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APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS | 4.1

UNIT IV

APPLICATIONS OF PDE

4.1. ONE DIMENSIONAL WAVE EQUATION:

4.1.1. DEFINITION:

Consider an elastic string tightly i 4
stretched between two points O and A
(Fig.4.1). Let O be the origin and OA as

x-axis. On giving a small displacement Az
to the string, perpendicular to its length :Ia"
(parallel to the y-axis). Let y be the o . A >
T
displacement at p(z,y) at any time. The
wave equation is Fig. 4.1.
Py _ 5 9%y
2=
ot or

o T Tension
where c¢"=—=——"—
M Mass
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42 | UNIT IV
4.1.2. SOLUTION OF ONE DIMENSIONAL WAVE EQUATION:
One dimensional wave equation is

] M

Let y(z,t)=X(x). T(t) - (2) be the solution of the given equation, where X
is a function of x only and T is a function of ¢ only.

Diff. (2) p.w.r. to z and ¢, we get,

a—yleT ﬂsz'
or ot

%y 9%y "
W:J)T yzl‘T .

(1) = XT =3X'T.

17 _x
AT X
XU 1 Tll
—=——=F(sa
X" ZT (say)
XU 1 Tll
2=k ==k
X ¢ T
X =kX T' = PkT
X' —kX =0 (3) T - kT =0 (4)

Case (i):
Let kbe +ve (ie.) k= p?

n

(3) = X -p’X =0
4) = T' - p*T =0

Hence we have two ordinary diff. equations.

.. The auxiliary equations are
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m?—p% =0 m? - %2 =0
m2=p2 m2:p2c2
m==1=p m = tcp

T = A + A

“(2) = y(nt)= (Alepjc + AQe_pI)(AgeCpt + A4e_6pt)

Case (ii):

Let kbe —ve (ie.) k=—p
3) = X +p’X =0
W = T adT=0

. The auxiliary equations are

m2+p2:0 mz—p2c2:0
m? = —p? m? = p*c?
m = £pi m = *cp

X = A cospr + A sinpx T = A, coscpt + Ag sin ept

2 = ylzt)= (A5 cos px + A sin px) (A7 coscpt + A sin cptj

Case (iii):

Let £ =0
3 = X =0,
4) = T =0.

The auxiliary equations are
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4.4 ‘ UNIT IV

X=Az+A4, T=At+A,
(2) = ylat)= (4 +A)(4,+4,)

Thus the various possible solutions of the wave equations are,

yla,t) = (A + A7) (A + A ) (5)
y(z,t) = (A5 cos px + A sin px) (A7 coscpt + A sin cptj (6)
y(z,t) = (Agx + Alo)(Ant + A12) (7)
4.1.3. NOTE:

In this problem the boundary conditions are fixed. (i.e.) y(0,¢)=0, y(l,t) =0.

If we apply these two conditions in (5) and (7) we get trivial solutions.
.. The suitable solution is,

y(z,t) = (A1 cos pz + A, sin pac)(A3 cosept + A, sin cpt)

4.1.4. PROBLEMS:

TYPE I: ZERO INITIAL VELOCITY (VIBRATING STRING)

4.1.4.1. PROBLEM:

A string is stretched and fastened to two points x=0 and ax=I[ apart. Motion is
started by displacing the string in to the form y = k(lz — x2) from which it is released
at time ¢ =0. Find the displacement of any point on the string at a distance of x

from one end at time f.
Solution:
The wave equation is
Py _ 5 9%

a2~
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APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS | 4.5

From the given problem, we o4

get the following boundary conditions:

¥

@] H A z
Fig. 4.2.
i) y(0,t)=0, V>0
() ylt)=0, V>0
(iii) aygﬁ’ 0 _ 0 (. initial velocity zero)
(iv)  y(z,0)=k(lz—2?), O<z<l
Now the suitable solution is,
y(z,t) = (C1 oS P + ¢, sin px)(c3 cos pat+c, sin pat) (1)
Applying condition (i) in (1), we get,
y(0,1) = ¢ (03 cos pat + ¢, sin pat) =0
Here ¢, cos pat + ¢, sinpat-#0 = ¢ =0
Sub. ¢, =0 in (1), we get,
y(z,t) = ¢, sin px(03 cos pat + ¢, sin pat) (2)

Applying condition (ii) in (2) we get,
y(l,t) = ¢, sin pl(03 cos pat + ¢, sin pat) =0

Here ¢, cos pat + ¢, sinpat #0,

= ¢, =0 or sinpl=0.

2

Suppose if we take ¢, =0 and already we have ¢, =0 then we get trivial solution.

¢, #0 = sinpl=0
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4.6 ‘ UNIT IV

Since sinnz =0

pl=nx  (n be an integer)

P

Put p = n—lﬂ- in (2) we get,

. at . nxat
y(z,t) = ¢, sin n7lm (03 cos > la +¢, sin n la ] (3)

Diff. (3) p.w.r. to ‘t’ we get,

ot
Here ¢, # 0, sin(mlmj % 0, n7lra 0

L =0.

Sub. ¢, =0 in (3) we get,

T nxat
(22

y(z,t) =, 'sin (nij cos(nzatj : where ¢, =cyc,.  (4)

y(z,t) = ¢, sin(n

. The most general solution of (4) can be written as
y(z,t) = z Cn sin(mlm) cos(m;at) (5)
n=1

Applying condition (iv) in (5) we get,

y(z,0) = z ¢, sin (n_ﬂ'x) ) = k(lz — z%) (6)
n=1 !
To find ¢, , expand k(lz —2?) in a half-range Fourier sine series in the interval (0,1).
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APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS | 4.7

(i.e) f@) = iz —%) = 3 b, sin (”lﬂ) (7)

n=1

l
where b, = %J.f(x) sin (@j dz

0

From (6) and (7), we get,

—Cos nry —sin nrr cos nrx
= =) n(/ ) (1=22) % +(=2) %
7) "] BNl
| P Vi 2

ST

_o9(_1\"
2| —2(-1)" {2

e

2

8ki?
R

0, if nis even

if nisodd

- Sub. ¢, in (5) we get,
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oo 2
y(z,t) = z 8513 sin(mmj cos(nﬂat].
n=odd " 7 ! !

4.1.4.2. PROBLEM:

A string of length 21 is fastened at both ends. The mid point of the string is
taken to a height ‘0’ and then released from rest in that position. Show that the

displacement
> (1"t on -1 on -1
y(x,t):8—g 1) 5 sin(< n )ﬂxj cos(—< i )ﬁat]
oo (2n-1) 2l 2l
Solution:
The wave equation is ¥4
Bi1,b)
Py _ %
ot? 0z?

From the given problem, we get

L 4

the following boundary conditions: & 111y Ao ¥

Fig. 4.3.
(i) y(0,t) =0, Vt>0

(i) y@Lt)=0, Yt>0

dy(z,0)
ot

=0 (. initial velocity zero)

(iii)

Equation of OB is

Y- yl T — :L‘l (Oa 0) (la b)
Y — Yy Ty — Ty (xlayl) (xgayg)
y—0 z-0
b—-0 [-0
y:bTx, O<z<l
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Equation of BA is

Yy _yl l‘—l‘l (la b) (2la O)
Y — Yy Ty — Iy (xlayl) (xgayg)
y—b wx-—I
0-b 20-1
b=
l
_b_$_b+&
1
—op- 2
l

%(2l—x), l<z<2l

bTJC, O<z<l

() yn0)=1,
7(2l—x), l<z<2l

Now the suitable solution is;
y(z,t) = (c1 cos P+ ¢, sin pac)(c3 cos pat + ¢, sin pat) (1)

Applying condition (i) in (1) we get,

y(0,1) = ¢ (03 cos pat + ¢, sin pat) =0
Here cgcospat + ¢, sinpat #0 = ¢, =0
Sub. ¢, =0 in (1), we get,

y(7,t) = ¢, sin px(c3 cos pat + ¢, sin pat) (2)
Applying condition (ii) in (2) we get,

y(21,t) = c, sin 2pl(03 cos pat + ¢, sin pat) =0
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4.10 ‘ UNIT IV

Here ¢, cos pat + ¢, sinpat # 0,

= ¢, =0 or sin2pl=0.

2

Suppose if we take ¢, =0 and already we have ¢, =0 then we get trivial solution.

P)
C, # 0 = sin2pl =0
Since sinnz =0

2pl =nz  (n be an integer)

_nx
P=

Put p = 7;—7 in (2) we get,

nxat

. (nxx nxat .
y(z,t) = ¢, sin (2—1) (03 cos 5l + ¢, sin 5 j (3)

Diff. (3) p.w.r. to ‘t’ we get,

ay(z,t) . (nﬂ'wj[ . (nﬂ'atj (nﬂ'aj (nﬂ'atj (nﬂ'a D
= ¢, sin| —— || —¢, sin ——1+¢, cos —_—
ot 21 21 21 21 2l

Applying condition (iii) we get,

9=0) _, sin(n—m)[0+ ¢ (””“D =0
ot 2 21 a1

Here ¢, # 0, sin(mmj % 0 nxa %0
2l 2l

c, =0.

Sub. ¢, =0 in (3) we get,

(x,t)=c sin(mmjc cos(nﬂatj
A U TR A R WY
. (nrx nxat
y(z,t) = ¢, sin (2—1) cos( 5 j , where ¢, = c,c, (4)

. The most general solution of (4) can be written as
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QS NI nwat
x,t)= ) ¢, sin cos 5}
y",é” (2zj (2zj ®)
Applying condition (iv) in (5) we get,
- - bTx, O<zx<l
(.0)= Y 6 sin[ 222 )= @) 0

n=1

%(21—1‘), l<z<2l

To find ¢,, expand f(z) in a half-range Fourier sine series in the interval

(0,L), where L=2I.

bTx’ O<z<l o T
(ie.) f(z)= ; =>b, Sin(Tj (7)

7(21—1‘), l<z<2l n=l

L
where b, = %If(x) sin (nLﬂj dx

0

From (6) and (7), we get,
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4.12 ‘ UNIT IV
—cos(mm) m(nﬂ'm)
b 2l
2 (M) (m)2
21 b 0
21
nxxT nxxr
b _COS( 9 ) _Sm( 2 )
+| (20 - )(n—7[)_(_1 (W[)2
21 21 ]
b cos(n;) sin(n2)
= 2|~ (m) + e —-(0+0)
a2 )
ni . (n7@
oo [ el el
+_2 (0_0)_ (_l) (m) - g D)
2 )
I ni . [(nx ni . (n7@
—lcos() sm() lcos() sm()
_b 2 2 2 2
? (nﬂ') ni\? (W[) nr\>
[SRE A I S B €
sin(n—ﬂ-)
_bly 2]
Sl
21
g in12) 4L
& 2 n’r?
= 8b sin(ﬂj
n?r’ 2
ngSin(n—ﬂ-j, if n is odd
=nT 2
0, if n is even
y(z,t) = Z —ngSin(ﬂjsin(—nmgj cos(nﬂatj
naogd T 2 21 21
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[ 252

(2n —1)?

8b —
-3

T n=1

sin ( (2n —2 ll)m;] cos ( (2n —2 ll)ﬂat]

y(x’t):é%_b = ()t Sin(@n—l)ﬂx]wS(M]

7 Z(2n-1)? 2l 21

NOTE:
sin (zj =1, sin (3—7[j = -1, sin (5—7[j =1 ....,sin [M] = (—1)"_1
2 2 2 2

4.1.4.3. PROBLEM:

A tightly stretched string with fixed end points £ =0 and z =1 is initially
displaced in a sinusoidal are of length y, and .then released from rest. Find the

displacement y at any distance z from one end at time f.

Solution:

The wave equation is

Py _ 2%
ot? oz’

From the given problem, we get the following boundary conditions:
i)  y(0,t) =0, Vt>0

(i) y(lt)=0, V>0

(iii) @ =0 (v initial velocity zero)
(iv)  y(z,0) = f(z) =y, sin(%), O<z<l

Now the suitable solution is,
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4.14 ‘ UNIT IV

y(z,t) = (C1 Cos p + ¢, sin px)(c cos pat + ¢, sin pat) (1)

3
Applying condition (i) in (1), we get,

y(0,2) = ¢, (03 cos pat + ¢, sin pat) =0
Here cgcospat + ¢, sinpat #0 = ¢, =0
Sub. ¢, =0 in (1), we get,

y(7,t) = c, sin px(c3 cos pat + ¢, sin pat) (2)
Applying condition (ii) in (2) we get,

y(l,t) = ¢, sin pl(03 cos pat + ¢, sin pat) =0
Here ¢y cos pat + ¢, sinpat # 0,

= ¢, =0 or sinpl=0.

2

Suppose we take ¢, =0 and already we have ¢, = 0 then we get trivial solution.

2
¢, #0 = sinpl=0

Since sinnz =0

pl=nx (n be an integer)

P

Put p = n—lﬂ. in (2) we'get,

y(z,t) = c, sin n7lm (cg cos nzat +¢, sin njatj (3)

Diff. (3) p.w.r. to ‘t’ we get,

dy(z,t) _ . Sin(n—mj(—c Sin(nﬂ'atj (nﬂ'aj te cos(nﬂatj (nﬂ'ajj
ot 2 l 3 l l ! l l

Applying condition (iii), we get,

WEO ¢y s 222 0+, (222)) -0
dt 2 l U

MA2211 - TRANSFORMS AND PDE
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Here ¢, # 0, sin(mlmj # 0, n7lm =0

=0.

Sub. ¢, =0 in (3) we get,

y(z,t) = ¢, sin (@j ¢y COS (%atj

y(z,t) =¢, sin(mlmj cos(nzatj , where ¢, =cyc,.  (4)

. The most general solution of (4) can be written as
y(z,t) = z Cp sin(mlmj cos(m;atj (5)
n=1

Applying condition (iv) in (5) we get,

y(z,0) = z ¢, sin (TLTM) =y, sin (%)

n=1

To find ¢, we expand, we get,

. (7x . (27zx . (37wx _ . (7z
Clsul T +C281n T +0381n T +--~—y081n T

Equating the coefficients, we get;

¢ =Yy C=0,-=0

Sub. ¢ =y, in (5) we get,

y(z,t) =y, sin (%) cos(”Tatj .

4.1.5. PROBLEMS:

TYPE II: NON-ZERO INITIAL VELOCITY (VIBRATING STRING)

VSCET
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4.1.5.1. PROBLEM:

A tightly stretched string with fixed end points z =0 and z =1 is initially at
rest in its equilibrium position. If it is set vibrating string giving each point a

velocity Az(l—x). Show that displacement

SAP S 1 . (@2n-1)m (2n —1)zat
y(z,t) = — 7 sin cos| ———|.
ar” ;= (2n-1) l l
Solution:
The wave equation is ¥oA
ot? oz

From the given problem, we get the

4

following boundary conditions: O ﬂ A &

Fig. 4.4.
i)  y(0,¢) =0, Vt>0

G) ylt)=0, Vi>0
(iii) y(z,0) =0, O0<z<l

. oy(z,0)
iv) —2~=Az(l-=z
(v) 2 = Za(i-a)
Now the suitable solution is,

y(z,t) = (c1 Cos p + ¢, sin px)(c cos pat + ¢, sin pat) (1)

3
Applying condition (i) in (1), we get,

y(0,t) = ¢, (c3 cos pat + ¢, sin pat) =0
Here cgcospat + ¢, sinpat #0 = ¢, =0

Sub. ¢, =0 in (1), we get,

y(z,t) = c, sin px(c3 cos pat + ¢, sin pat) (2)

MA2211 - TRANSFORMS AND PDE
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Applying condition (ii) in (2) we get,
y(l,t) = ¢, sin pl(c3 cos pat + ¢, sin pat) =0
Here ¢, cos pat + ¢, sinpat # 0,

= ¢, =0 or sinpl=0.

2

Suppose we take ¢, =0 and already we have ¢, =0 then we get trivial solution.

P)
Cy # 0 = sinpl=0
Since sinnz =0
pl=nm (n be an integer)

p= 7
l

Put p = % in (2) we get,

y(z,t) = c, sin n7lm (cg cos nzat +c,8in nzatj (3)
Applying condition (iii) in (3) we get,

y(z,0) = ¢, Sin(nlﬂj(c3 o 0) =0

Here ¢, # 0, sin(@j #0 =¢; =0

Sub. ¢; =0 in (3) we get,

ﬂxj . ( nrxat j
C4 Sin
l
= ¢, sin ( n7lm j sin ( nzat j : where ¢, = c,c, (4)

The most general solution of (4) can be written as

y(z,t) = c, sin(n
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y(z,t) = z Cp sin(mlmj sin(nﬂl-atj (5)
n=1

Diff. (5) p.w.r. to t we get,
dy(z, 1) _ i c, sin(mmj Cos(mmtj '(nﬂ'aj
ot oy ! ! !

Applying (iv) we get

nrxa
where B, = —.¢,
l

To find B, , expand Az(l—z) in a half-range Fourier sine series in the interval

(i.e) f@) = Az(i-)= 3 b, sm(”T’mj (7)

n=1

where b, = %if(x) sin (—j dz

From (6) and (7), we get,

MA2211 - TRANSFORMS AND PDE
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21 2(-1)" 2

==Z|l0+0-
o )
i ! l

Since

I 4P

= W)

3
= %(1—(—1)")

an 7

SAIP

ﬁ,ifﬂis odd
=yan 7

0, if'n is even

Sub. ¢, in (5) we get,

3 S - p—
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4.1.5.2. PROBLEM:

A string of length [ is initially at rest in its equilibrium position and motion is
started by giving each of its points a velocity given by
l
cz, if0<z<—

v = l 2 Find the displacement function y(z,t).
c(l—x),ifESxSZ

Solution:
The wave equation is ¥4
Py _ 5 9%
—=a —5.
ot ox

From the given problem, we

4

get the following boundary conditions: G ﬂ A &

Fig. 4.5.

Now the suitable solution is,

y(z,t) = (c1 Cos pT + ¢, sin px)(c cos pat + ¢, sin pat) (1)

3
Applying condition (i) in (1), we get,
y(0,t) = ¢, (c3 cos pat + ¢, sin pat) =0

Here cgcospat + ¢, sinpat #0 = ¢, =0

MA2211 - TRANSFORMS AND PDE
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Sub. ¢, =0 in (1), we get,

y(z,t) = c, sin pgv(c3 cos pat + ¢, sin pat) (2)
Applying condition (ii) in (2) we get,

y(l,t) = ¢, sin pl(c3 cos pat + ¢, sin pat) =0
Here ¢y cos pat + ¢, sin pat # 0,

= ¢, =0 or sinpl=0.

Suppose we take ¢, =0 and already we have ¢, =0 then we get trivial solution.

2
sinpl =0
Since sinnz =0

¢, #0 =  pl=nx (n be an integer)

P

Put p = % in (2) we get,

y(v,t) = c, sin n7lm (03 Cos nzat + ¢, sin nzatj (3)
Applying condition (iii) in (3) we get,
y(2,0) = c5 Sin(nlﬂj(c3 + 0) =0
CyCq SIN (nlﬂj =0
Here ¢, # 0, sin(@j #0 =¢; =0

Sub. ¢, =0 in (3) we get,

Tx . (nmat
jc4 Sm( l j

y(z,t) = c, sin(n
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where ¢, = c,c,

The most general solution of (4) can be written as
y(z,t) =D ¢, sin(mmj sin(nﬂ-atj (5)
n=1 ! !
Diff. (5) p.w.r. to t we get,
dy(z, 1) _ i , sin(mmj Cos(mmtj '(nﬂ'aj
o = z z z

Applying (iv) we get

!
<zr<-—
ay(z,0) < nma\ . (nrx “ O=os= 2
5 =) c,| — [sin| — | =f(z)= l
t n=l1 l l c(l-z), =<z<l
2
(i.e) S B, sin(nij - /@) (6)
n=1
where B, = nTﬂ'a‘ c,
To find B,, expand f(z) in'a half-range Fourier sine series in the interval
(0,0)
(i.e.) )=, sin(nij (7)

n=1

l
where b, = %j f(z)sin (nij dx
0

From (6) and (7), we get,
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Il
:\'M
O — D |~

f(z)sin (”lﬂj dz+ j f(x)sin(nij iz

2

ni

c(l - z)sin (ij dx

Il
| b
S|~

cx sin (@j dzr +

Y ———

N |~

nxxT . nxxT
2 _COS( z ) _Sm( z )
7| (™) - (m)2
l l 0
(nﬂ'x) (nﬂ'x)
—COS|— —Sin|——-
2c l l

S
N‘ﬁ
3
S —
™o

n
2
ST ey Y
T
nmw . nw
5 oy snly)
+ =1 (0=0)-| -= -
! l
(nﬂ') ) (nﬂ') (nﬂ') ) (nﬂ')
COS|— Sin|—— COS|— sin|——
_2c| 1 2/, 2/, 1 2/, 2
U e
! l ! l
—2—C2Sin(ﬂj l2
[ 2 n’r?

n 2.2

B =—4Cl Sin(ﬂj
n°mw 2

Since
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{
c, = . B,

nrxa

l 4el . (nﬂ'j

nra nomw 2

_ 4cl? . (nxw

.. The general solution is,
> 4cl? (nﬁj . (nm;j . (mmtj
T, t) = ————=SsIin| — | sin| —— | sin
y@h) nzz“lan?’ﬂ'?’ 2 l [

(z,t) = —4612 3 i sin (ﬂj sin ( nﬂ'xj sin ( nﬂ'atj
U ar’ n? 2 [ [ '

n=1

4.2. ONE DIMENSIONAL HEAT EQUATION

4.2.1. INTRODUCTION:

. . ou 2 82u
The heat equation is m =c"—

o’

Thermal conductivity
where ¢ =

(density)(specific heat)

Here u is a function of z .and ¢.

4.2.2. SOLUTION OF HEAT EQUATION:

The various possible solutions of the heat equation are
2 2
0l = (47 + 40 477
2 2
(i)  w(xt)= (A4 cos pz + A Sinpx)(AGe_C p t)

(i)  w(z,t) = (A7x + Ag)A9
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4.2.3. NOTE:

The suitable solution of heat equation is

2 2
u(z,t) = (Acos pz + Bsin pz)e 7!

4.2.4. PROBLEMS:

TYPE: I: ZERO BOUNDARY VALUES: (HEAT FLOW)

4.2.4.1. PROBLEM:

A rod of length [ with insulated sides is initially at a uniform temperature u,.
Its ends are suddenly cooled to 0°c and are kept at the temperature. Find the
temperature function w(z,t).

Solution:

The temperature function u(z,t)

satisfies the one dimensional heat

equation 3

du o 0%u
o ¢ FYeR Fig. 4.6.

From the given problem we_get
the following boundary conditions:
i) w(0,t)=0, V=0
i) wu(,t)=0, ¥ t=20
(iil)  u(z,0) = u,
Now the suitable solution is

2 2
u(z,t) = (Acos pz + Bsin pz)e P (1)
Applying condition (i) in (1) we get,

_ —czpzt _
u(0,t) =(A+0)e =0
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—2p?t
Here ¢ “P' 20 = A=0
2 2
(1) = wu(z,t)= Bsinpz e " (2)

Applying condition (ii) in (2) we get,
) —2p%
u(l,t)=Bsinple “ P " =0
_(,2 2t . 3
Here e “ 7" #0, .. either B=0 (or) sinpl=0.

If we take B =0 and already we have A =0, we get trivial solution.

. B#0=sinpl=0.

Since sinnz =0

=>pl=nx

P=T

Put p = n—lﬂ- in (2) we get,

nxx) -c "2”215
w(a,t) = Bsin(Tj B (3)
The most general solution is
oo 9 n2r? ;
u(z,t) = Y B, sin (nij e P (4)
n=1
Applying condition (iii) in (4) we get,
u(z,0) = z B, sin (HTMJ = u, (5)

n=1

To find B, , we expand v, in a half-range Fourier sine series in the inverval

(0,0,

(i.e.) ug = b, sin (”—71”] (6)

n=1
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l
where b, = %J.f(x)sin (nTm:] dx

0

From (5) and (6) we have,

2u, |
2 by
du,, .
—, if nis odd
=49 NI
0, if n is even

.. The most general solution is

4 27L27l'2
owdu, | (nmr) -c t
u(z,t) = Z —Osm(—j e B
l
n=odd nx

4.2.4.2. PROBLEM:

A homogeneous rod of conducting material of length [ has its ends kept at
zero temperature. The temperature at the centre is T and falls uniformly to zero at

the two ends. Find the temperature function u(z,t).
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Solution:

The temperature function u(z,t)
satisfies the one dimensional heat [3 TJ
equation

a_u_ 282’&

ot 9

From the given problem we get

4

the following boundary conditions:

Fig. 4.7.
(i) w(0t)=0, V¢t>0

(i) wu(l,t)=0, V>0

(i) u(z,0) =7

Equation of OB is

l
Y=Y _ = (050) [EaTj

Y=Y Ty~ T

y—0 z-0
T-0 !_,
2
Yy _2
T 1
y=&, ()sti
l 2

Equation of BA is

l
Y=Y _ = [EaTj (Z,O)
Yo =4 Ty~ (xl’yl) (x2,y2)
_l
y-T _""5
0-T
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y—T 2z-1
-T l
y—T=_2lTx+T
y=2T_@
l
2Tl -2Tx
l
2T l
=—(-2), —<z<l
y=—-0-2), 5
el
(i) u(z,0) = 2; l 2
—(-z), —=<z<l
l 2
Now the suitable solution is
. —62 21L
u(z,t) = (Acos pz + Bsinpz)e “P* (1)

Applying condition (i) in (1) we get,
—62 2t
u(0,t) =(A+0)e P " =0
—62 2t
Here e “P"20 = A=0
2 2
(1) = w(z,t)= Bsinpz e P! (2)
Applying condition (ii) in (2) we get,
2 2
u(l,t) = Bsinpl e “ 7" =0
—2p2 ) .
Here ¢ “ 7" %0, ... either B=0 (or) sinpl=0.

If we take B =0 and already we have A =0, we get trivial solution.

w B#0=sinpl=0.

Since sinnz =0

= pl=nx
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_nz

D T

Put p = n_;r in (2) we get,
. 9 27[2t
—C
w(a,t) = Bsm(%j R (3)

The most general solution is

- nxx) -t
u(z,t) =Y B, sin (—j e P (4)
n=1 !
Applying condition (iii) in (4) we get,
- @, 0<z< i
e,0)= 3 B, sin( 78] = fla) =, ;o (5)
n=1 ‘ T(l—l'), ESJISZ

To find B, , we expand f(z) in a half-range Fourier sine series in the interval (0,),

. - . (nxx

(i.e.) f(z)=>_b, sin (T) (6)
n=1

l
where b, = %J.f(x)sin (nij dz
0

From (5) and (6) we have,
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—COS w
=‘§TTJ; (n(ﬂ)l )-(1)
z

nxT nxx
+£ i—a cosn(l) ) (_1)—s1n(l)
' ) S

——8T Sin(E)
2 2 5

In unsteady state, the temperature at any point of the body depends on the

position of the point and also the time ‘¢’
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In steady state, the temperature at any point depends only on the position of

the point and is independent of the time ‘¢’

NOTE 2:

ou 0%u
I M

In steady state condition, the temperature ‘' depends only on ‘z’ and not on

time ‘¢’.
du _
ot
82
M= 5=0
ox
= u=axr+b where @ and b are constants..

NOTE 3: THERMALLY INSULATED ENDS:

If an end of heat conducting body is thermally insulated it means that no heat

passing through the section.

4.2.4.3. PROBLEM:

A rod 30 c¢cm long has its ends A and B kept at 20°c and 80°c respectively
until steady state conditions prevail. The temperature at each end is then suddenly
reduced to 0°c and kept so. Find the resulting temperature function wu(x,t), taking

z=0 at A.

Solution:
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The temperature function u(z,t) I |
A dlom B

is the solution of the one dimensional o* 60°

heat equation 0° e

a_u ) %u Fig. 4.8.

c .
ot 9z°
. . 0u
When the steady state condition prevails, m =0.

o%u a

ﬁ =0
We integrating, u(z)=ax+b
When z =0, u(0)=0>

20=10
When z =30, u(30)=30a+b
80 = 30a +20

30a = 60

a=2

u(z,0) = f(z) = 2z +20.

Hence the conditions are,

i) w0,)=0, V=0
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(i) w(30,6)=0, V>0
(i) w(z,0) =2z +20.
Now the suitable solution is
. —62 21L
u(z,t) = (Acos px + Bsinpz)e “ P’
Applying condition (i) in (1) we get,
—62 21L
u(0,t) =(A+0)e P "' =0
—62 2t
Here e “?"#0 = A=0
) —2p%
~ (1) = wu(z,t)=Bsinpr e 7
Applying condition (ii) in (2) we get,

2 2
u(30,t) = Bsin30p e “ ' =0

2 2
Here ¢ “ 7" #0, .. either B=0 (or) sin30p = 0-

www.FirstRanker.com

If we take B =0 and already we have A =0, we get trivial solution.

B0 = sin30p =0

Since sinnz =0

= 30p =nxw
_nx
P=30

Put p = Z—g in (2) we get,

2 2
nxz —l Tt
u(z,t) = Bsin (—) e 30
30
The most general solution is
N o n2n2
- t
u(z,t) =Y B, sin (ng_zx) e 30

n=1
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Applying condition (iii) in (4) we get,
u@ﬁy=§p%sm(ﬁﬁjzzx+m) (5)
~ 30
To find B, , we expand f(z) in a half-range Fourier sine series in the interval (0,30),

(i.e.) ﬂ@:i%ﬁ%%?) (6)

n=1
o 30
here b, = — z)sin| — | dx
where b, =< [ /0 (2

From (5) and (6) we have,

=)

n

2 % . (nrx
B, =b, :%If(x)81n =0 dz
0

1% nxT
=— j (2z + 20) sin (—) dz
154 30

r 30

nwx nwx
_COS( 30 ) - ( 30 )

=—|(2z+20 = (2

15 ( ) (m) () (m)2

30 30 0
_ -(=D" _| =20
=15 (60-+20) (m) +(2)(0) (m)+0
L 30 30
_1\

= — _80&4_&

el 5) (5

30 30

1_..30
= —20= (1-4(-1)"

15 nﬂ'( ( ))

40

b, = — (1-4(-1)"
o= (141
. The general solution is,
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2.2
= 40 NITL ATy
w(z,t) =y — (1-4(-1)" sin(—j e 30°
Y L
2_2
oo 1_4_171, _2n7l’1L
u(x,t):@z( = )sin(mm) e 30
/] n 30

4.2.5. PROBLEMS:
TYPE II: (NON-ZERO BOUNDARY VALUES)
4.2.5.1. PROBLEM:
A bar 10 cm long with insulated sides has its ends A and B kept at 20°c and
40°¢ respectively until steady state condition prevail. The temperature at A is then

suddenly raised to 50°c and at the same time at B is lowered to 10°¢ and

maintained there after. Find the subsequent temperature distribution in the bar.

Solution:

The temperature function u(z,t) | |

is the solution of the one dimensional A 10 em E
heat equation 207 40°
TEO° 110
a_u _ C2 82u
ot 9z Fig. 4.9.

0
When the steady state condition prevails, 9% _y.

ot

0%u _0
oz?
We integrating, u(z) =ax+b

When z =0, u(0)=b

20=0
MA2211 - TRANSFORMS AND PDE
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When z =10, u(10) =10a +b

40 =10a +20
a=2
u(z) =2z +20 .
Hence the boundary conditions are
i)  u(0,t)=50, Vt=0
(i) w(10,¢)=10, V¢=0

(iii) u(z,0) =2z +20

Now the suitable solution is

u(z,t) = (Acos pz + Bsin pr) Pt (1)
Applying condition (i) in (1) we get,
w(0,8) = AT = 50 2)
Applying condition (ii) in (2) we get,
u(10,t) = (A cos 10p+ Bsin10p) P Z 10 (3)

From (2) and (3) it is not possible to find the constants A and B, since we have
infinite number of values for A and B. Therefore in this case, we split the solution
u(z,t) into two parts:

(i.e.) w(@,t) = ug(x) + up(z,t) (4)

) 02
Where uy(z) is a solution of the equation 8_17: = c2a—g and is a function of z alone
x

satisfying the conditions
Ug (0) =50

uy(10) =10.
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And wug(z,t) is a transient solution satisfying equation (4) which decreases as ‘t’
increases.
If u(z,t) is a sub sequent temperature function, the boundary conditions are
(i) u(0,t) =50, V>0
(i)  w(10,t)=10, Vt>0
(iii)  u(z,0) =2z +20.
To find ug(z):

uS(x) =Ax+ B

Put =10 , us(10) =104+ B
10 =104 +50.

A=—4

ug(w) = —4z + 50
To find w,(z,t):
4) = w(,t) = g @) + up(a,1)
wp (2, 1) = u(z,t) - ug () (5)
Put =0, uy(0,t) = u(0,) - ug(0)
=50-50
=0.

Put =10, u,(10,t) = u(10,¢) — ug(10)

=10-10
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=0.
Put t =0, uy,(7,0)=u(z,0) - uy(r)
= (22 +20) — (—4z + 50)
=62 —30.
.. The boundary conditions are,
(i)  up(0,t)=0, Vt=0
(i)  up(10,t)=0, Vt=0
(iii)  up(7,0) =62 —30.

Now the suitable solution is

2 2

up(z,t) = (Acos pz + Bsin pz)e V' (I)

Applying condition (i) in (I) we get,
—62 2t
up(0,t) = Ae™* P =0
—62 2t
Here e “?'20 => A=0
2, 2

() = up(z,t) = Bsinpz e 7" (I1)

Applying condition (ii) in (II)'we get,
) _ 22
U (10,£)= Bsin10p . e =0
—2p2 ) .
Here ¢ “ 7" %0, .. either B=0 (or) sinl0p = 0.

If we take B =0 and already we have A =0, we get trivial solution.

B # 0= sinl0p = 0.

Since sinnz =0

= 10p=nx
_nz
TN
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Put p = "7 in (IT) we get,
10
2_2
_2nhr
U (7,t) = Bsin (n_m) e 0! (I1T)
10
The most general solution is
2.2
oo _ QN-TT
'U/T<$a t) = ZBn Sin(nl_?j e ¢ 100 ! (IV)
n=1

Applying condition (iii) in (IV) we get,

wp(2,0)= 3 B, sin (”1—’?) = 62 —30 = f(z) (V)
n=1
To find B, , we expand f(z) in a half-range Fourier sine series in the interval
(0,10),
(ie.) flz)=b, sm("l_’?) (VI)

n=1

10
2 nxTx
here b, = — z)sin| — | dz
v " 10£f() (10)

From (V) and (VI) we have,

(10) (10) .
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Ut | =

Hence

w(@,t) = ug(z) + u

2_2
1 L
u(a:,t):—41:+50—@2—((—1)"+1)sin(%) e 100

Tian

4.3. STEADY STATE SOLUTION OF TWO DIMENSIONAL HEAT

EQUATION: (INSULATED EDGES EXCLUDED)

4.3.1. INTRODUCTION:
The differential equation for two-dimensional heat flow for the unsteady case

1s

ou o 0%u  9%*u
- "% | 3z2t5 2
ot ar® dy

Here u(z,y) is the temperature at any point (x,y) at time ¢.
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0
In the steady-state, u is independent of ‘¢, so that a—?:O. Hence the

2 2
a_;ua_g:o. This is
or” dy

temperature distribution of the plate in the steady state is

called Laplace equation.

4.3.2. NOTE:
The suitable solution is

u(z,y) = (Acospx +B sinpx)(Cepy + De™ V)

4.3.3. PROBLEMS:
TYPE I: PROBLEMS ON FINITE PLATE:
4.3.3.1. PROBLEM

A square plate is bounded by the lines.z =0,y =0, =10,y =10. Its faces

are insulated. The temperature along. ithe upper horizontal edge is given by
u(z,10) = (10 — z), while the other three-edges are kept at 0°c. Find the steady state

temperature in the plate.

Solution:
The equation is Y & uln10)=all-z)
=10
Pu o i
9z® 9y’ o 0y)=10 w{lly)= 0
. w={ w=10
From the given problem we get the
following conditions: >
y=1 w
wfz,0)= [
Fig. 4.10

(i) u(0,y)=0, 0<y <10
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(i) w(10,y)=0, 0<y <10
(iii)  wu(z,0)=0, 0<z <10
(iv)  w(z,10)=2(10-2z), 0<z <10.
Now, the suitable solution is
u(z,y) = (Acos pz + B sin px)(Cepy +De™ V) (1)
Applying condition (i) in (1) we get,
u(0,y) = A(Ce? + De™?) =0
Here Ce?Y + De™ 20, . A=0
Sub. A=0 in (1) we get,
u(z,y) = B sin pz (Ce? + De V) (2)
Applying condition (ii) in (2) we get,
u(10,y) = B sin10p(Ce? + De ™) =0
Since Ce?¥ + De ™Y #0, ..either B=00rsinl0p =0.
Since B0 = sinl0p =0

We know that sinnz =0
= 10p=nx

_nr

P70

Sub p = "7 in (2) we get,
10
nzy _nzy
u(z,y) = B sin (%) [Ce " +De 1 } (3)

Applying condition (iii) in (3) we get,

u(z,0) = B sin(%)(C+D) =0
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Here e
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Sub. A, in (5) we get,

< 800 . (nxz\ . ni
u(z,y)= Y, — sm( 0 j.smh(l—oyj

neodd T 73 sinhnz

800 & 1 . (@Cn-1Dzz) . 2n -1y
=— T sin .sinh| ————Z |,
77 12 (2n—1)" sinh(2n - 1) 10 10

4.3.4. PROBLEMS:

TYPE II: PROBLEMS ON INFINITE PLATE:

4.3.4.1. PROBLEM:

A rectangular plate with insulated surface is 10 cm wide so long compared to

its width that it may be considered infinite in length. If the temperature at the short
T, 0<z<5

edge y =0 is given by uz{lO—x, E<z<10 and\the two long edge z =0,z =10 as

well as the other short edge are kept at 0°c. Find the temperature function u(z,y) at

any point of the plate.

Solution:
The two dimensional heat g oA
. ul @, m)=0
equation 1s
CACRCA (0,y)=0
—+—==0. w0, y)= =
axQ ay? ¥ ﬂ’[:ll:l: 5"]' 0
o=l z=10
From the given problem we get
the following conditions: y=0 .
iz D=z=b
e 0)=0y o beasn
Fig. 4.11.

(i)  uw(0y)=0, 0<y<oo
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(i)  w(10,y)=0, 0 <y <oo

(iii) w(z,0)=0, 0<2 <10

T, 0<z<5

(iv)  u(@0)= {10—9[:, 5<2<10°
Now, the suitable solution is
u(z,y) = (Acos pr + B sin px)(Cepy +De V) (1)
Applying condition (i) in (1) we get,
u(0,y) = A(Ce? + De™?) =0
Here Ce?” + De™ #0, .A=0
Sub. A=0 in (1) we get,
u(z,y) = B sin pz (Ce?” + De ) (2)
Applying condition (ii) in (2) we get,
u(10,y) = B sin10p(Ce™ + De=?") =0
Since Ce? + De ?Y #0, ..either B=0 or sin10p =0.

Since B#0 = sinl0p =0

We know that sinnz =0
= 10p=nx

_nr

P70

Sub p = 7 iy (2) we get,
10
nxx o -
u(z,y) = B sin (Tj [C’e 0 4 De 10 } (3)
Applying condition (iii) in (3) we get,
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4.48 | UNIT IV
u(z,00) = B sin (711_71(')%](0600 +De™”)=0

Here sin(n—mji(), B#0,¢e”#0
10
= (=0

Put C' =0 in (3) we get,

niry
nrx

u(z,y) = B sin (Tj De 10

nxy

u(z,y) = B, sin (nl—?je_ 10 ,where B, = BD (4)
The most general solution is given by
- naz -
) = 3, B, sin 0 e 0 )
n=1 1
Applying condition (iv) in (5) we get,
o T x, 0<z<5H
= B si — | = = 6
(a0)= 308, sin( T )= 1 {10_% Serei0 ©)

To find B, , expand f(z) in a half-range Fourier sine series in (0,10)

(i) f(a) = gbn 2) (”1—’?] (7)

10
2 nxTx
here b, = — z)sin| — | dx
v " 10£f() (1())

From (6) and (7) we get,

Bn = bn

- %E f(z)sin (”1—’?] dz + lf f(z)sin (”1—’?] dx}
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5 10
_1 Ix sin(wj dr + J. (10 — ) sin(wj dx
5 10 10

0 )

—cos(mm) 3 n(nﬂ'x)
1, :
2
) ()
10 10 0
10
nxT nxT
_COS(lo) —sm(i)
+—= (10_ ) (ﬂ) _< ) (717[)2
10 10 5
[ elz), sl
Tl (m) ’ (mr)2 ~(0+0)
10 10
[ [elen) sl
+3(0+0)_ (m) AV
10 (10)
nmw
2 si ()
_ 1 in 5
5 (m)2
10
1100 (nﬂ'j
=-2 5—5 Sill
5 nerw 2
40 nx
B = sin| —
L ( 2 j
o _nmy
u(x,y)zg %sm(—ﬂ-) sin(n—mj 10
g} 10
VSCET

www.FirstRanker.com



:l » FirstRanker.com

A Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

4.50 ‘ UNIT IV

4.3.4.2. PROBLEM:

An infinitely long rectangular plate with insulated surface is 10 cm wide. The
two long edges and one short edge are kept at 0°c temperature, while the other short

edge z =0 is kept at temperature given by

20y, 0<y<H
u = . Find the steady state temperature distribution in the
2010 —y), b<y<
plate.
Solution:
The two dimensional ¥ oA
heat equation is
g wlw,10)=0
wil,y)=
aQu aZu 0 l: Eﬂl:lﬂ—g']l
_—t——=0. =
81'2 ay2 o= ﬂl:m:ly]' a
From the given problem g=0 ;

we get the following

Fig. 4.12.
conditions:

i) w®0)=0 0<z<ow

(i)  w(z,10)=0, 0 <@ <o

(iii)  u(eo,y) =0,,0<y <10

20y, 0<y<5
(v)  u(Oy) = {20(10 —y), 5<y<10’
Now, the suitable solution is
u(z,y) = (Ae?” +Be_px)(0cospy+D sinpy) (1)

Applying condition (i) in (1) we get,

u(z,0) = (Ae? + Be ?)C =0
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Here Ae’* +Be™” #0 = C =0
Sub. C' =0 in (1) we get,

u(z,y) = D sin py(Ae? + Be ")
Applying condition (ii) in (2) we get,

u(z,10) = D sin10p(Ae? + Be ) =0
Since AeP® + Be ’* #0, ..either D=0 orsinl0p=0.
Since D #0 = sinl0p =0

We know that sinnz =0
= 10p=nx

_nx
b 10

Sub p = 7 iy (2) we get,
10
- ntr (> ntw
u(z,y) =D sin(—yj Ae 10.+Be 10
10
Applying condition (iii) in (3) we get,

u(e0,y) = D sin (nl—zyj(Aew +Be”)=0

Here sin(n—ﬂ-yji(), D#0,e” #0
10
= A=0

Put A=0 in (3) we get,

nxzr

u(z,y) = D sin (nl—zyj Be 10

nxr

u(z,y) = B, sin (nl—zyje_ 10 where B,

The most general solution is given by

= BD (4)
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4.52 ‘ UNIT IV

e _ o
u(z,y) = Z B, sin(n—ﬂ-yje 10 (5)
n=1 10
Applying condition (iv) in (5) we get,
20y, 0<y<5

< . (nTY N _ —
u(O,y)—nzz‘,an Sm(?j_ﬂy)_{ﬂ)(ﬂ)—y), 5<y <10 ©)

To find B, , expand f(y) in a half-range Fourier sine series in (0,10)
(i) ) = X by sin[ 222 (")
n=1

10
2 . nﬂyj
here b, = — sin| —= | d
where b, =2 [ f(y)sin 22 ) dy

0

From (6) and (7) we get,

B, =b,

10
2 . (T
Bn :bn :EJ.f(y)Sln(l_[)yj dy
0

5 10
fnxy . (nwy
=4 sin| —Z |dy+ | (10—9y)sin| —= | d
frab v oo (220

5

=4|y - - 1
Gl )
—cos(nﬁy) —sin(w) )
+4] (10-y) 10 7 _ -y 10
(5%) (55)
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APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS | 4.55

(x) u,(2,0) =0

() uy(0y)=0

(xii) u,(a,y) =100.
To find u (z,y):
The suitable solution is
u (7,y) = (Acospx+B sinpx)(Cepy + De7 V) (1)

Applying condition (v) in (1) we get,

The most general solution is

u (,y) = g“an sin(mmj.sinh(n”yj (5)

a (2}

Applying condition (viii) in (5) we get,

ul(x,b) = Z B, sin(mmj.sinh [n_ﬂ'bj =100
n=1

a a
-S4, sin(n—mj =100,  where A4, = B, sinh (”—”b] (6)
n=1 a a
To find A,, expand~f(z) =100 in a half-range Fourier sine series in (0,a)
(i.e.) f@)=100=35, sin(n;mj (7)
n=1

From (6) and (7) we get,

A, =0,
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A =b, = %Tf(x)sin(nﬂxj dz

0 a

4 @, if n is odd
=4 N
0, if n is even
Since A, = B, sinh (n—”b)
a
B, = Lb
sinh (nﬂ'j
a
_ 40 if n is odd
nsinh [”’”’j
- a
0, if n is even

n=odd nzsinh

(N (,y) = Z 4OE””bj sin(nzxj.sinh (nTﬂ'yj

1K
U, (z,y) = gi - S:}?E (2"_bl)m ] sin [ (2n —b 1)7ry] _sinh [@]

wu(z,y) = u(2,y) + uy(T,Y).
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