

+
=

++−
=

)(f)(f)(f  

4.   Find the value of  nb   in the Fourier series expansion of  

),(inx
),(inx

)x(f
ππ
ππ

0
0

−
−+

=  

Given  )x(f   is an even function.  Therefore  01
== ∫

−

dxnxsin)x(fbn

π

ππ
 

 
5.   Classify the partial differential equation )y,x(fuu yyxx =+  

  Here 044101 2 <−=−==== ACB,C,B,A ∆ .  Therefore it is elliptic. 
 
6.   Write down all the possible solutions of one dimensional heat equation. 
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( ) ( ) )(),(sincos),(),(
2222

BAxtxuexBxAtxueeBeAtxu ttxx +=+=+= −− λαλαλλ λλ  
 
7.   State Fourier integral theorem. 
 
      If  )x(f   is piecewise continuously differentiable and absolutely integrable in 
( )∞∞− ,  ,  then 

( ) λλ
π

ddtxtcos)t(f)x(f −= ∫∫
∞

∞−

∞

0

1  

8.   Find the Fourier transform of a derivative of the function )x(f    if   0→)x(f    
as  ±∞→x  
 

( )[ ] ( )[ ]xfFsixfF −=′     if   0→)x(f    as  ±∞→x  

9.   Find  
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10.   Find ( )[ ]nsinicosZ θθ +  

        We  know that [ ]
az

zaZ n

−
= .  Therefore  

( )[ ] ( )[ ] [ ] θ
θθθθ i

innin

ez
zeZeZsinicosZ
−

===+  

Part B 

11.a.i.   Solve the equation ( ) ( ) ( )xyzqxzypyzx −=−+− 222  

               The auxiliary equation is  
yxz

dz
xzy

dy
yzx

dx
−

=
−

=
− 222  

yzxyxz
dxdz

yxzxzy
dzdy

xzyyzx
dydx

+−−
−

=
+−−

−
=

+−−
−

222222  

)xz(y)xz)(xz(
dxdz

)zy(x)zy)(zy(
dzdy

)yx(z)yx)(yx(
dydx

−++−
−

=
−++−

−
=

−++−
−  

)yxz)(xz(
dxdz

)xzy)(zy(
dzdy

)zyx)(yx(
dydx

++−
−

=
++−

−
=

++−
−  

Consider   
)xzy)(zy(

dzdy
)zyx)(yx(

dydx
++−

−
=

++−
−  
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)zy(
)zy(d

)yx(
)yx(d

−
−

=
−
−  

Integrating, we get   K)zylog()yxlog( +−=−  

K
zy
yxlog =







−
−

 

1C
zy
yx
=

−
−

 

           Consider the multipliers x,y,z  and  1,1,1.  Then 

xyzxzyyzx
dzdydx

xyzzxyzyxyzx
zdzydyxdx

−+−+−
++

=
−+−+−

++
222333

111  

xyzxzyyzx
dzdydx

xyzzyx
zdzydyxdx

−+−+−
++

=
−++
++

222333

111
3

 

xzyzxyzyx
dzdydx

)xzyzxyzyx)(zyx(
zdzydyxdx

−−−++
++

=
−−−++++

++
222222

111  

1
)zyx(d

)zyx(
zdzydyxdx ++

=
++
++  

)zyx(d)zyx(zdzydyxdx ++++=++  

Integrating, we get  ( ) Kzyxzyx
+

++
=++

2222

2222

 

2Cxzyzxy =++  

Therefore the solution is of the form ( ) 021 =C,Cφ  

11.a.ii.   Find the singular solution of  221 qpqypxz ++++=  

               This is of the form clairaut’s equation.  Therefore the complete solution is  
( )11 22 −−−−++++= babyaxz  

 
               Differentiate (1) w.r.t ‘a’  and  ‘b’ 

2212
20

ba
ax
++

+=      and   
2212

20
ba

by
++

+=  

 

221 ba
ax
++

−=      and   
221 ba

by
++

−= ( )2−−−−  
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Consider 22
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22

2

22

2
22

111 ba
ba

ba
b

ba
ayx

++
+

=
++

+
++

=+  

 
 

( ) 2222
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From (2),  
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1
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1
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ybayb
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Therefore (1) becomes,  
2222
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1
1

yx
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221 yxz −−=  

 
1222 =++ zyx  

 
11.b.i.   Solve ( ) yxezDDD x 2223 322 +=′−  
 
              The auxiliary equation is 02 23 =− mm  

( ) 022 =−mm  
              The roots are  m = 0, 0 , 2   and hence the complementary function is  

( ) ( ) ( )xyfxyxfxyf 200 321 +++++  
 

             P.I1 ( ) ( ) 4
2

8
12

2
1 2

22
23

x
xx eee

DDD
==

′−
=        {putting D=2,  D’=0} 
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             P.I2 ( ) yx
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             Therefore the solution is  z = CF + PI 
 
11.b.ii.   Solve  ( ) ( )yxsinzDDDDDD 2222 22 +=′−−′+′+

  
              Consider the LHS os the given partial differential equation 
 
( ) 0222 22 =′−−′+′+ zDDDDDD

 ( ) ( ) 022 =′+−′+ zDDDD
 ( )( ) 02 =−′+′+ zDDDD

             Compare this with ( )( ) 02211 =−′−−′− αα DmDDmD  

           Here 2101 2211 =−==−= αα ,m,,m  

           Therefore the complementary function is ( ) ( )xmyfexmyfe xx
2211

21 +++ αα   

                                          i.e.  ( ) ( )xyfexyfe xx −+− 2
2

1
0   

( ) ( )yxsin
DDDDDD

I.P 2
222

1
22 +

′−−′+′+
=             { put D2 = – 1,  D’2 = – 4,  DD’ = – 2    

}            

( ) ( ) ( ) ( )yxsin
DD

yxsin
DD

2
229

12
22441

1
+

′++
−=+

′−−−−−
=  

 
( )[ ]

( )[ ] ( )[ ] ( ) ( )[ ]
( )[ ] ( )yxsin

DDDD
DDyxsin

DDDD
DD 2

84481
2292

229229
229

22 +
′+′+−

′+−
−=+

′+−′++
′+−

−=

 
 

( )[ ]
( )[ ] ( ) ( )[ ] ( )yxsinDDyxsinDD 2

117
2292

1616481
229

+
′+−

−=+
−−−−
′+−

−=  

 

( ) ( ){ }yxcoscosyxsin 24229
117

1
+−−+−=  

 
  Therefore the solution is  z = CF + PI 
 
 12.a.i.   Find the Fourier series of   ( ) ππ <<−= xinxxf  
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01
0 == ∫

−

dx)x(fa
π

ππ
          { since f(x) is odd function} 

01
== ∫

−

dxnxcos)x(fan

π

ππ
          { since f(x) cosnx is odd function} 

dxnxsinxdxnxsin)x(fdxnxsin)x(fbn ∫∫∫ ===
−

πππ

π πππ 00

221     { since f(x) sinnx is 

even } 

( ) ( ) ( ) ( )nn

nn
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n
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nn
nxsin

n
nxcosx 121211212

0
2

0
2 −−=
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π
πππ

ππ

 
 

The required Fourier series is   ( ) ( )nxsinbnxcosa
a

xf nn
n

++= ∑
∞

=1

0

2
 

 
12.a.ii.   Find the Fourier series expansion of   ( ) ππ <<−= xinxcosxf  

dx)x(fdx)x(fa ∫∫ ==
−

ππ

π ππ 0
0

21           { since f(x) is even function} 

[ ] [ ]
πππππππ

π
π

π
π

π

π 4222222
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2
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=+=−=−+= ∫∫ /
/

/

/

xsinxsindxdxxcosdxdxxcos
 

dxnxcos)x(fdxnxcos)x(fan ∫∫ ==
−

ππ

π ππ 0

21           { since f(x) cosnx is even function} 

dxnxcosxcosdxnxcosxcos
/

/

∫∫ −+=
π

π

π

ππ 2

2

0

22  
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/

/
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1
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π
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n
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( )( ) 211
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1
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π
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              When n = 1, we have  
 

dxxcos)x(fdxxcos)x(fa ∫∫ ==
−

ππ

π ππ 0
1

21           { since f(x) cosnx is even function} 

 

dxxcosdxxcosdxxcosxcosdxxcosxcos
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01
== ∫

−

dxnxsin)x(fbn

π

ππ
    { since f(x) sinnx is odd function } 

 

The required Fourier series is   ( ) ( ) ( )nxsinbnxcosaxsinbxcosa
a

xf nn
n

++++= ∑
∞

=2
11

0

2
 

12.b.i.   Find the half range sine series of   ( ) ( )10,inxcosxxf π=  

  Half range sine series of ( ) ( )10,inxf is defined ( ) ∑
∞

=

=
1n

n xnsinbxf π   where  

( ) dxxnsinxcosxdxxnsinxfbn πππ ∫∫ ==
1

0

1

0

2
1
2  

( ) ( )[ ] dxxnsinxnsinx ππ 11
1

0

−++= ∫  

( ) ( )
( )

( )
( ) ( ) ( )

( )
( )

( )

1

0
2222 1

1
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1
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+
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−
+
+
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π
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n
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n
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n
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n
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( )
( )

( )
( ) ( ) ( ) ( ) ( ) ( )







−
+

+
−

=−
−

+−
+

=







−
−

−
+
+

−=
1

1
1

111
1

11
1

1
1

1
1

1
nnnnn

ncos
n

ncos n
nn

ππππ
π

π
π  

 
( )

( )( )






−+

−
=

11
21

nn
nn

π
 

              When n = 1, we have  
 

( ) dxxsinxdxxsinxcosxdxxsinxfb ππππ 22
1
2 1

0

1

0

1

0
1 ∫∫∫ ===  
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( ) ( )
π

π
π

π
ππ

π
π
π

2
12

4
12

2
1

4
21

2
2 1

0
2

1

0
2 −=



 +−=














−−






−= xsinxcosxxsinxcosx  

 Therefore  ( ) ∑
∞

=

+=
2

1
n

n xnsinbxsinbxf ππ  

 
12.b.ii.   Find the Fourier cosine series up to third harmonic to represent the 
function given by  
   the following data:    
 
                x :      0           1            2            3             4            5 
 
                 y :     4            8           15             7            6            2 
 
                 Here l = 6.  Therefore Fourier cosine series is 

( ) xcosaxcosaxcosa
a

xf
6

3
6

2
62 321

0 πππ
+++=  

 
x

 
y

 x
6
π

 
x

6
2π

 
x

6
3π

 
xcosy

6
π

 
xcosy

6
2π

 
xcosy

6
3π

 
0 4 0 0 0 4 4 4 
1 8 

6
π

 6
2π

 6
3π

 
6.93 4 0 

2 15 
6

2π

 6
4π

 

π
 

7.5 – 7.5  – 15 

3 7 
6

3π

 

π
 6

9π

 
0 – 7  0 

4 6 
6

4π

 6
8π

 

π2
 

– 3 – 3 6 

5 2 
6

5π

 6
10π

 6
15π

 
– 1.73 1 0 

 42    13.7 – 8.5  – 5  
 

14
6
42220 =



=












= ∑

n
y

a 564
6

7132621 ..
n

xcosy
a =



=



















=
∑ π

  

 

862
6
6826

2

22 ..
n

xcosy
a −=



−=



















=
∑ π

661
6
526

3

22 .
n

xcosy
a −=



−=



















=
∑ π
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13.a.   Find the displacement of the string stretched between two fixed points at a 
distance of 2l 
 apart when the string is initially at rest in equilibrium position and points of the 
string 
 given initialvelocities v where    

( )

( )l,lin
l

xl

l,in
l
x

v
22

0

−=
,  x  being the distance measured from one end. 

 

The wave equation is    )(
x

ya
t
y 12

2
2

2

2

−−−
∂
∂

=
∂
∂

 
 
              The solution  is    ( )( ) )(atsinDatcosCxsinBxcosAy 2−−−++= λλλλ  
 
              The boundary conditions are 
 
( )
( )
( )

( ) ( ) lxfortwhenxf
t
yiv

lxfortwhenyiii
tforlxwhenyii

tforxwhenyi

200

2000
020

000

<<==
∂
∂

<<==
≥==

≥==

 

              Substitute (i)  in (2),  
 

( ) ( )atsinDatcosCA λλ +=0  
 
                              We get        A = 0 
 
Substitute (ii)  in (2),  
 

( )( )atsinDatcosClsinB λλλ += 20  
 

02 =lsinλ  
 
   But    0=πnsin  
 
Therefore    πλ nl =2  
 

and hence    
l

n
2
πλ =  

 
                Substitute (iii)  in (2),  
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( ) ( )CxsinBxcosA λλ +=0  

 
                              We get        C = 0 
 
              Substitute the above results in (2), we get 
 














= t

l
ansinDx

l
nsinBy

22
ππ

 

 

               Therefore the most general solution is )(t
l
ansinx

l
nsinby

n
n 3

220
−−−= ∑

∞

=

ππ

  
 

                Differentiate (3) w.r.t  ‘t’, we get   )(t
l
ancosx

l
nsin

l
anb

t
y

n
n 4

2220
−−−=

∂
∂ ∑

∞

=

πππ

  
                Using (iv) in  (4), we get 
 

( ) ∑
∞

=

=
0 22n

n x
l

nsin
l
anbxf ππ

 
This Fourier sine series in   ( )l,20  
 

 Therefore  ( ) dxx
l

nsinxf
ll

anb
l

n 22
2

2

2

0

ππ
∫=  

 

dxx
l

nsin
l

xl
l

dxx
l

nsin
l
x

ll
anb

l

l

l

n 2
2

2
2

22
2

2

22

0

πππ −
+= ∫∫

 
 

( ) dxx
l

nsinxl
l

dxx
l

nsinx
ll

anb
l

l

l

n 2
1

2
1

2

2

2

2

0
2

πππ
−+= ∫∫  

 

( ) ( ) ( ) ( )

l

l

l

n

l
n

x
l

nsin

l
n

x
l

ncos
xl

l
l

n

x
l

nsin

l
n

x
l

ncos
x

ll
anb

2

2

222

0
2

222

4

21

2

21

4

21

2

21
2





































−−−


















−−+





































−−


















−=
π

π

π

π

π

π

π

π
π

 
 

( )
l

l

l

n x
l

nsin
n

lx
l

ncosxl
n

l
l

x
l

nsin
n

lx
l

ncosx
n

l
ll

anb
2

22

2

2
0

22

2

2 2
4

2
21

2
4

2
21

2 







−−−+








+−=

π
π

π
π

π
π

π
π

π
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( ) 







+−+








+−=

2
4121

2
4

2
21

2 22

22

222

22

2

π
ππ

π
π

π
π

π nsin
n

l
n
l

l
nsin

n
lncos

n
l

ll
anb n

n
 

 









=

2
81

2 22

2

2

π
π

π nsin
n

l
ll

anbn
 

 

2
16

2
812

3322

2

2

π
π

π
ππ

nsin
an

lnsin
n

l
lan

lbn =







=

 
 
                Therefore the most general solution becomes  
 

∑
∞

=

=
0

33 222
16

n
t

l
ansinx

l
nsinnsin

an
ly πππ

π  
 
13.b.   A long rectangular plate with insulated surface is l cm wide.  If the 
temperature along  
one shortedge is u(x,0)=k(lx – x2 ) for 0<x<l,  while the other two long edges x=0 
and x=l 
as well as theother short edge are kept at 0C, find the steady state temperature 
function 
 u(x,y).  

             The two dimensional heat equation is  )(
y
u

x
u 102

2

2

2

−−−=
∂
∂

+
∂
∂  

            The solution is ( )( ) )(DeCexsinBxcosAu yy 2−−−++= −λλλλ  
 
             The boundary conditions are 
 
( )
( )
( )
( ) ( ) lxforywhenxlxkuiv

lxforywhenuiii
yforlxwhenuii
yforxwhenui

<<=−=

<<∞==
∞<<==
∞<<==

00
00

00
000

2

 

 
            Applying  (i)  in  (2), we get  ( )( )yy DeCeA λλ −+=0  
 
                                                     i.e.  0=A  
 
           Applying (ii)  in (2), we get  ( )( )yy DeCelsinB λλλ −+=0  
 
                                   i.e.  0=lsinλ  
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                               Therefore  πλ nl =  
 

l
nπλ =  

                 Applying (iii)  in (2), we get  0=C  
 

          Using these results in (2), we get  















=

− y
l

n

eDx
l

nsinBu
ππ  

 

           Therefore the most general solution is 
y

l
n

n
n ex

l
nsinbu

ππ −∞

=
∑=

1
  

 

       Applying (iv)  in most general solution, we get   ( ) x
l

nsinbxf
n

n
π∑

∞

=

=
1

 

             This is fourier sine series in the interval ( )l,o  
 

                Therefore ( ) dxx
l

nsinxf
l

b
l

n
π

∫=
0

2  

 

( ) dxx
l

nsinxlx
l
kb

l

n
π2

0

2
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( ) ( ) ( )

l

n

l
n

x
l
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l
n

x
l
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l
n

x
l
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xlx

l
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0
3

33

2
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−−=
π

π

π
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+−−= 33

3

33

3 2122
ππ n
l

n
l

l
kb n
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( )[ ]n
n n

klb 114
33

2

−−=
π  

 
                  Using this in the most general solution, we get  
 

( )[ ] y
l

n

n

n ex
l

nsin
n

klu
ππ

π
−∞

=
∑ −−=

1
33

2

114  

 
14.a.   Find the Fourier sine and cosine transform of  ( ) axexf −=   for x ≥0, a>0.  
Hence deduce the  
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             Integrals ds
as
sxsinsandds

as
sxcos

22
0

22
0 ++ ∫∫

∞∞

 

 

( )[ ] ( ) dxsxsinxfxfFs ∫
∞

=
0

2
π

( )[ ] ( ) dxsxcosxfxfFc ∫
∞

=
0

2
π

 

 

dxsxsine xa−
∞

∫=
0

2
π

dxsxcose xa−
∞

∫=
0

2
π

 

 

( )
∞−









−−

+
=

0
22

2 sxcosssxsina
sa

e xa

π
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∞−









+−

+
=

0
22

2 sxsinssxcosa
sa

e xa

π
 

 
 

( )sF
sa

s
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+
= 22

2
π

( )sF
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a
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+
= 22

2
π

 

 
 
              By inversion formula,                                                   By inversion formula, 
 

( ) ( ) dssxsinsFxf s∫
∞

=
0

2
π

( ) ( ) dssxcossFxf c∫
∞

=
0

2
π

 

 

dssxsin
sa

se xa
22

0

2
+

= ∫
∞

−

π
dssxcos

sa
ae xa

22
0

2
+

= ∫
∞

−

π
 

 

dssxsin
sa

se xa
22

02 +
= ∫

∞
−π dssxcos
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e

a
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22
0

1
2 +

= ∫
∞

−π  

 

14.b.i.   Find the Fourier transform of ( ) ( ).,inexf
x

∞∞−=
−

2

2

 
 

( )[ ] ( ) dxexfxfF isx∫
∞

∞−

=
π2
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( ) dxedxee isxxaisxxa −−
∞

∞−

−
∞

∞−
∫∫ ==

2222

2
1

2
1

ππ  

 

dxeedxe a
isax

a
is

a
is

a
isax

2222

2222

2
1

2
1 






 −−∞

∞−















+






 −−∞

∞−
∫∫ ==

ππ  

 

www.FirstRanker.com www.FirstRanker.com

www.FirstRanker.com



www.F
irs

tR
an

ke
r.c

om

Put   dtdxathen,t
a

isax ==
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[ ] dtee
a
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2

22 2

2
1 −
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[ ] π
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22 4

2
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s
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a
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−

− == 4

2

2

2
11

s
x eeF,awhen  

 
14.b.ii.   Find the Fourier transform of  ( ) 11 <−= xifxxf    and hence find the 
value of  

dt
t

tsin
4

4

0
∫
∞

 

 

( )[ ] ( ) dxexfxfF isx∫
∞

∞−

=
π2

1
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1
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1
2
11

2
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1
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2
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2
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2
2
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       By Parseval’s identity, 
 

( ) ( ) dxxfdssF 22

∫∫
∞

∞−

∞

∞−

=
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( ) dxxds
s

ssin
2

1

1
4

4
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2
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∫∫
−

∞

∞−π  
 

( ) dxxds
s
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2
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∞
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∞
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Put   dtdsand,tsthen,ts 22
2
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3
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ds
t
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∞
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15.a.i.   Find the  Z transform of  ( )1
1

2 +nn
andncos π  

 
(i)

[ ] ( )[ ] ( )
( )[ ]
( ) θθ

θθ
θθθθθ

θθ

sinicosz
sinicosz

sinicosz
z

sinicosz
z

ez
zeZeZ i

nini

+−
+−

×
−−

=
−−

=
−

==

 
 
 

[ ] ( )[ ]
( ) θθ

θθθ
22 sincosz

sinicoszzeZ ni

+−
+−

=  

 

[ ] ( )[ ]
( ) θθ

θθθθ
22 sincosz

sinicoszznsinincosZ
+−
+−

=+  

 
       Equating real parts on both sides, we get  
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[ ]
θθθ

θθ 222

2

2 sincoszcosz
coszzncosZ

+−+
−

=  

[ ]
122

2

+−
−

=
θ
θθ

coszz
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      Therefore    
12 2

2

+
=





z
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   (ii)  Apply partial fraction for ( )1
1
+nn

 

 

( ) 11
1

+
+=

+ n
B

n
A
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( ) nBnA ++= 11  

 
         When n = 0,  A = 1     and     when  n = – 1,   B = – 1   
 

       Therefore  ( ) 1
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15.a.ii.   Using convolution theorem, evaluate 
( ) 
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( ) n

n

m

n
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a

1

1
0

+=

= ∑
=  

 
 
 

15.b.i.   Find the inverse  Z  transform of 
222 +− zz

z   by residue method. 

 

       Let  
22

)( 2 +−
=

zz
zzF  

The singularities of  ( )
222

1

+−
=−

zz
zzFz

n
n   are  given by  0222 =+− zz  

 
izandiz −=+= 11   are the simple poles. 
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iz;zFzsRe
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2
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1
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+→

=+=−  
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i
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11
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1
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−
−

=
−−+−

−−
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=





+−
−
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1

zz
zZ  sum of residues   ( ) ( )[ ]nn ii

i
−++= 11

2
1  

 
15.b.ii.   Solve the difference equation 22 =++ nn yy   given that  00 10 == y&y   by 
using 
 Z transform. 
 
                 Taking Z transform on both sides of the given difference equation, we get 
 
[ ] [ ] [ ]22 ZyZyZ nn =++  

 

( ) ( )
1

21
0

2

−
=+



 −−

z
zzY

z
yyzYz  

 
Using the initial conditions, we get 
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( ) ( )

( ) ( )

( ) ( ) ( )11
2

1
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1
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2
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=
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z
zzYz

z
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Taking inverse Z tansform on both sides 

( ) ( )






−+

= −

11
2

2
1

zz
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         Let  ( ) ( )( )11
2

2 −+
=

zz
zzF  and apply partial fraction for      ( )

z
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( )( ) 1111
2
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+

+
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−+ z

C
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BAz
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( )( ) ( )112 2 ++−+= zCzBAz   

 
 
                     When  z = 1,  2C = 2  and hence  C = 1. 
 
              When  z = 0,   2 = – B  + C     and hence  2 = – B  + 1.  Therefore  B = – 1 
 
             Comparing coefficient of z2, we get   0 = A + C  and hence   A = – 1 
 

                Therefore ( )( ) 1
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