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FOURIER TRANSFORM | 2.1

UNIT 11

FOURIER TRANSFORM

2.1. FORMULA:

1. Fourier Transform:

F(s e dy

)= 10
2. Fourier Inverse Transform:

f(z) = L OJS F(s) e " ds
3. Fourier Sine Transform:

F(s)= \/% Tf(x) sin sz dx
0

4. Fourier Inverse Sine Transform:
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2.2 \ UNIT 11

:\/z J.F;(s) sin sz ds
0

5. Fourier Cosine Transform:

= \/Z Tf(x) cos sz dx
0

6. Fourier Inverse Cosine Transform:

= \/z J.Fc(s) cos sz ds.
0

2.2. EXAMPLES:

2.2.1. EXAMPLE:

z, |zl <a

Find the Fourier transform of f(z) = {0 >

SOLUTION:

z, |zl <a z, —a<z<a
fla) = { (o) Ilx) = {0’

0, lz1>a —co<r<—a & a<r <o
The Fourier transform,

o
J' isx dx

a
I x (cossz+isinsz) dx

a

7

& g a\

a
I cossz dr + T sinsz dx

—a
?

+
N2

a
2 Ix sin sz dx
0

(v flz)=z cosz is odd & f(x) = z sinz is even)
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FOURIER TRANSFORM | 2.3

Pl o]
[ ) o)
A
2

—ascos sa + sin sa)

2

(sin $a — as cos sa)
s

2.2.2. EXAMPLE:

0, z<a
Find the Fourier transform of f(z) defined by f(z)=<La<z<b.

0,z>0b
SOLUTION:
The Fourier transform,
isa:
b .
ZSI
a
1 eiSI b
- \/271'[ 18 ]a
1 1/,
F(s) = ezsb isa
(5) 27 is( )
2.2.3. EXAMPLE:
0, x<a
Find the Fourier transform of f(z)=1{¢* a <z <b.
0,z>0b
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SOLUTION:

The Fourier transform,
F(s) = L T f(z) e da
2w

ikx ST dr

1 b
:E?Ie

i(k+s)z dx

1 b
:ﬁ;[e

1 ei(k+s)a:
N2z ik +s) ).
_ 1 ;(ei(/m)b_ ei(k+5)a)‘

T L2milk+s)

2.2.4. EXAMPLE:

lz| for"|z| <a

Find the Fourier transform of f(z) = {0 for [z1>a’ a>0
or |z|>a

SOLUTION:

F(s) = % I f(z) e do

1 ]1' ST
=—— | lzle™ dz
V2T -,

1 a
—— | Izl (cossz +isinsz) dx
N2 J.
—a
a

1 i ¢ )
:—J.le COS ST dx+—J.|x| sin sz dx
2z -

\/ﬁ—a \/_ a

1 a
=—2 lel cossz dxr+0

N2 3
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(v f(z) =1zl cosz is even & f(x) = |z| sinz is odd)

SRS

a
Ix cos sz dx
0

Il
N[
VR

w0

=

w | P
w

8

N———
|
—~
—
~—

VR
|

® Q
vl &
VA

8

N——

L 1

=) Bl

[
SRS

[( sinsa cossa 1
(a 908 H(H_QH
L s s S

[ sa sin sa + cos sa — 1}

2
S

SIS

2.2.5. EXAMPLE:

Find the Fourier transform of the function f(x)defined by

flz) =

1-2% if j21<1
0 , if @m>1

; i

Hence prove that I(wj cos (%) ds 37 .
s
0

SOLUTION:

1
J. (1— x2) (cos sz + isinsx) dx

|
1-2%) cossz dz +——[(1- 2%) sinsz dr
[(1=2) e (1-2)
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1 1
— 1 2%) cossz dz +0
\/27z -([
(~ f(x):(l—xQ) cosz is even &f(x):(l—x2) sinz is odd)
5 1
=\/:I(1—x2) cos st dx
7o
2 [ 9 (sinsxj (—cossxj (—
== |ll-z — (22 +(—2
\/;_( =)=+ 2
:F (0—2—C°§5+28m5) (0- 0+0)}
T | S S
2 (—scoss+sins
=9 — |
s
2 (sins—scoss
F(s)=2,/— —_— |
T S

By Fourier inverse transform,

=— J. F(s) e ds
7[ 00

1 % 2.[sins—scoss )\ _;
r)=—= | 2,/=|————|e """ ds
J@) \/271"[ \/;( s ]

2 % s1ns—scoss ..
:—J. (cossz —isinsz) ds
7[ —0Q
2 % sms—scoss 2
:—J. cos sz ds — —
7[ —0Q0 7[—00

flz) = J. (Mj cossz ds—0

S

MA2211 - TRANSFORMS AND PDE
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3

(sms—scossj o8 51 dsz%f(x)
s

o—3

1
Put = = 3 we get,

(sms—;cossj cos(ij ds=£f(lj
S 2 47\ 2

O — §

. sins —scos s s 3T
(i.e.) (—3j cos (—j ds = —.
S 2 16

2.2.6. EXAMPLE:

O — §

a—lz|, if |z1<a

Find the Fourier transform, of f(z) if f(z)= {0 s a Hence
, if lzl>a
(<) . 2
deduce that J. (smtj dt =%
t 2
0
SOLUTION:
F(s) = L T f(z) e da
N27
1 T :
=—— | (a—lz|) " dz
N2rm -
=
=—— | (a—lz]) (cossx+isinsz) dx
27 =,
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1 ¢ i ¢
=—— | (a—lz) cossx dr ——— | (a—|x|) sinsz dx
N2 _J.a N2 _J.a
1 a
=——2|(a—|z]) cossz dzr+0
N2 -([
(v f(z) =(a—Izl) cosz is even & f(z) = (a —|z|) sinz is odd)
a
=\/zj(a—lxl) cos st dx
5o
a
=\/zj(a—x) cos sz dx
5
2\/2 (a_x)(81nsxj_<_1)(—c0255xﬂ
T S S 0
2 [ CoSs sa 1
= [Z1lo= —“lo=-=
0o %)
_\/Z_—cossa 1}
Tl & s
B z[l—cossaj
T PE
2Sin2(8a) "+ cos24=1-2sin’> A
F(S)z\/z 2 2 ) 1-cos24
T s = sin?d=—""°2
2

By Fourier inverse transform,

15 —i8T
f(z) = ﬁ_‘[o F(s) e ds

oo 2sin? (sa)
1 2 2 —iST
T)=— f— —=— e ds
f@) N27 _-[o V4 52
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(cossr —isinsx) ds

2 2
. (sa . [sa
2 7 Sm(z) 2i 7 Sm(z)
:—J. cossxds——J. sin sz ds
- S T S
2
. [sa
2.7 Sm(z)
= 2J. cossz ds—0
Ty S
2
sa
4% Sm(z)
f(z) = —J. cos sz ds
T S
0
2
. [sa
() .
J. 2 cossz ds = — f(z)
S 4
0
Put x =0 we get,
2
. [sa
K Sm(z) i
|2 i =250
0 S
T
="—(a
a0
Put %:t = sa=2t when s=0 = =0
ads=2dt §=o00 —=> {(=o0
VSCET
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2
T | sint | 2 T
J. 2t Edt 4(@)
2
a
o0 2 2
| (Smt) L 2a ="
t 4 q 4
0
(<) . 2
- J- (smt) a=x
¢ 2
0
DEFINITION: (SELF RECIPROCAL)

www.FirstRanker.com

If a transformation of a function f(x) is equal to f(s) then the function f(z) is

called self reciprocal.

2.2.7. EXAMPLE:

2 2
Show that the Fourier transform of ¢ /2 is ¢ *./2"
SOLUTION:
1 T 18T
F(S):ﬁ_[f(l‘) dz
1 7 - /2. isz
=—— e dx
N2 J.
2
1 ——+isT
= E_—[o (& dl'
1 0 —7( —2isz)
=—— e dx
N27 J.
|27 —2isz+(is)* —(is)
= % J. e 2( ) dﬂ)
T
2 (w 29)2+¢
g Ch
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www.FirstRanker.com



:l » FirstRanker.com

A Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

FOURIER TRANSFORM | 2.11

oo 1 .2
1 —g(z—zs) Y
=——= e e dz
N2 -[
52
Ty % —l T—1$ 2
= e 2 J. e 2( : X
N2 -~
Put t=x—1s if x=-00o=1{=-
dt =dx if =0 =t=w

Do

_s 2
e 2 T 5
= Ie2dt

N2
e 2 Y
= —27 Ie 2 de=x
NOY s
52
—e 2

2.2.8. EXAMPLE:

cosz if0<z<a

Find the Fourier cosine transform of f(z) = {O .
ifz>a

SOLUTION:

F.(s) = f(z) cos sz dx

S
O — 3

COSZ COS ST dx

1
SEEE
O —y

COS ST CosT dx

1
SEEE
)

1l
SRS
O —
N |~

[cos(s +1)x + cos(s —1)3@ dx

VSCET
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1 [sin(s +1)z  sin(s—1)z T
= +
N27 s+1 s—1 0
_ 1 [s1n(s+1)a+51n(3—1)a]_(0+0)
N27 s+1 s—1
1 (sin(s+1)a sin(s— l)a]
F.(s)= +
(%) \/27[[ s+1 s—1

2.2.9. EXAMPLE:

ar

Find the Fourier cosine transform of e ™ ,a > 0.

www.FirstRanker.com

SOLUTION:
2 (o)
F.(s)=,]— If(x) cos sz dx
%
-2 J.e_‘” cos sz dz
%
D) e 9
= —{ 5 2(—acossx+ssins:c)}
T la +s 0
ar
[ Ie‘” eosbr dz = ———(a cosbx+bsinbx)]
a”+b

2.2.10. EXAMPLE:

1, if0<z<a

Find the Fourier transform of f(z) = {0 .
, ifz>a

SOLUTION:

MA2211 - TRANSFORMS AND PDE
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f(z) cos sz dx

T
=
Il
SRS
O3

(1) cossx dx

Il
N
[ S——

1l
STel ST ST

2.2.11. EXAMPLE:

2
T

Find the Fourier cosine transform of e 2 .

SOLUTION:

oo

F.(s)=,]— If(x) cos sz dx
0

NS

oo

2 % 2
= —J-ez 12 cos sp.di

0

N

oo

21
2

N

—_ 2 . .
I e /% cossz dx (* Function is even)

1 T 20
= —— Real part of Ie T2 T G

N2 —oo
oo _I2
1 5 +isT
= ——Real part of | ¢ d
Jor P [o
o 1(9 ..
1 _7(z —QZsz)
= Real part of | e * d
o mP [o
o (9 .9 9
1 _7(z —2isz+(is)” —(is) )
= Real part of | e 2 dz
Vo7 [o
VSCET
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1 ((z 29)2 52)
Real part of dzx
\/27r P -[
g2
Real part fj e 7y
eal part o e z
,—2 p
52
. —7(w ze)
Real part of j dz
\/2
Put t=z2-4s ifrx=—-00=f=-
_i o 12
e 2 Y
=_—— Real part of | e
N2 P -[
2
_2 o w2
e 2 e
= Real part of <27 e ? dv =21
N2 P _-[o
&
F(s)=¢ 2.
2.2.12. EXAMPLE:
Find the Fourier cosine transform of ¢ ' and deduce thatj cos ft dt = %e_”’ I
+
SOLUTION:
2 [ee]
F.(s)=,]— jf(x) cos sz dx
)
2% _
= |= je @ cos sz dr
T

0

25 _
=, |= je ¥ cossz dx
1

0

MA2211 - TRANSFORMS AND PDE
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2 7 . =
=,|— | 35— (—cossz + ssinsz)
T|1%+s 0

[ je‘” cosbz dx =

ar

acosbz +bsinbzx
a? +b2( )J

- (2| O = (0+0)]

T 12+3

/2 1
F.(s)=,—
C() T 1+s°

By inverse Fourier cosine transform,

flz) = \/% TFC(S) cos sz ds
0

252 1
= —j — 5 cos sz ds
T\ 1+s

2% 1
:—j 2cossacds
Ty 1+s
T T
j 5 cossz ds = — f(z)
0 1+s 2
Tl
2

2.2.13. EXAMPLE:

sinz if0<z<a

Find the Fourier sine transform of f(z) = {0 .
ifz>a

SOLUTION:

F(s)= \/% Tf(x) sin sz dx
0

2 a
= }— jsinx sin sz dx
T

VSCET
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2 a
= /— jsinsx sinz dx
T

= \/% :[%[cos(s — 1)z —cos(s + l)x} dz

_ 1 [sm(s—nx_sin(sﬂ)xT

NGy s—1 s+1 0

1 sin(s=1)a _sin(s+la) =
_\/ﬁﬁ s—1 s+1 ] (© 0)}
1 [sin(s—l)a_sin(s—i—l)a]

_\/ﬁ s—1 s+1 '

2.2.14. EXAMPLE:

T, O<z<l
Find the Fourier sine transform of f(z)=42-2, 1<z <2.
0

) x> 2

SOLUTION:

f(z) sin sz dx

o

—

»

SN—

Il

8w
o — 3§

[ 1 2
Ix sin sz dx+_|.(2—x) sin sz dx}
L O 1

- . 1 . 2
—COS 8% —sin sz 2 —COoS S% —sin sz
T - 5 } + /; [(2 - ) —(-1) 5 }
0 1

S S

— _ . 2 . 2 _ .
( COSS+SH;S]—(O+O)}+\/:KO—SIHQ sj_( coss_su;sﬂ
s s 4 s s s

N

- -+
S 52 52 S 52

[—coss sins sin2s coss sins
+ +

2 2
S S

[2sin s sin25}

MA2211 - TRANSFORMS AND PDE
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3 \/5(2sins— sin2$j
T 32 ‘

2.2.15. EXAMPLE:

1 _
Find the Fourier sine transform of f(z)=—e *".
T

SOLUTION:
2 :
F(s)= \/: If(x) sin sz dx
0

g
J.—e * sin sz dx (1)
0T

2 % 1 _
iﬂ(é’) == J.i[—e “ sinsxj dz
0
2 71 _
= |= I—e “ cossz. T dx
T,

2% _
= —J.e % cos sz dx
o

“Vel7)
7\ +a

Integrating w.r.to ‘s’ ‘we get,

F.(s)= z.aJ. ! ds

’ s +d?
2 1 _
=, [—.a —tan l(ij—kc (2)
T a a

Put s =0 in (1) we get,
F.(0)=0

Put s =0 in (2) we get,

VSCET
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2. 4
F,(0)= p tan~ (0)+c
2
0=,—(0)+c
V3

2.2.16. EXAMPLE:

Find the Fourier sine transform of —ar

e, a>0.

T s T o_
J. s—sinsr ds = —e ar
oS +a 2

SOLUTION:

F;(s):\/zj.f(x) sin sz dx
0
=\/§J.e_az sin sz dz
”0
S
z\+a®

Inverse Fourier sine transform,

f(z) = \/% ].OF;(S) sin sz ds
0

25 [2
= —J. —%sinsxds
71'0 T s" +a

$> +a?

O — 3

sin sz ds = %f(x)

MA2211 - TRANSFORMS AND PDE
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2.3. PARSEVAL’S IDENTITY:

If F(s) is the Fourier transform of f(z), then

oo

J. |f(av)|2 dr = T |F($)|2 ds

—oco —o0

2.4. EXAMPLES:

2.4.1. EXAMPLE:

Find the Fourier transform of f(z) if f(z)= {(1): Ilzlli(: Hence deduce that
()a-3
0
(i) J-(sint] P
o\t 2
SOLUTION:
The Fourier transform,
F(s) = L T flz) e da
o 2)
4 .
= f j " dr
a
= f J. coS sz +1sinsz) dx
a
= T_J. COS 8T dx+f J. sinsz dx
;e
= E2 Z|;cos st dr+0 (v f(zr)=cosz is even & f(z) =sinz is odd)

VSCET
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3 z[sinsx}
T S 0
_ \/Z[smsa _0}
Tl s
F(s) = 2 (smsaj
yia s

1 7 (si
=— J. (smsaj (cossz —isinsz) ds
T\ s
:lJ. (Smsajcossx ds—i [smsaj sin sz ds
T\ s T\ S
1 sin sa
— J.( )cossxds—()
i 0
2% (sinsa
flz) = —J. cos sz ds
T S
0
J. (smsaj cossr ds = zf(x)
0 s 2

Put z =0 we get,

(2 40 s

0 S

MA2211 - TRANSFORMS AND PDE
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Put sa=1t when s=0 = ¢=0
ads=dt §=o0 = f(=o0
T |sint |1
I{ 7 _dt‘_
0 i
a
N J- smt)dt__
0

Using Parseval’s identity,

J. |f(av)|2 dx = T |F($)|2 ds

—o0 —o0

Jorar-J({E (2] o

2 % (sinsa\?
[21%, = = j ds
T S

2 7 (sinsa)?
a—(—a):—j( jds
T\ s
T (sinsa )
= J. j ds==2a
—o0 S
T (sinsa )
= 2 J.( j ds =za (- function is even)
s
0

sint | 1 zTa

O — 8

VSCET
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T (sint T
= J. ( j dt = —
t 2
0
2.4.2. EXAMPLE:
—lzl, lzl<1
Find the Fourier t f f =
ind the Fourier transform of f(x) 0, ol > 1

]-o(sintj4 gt = z‘
t 3

0

SOLUTION:

The Fourier transform,
T f isa: dx
1 .
J. (1—|zl) "™ dz
—|zl) (cos sz + isinsr) dz
1
J. (1—lzl).cossx doz — — J.
1
=—2 I(l— lz]) cos sz dz +0

(v fl)=(-

5 1
:\/:J.(l—lxl) cos st dx
i
5 1
:\/:J.(l—x) cos sz dx
i

MA2211 - TRANSFORMS AND PDE
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FOURIER TRANSFORM | 2.23

(_1) D)

S S

. 1
sin sz —COS ST }
0

SRS

(1-2)

Il
SRS
7N\
o
|

o
w | O
N|

»
N
|
7N\
o
|
cow|’_‘
N
1

_ |2 [—coss +L}
Tl & s
3 z(l—cossj
/4 s
. 2(S .. — i 2
2sin () . cos2A=1-2sin" A
Fls)= |2 | — 2] |- cos24
T| & = gin?A =954
2
By Parseval’s identity,
N 2 R 2
J. |f(2)] dz = J. |F(s)| ds
ST
1 oo 5 sinz()
I(l—IxI)de:I 2\/: —22 ds
e c Nz s
4
1 g sin()
2“‘(1—|x|)2 dz :—I —20 1 s (+ flz)= (1—lz1)* is even)
0 Tl s
4
a-opT a0
-3 0 T S
4
o0 sin(s)
1 4 9
—[0-1]=— ds
—3[ | 71'_'[0 S
VSCET
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2.24‘UNITII
4
. (s
fal]]
= _[ 2 ds = —
- s 12
4
. (s
Lol
2-“{ 2/ gs=2
s 12
0
4
s
fal)]
j 2/ s =2
0 S 24
Put %:t when s=0 = ¢t=0
1
—ds =dt §=o00 = t=c0
2
. \4
J-(smtj 2dt:£
0 2t 2
oo . 4
J-(smtj L2dt:£
t 16 24
0
) . 4
- J‘(smtj dtzz.
t 3
0
2.4.3. EXAMPLE:
1, |21 £2

Find the Fourier transform of f(z) if f(z)= {0 ol > 2

Q) g(Sh;xjdx
.. F(sinzY
(i) g[ j da .

SOLUTION:

MA2211 - TRANSFORMS AND PDE
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The Fourier transform,

TT e dy

¢ pist
f J; dx

2
f J; cos st + isinsx) dx

2 2
f Lcossx dx+f j sin sz dz

= %2 }cossx dz +0
0

(v f(z)=cosz is even & f(z) = sinz is odd)

1 oo

— j (sm Sj (cossz —isinsx) ds

7[ —00

17 2 i ¢ (sin2

— j (Sm Sjcossx ds—i (Sm 5) sin sx ds
N - - s

VSCET
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] . 2
= 12“‘ (sm Sj cossr ds—0
S

f(z) = z]? (sian) cossz ds

S

(sm2sj cos sz ds = %f(x)

S

o — 3§

Put x =0 we get,

o — 3

(sian) ds =§f(0)

S

Put 25 =1t when s=0

2ds = dt S = oo

{smt ldt _ 3
t 2
2

0

(Smtjdt T

Using Parseval’s identity,

o — 3

\)

oo

I |f(x)|2 dx = T |F(5)|2 ds

—oc0 —o0

i Y dx = Io[\f (Sm%jT ds

2 % (sin2s)
@2, =2 [Sm j s
7T s

oo . 2
=2 (2
T\ s
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N J- (sm2s) ds =" 4
RN 2
2 (sin2s )
= 2 J( ) ds =21 (* function is even)
s
0

Put 2s=t¢ when s=0 = ¢t=0
2ds = dt §=oc0 = {(=o0
2
T lsint| 1
IR
" 2
N J‘(smt) dtzz
0 t 2

2.4.4. EXAMPLE:

a’ —xz, if 1z1<a

Show that the Fourier transform of. the function f(z)= is
0 , if |z1>a

2 (sinsa - sasi [(sint = i
9 _(sm 5a ;’G Sin sa)‘ Herice ‘deduce that J‘(M)ﬁ - Using Parseval’s
T S 0 t 4

5 2
t—t t /4
sin cos )dt

identity prove that J( 3

0

SOLUTION:
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F(s) = 4 (sinsa—sasinsaj

83

By Fourier inverse transform,

www.FirstRanker.com

17 »
2) = —— [ F(s) e ds
fe)= g5z | FO)
1 7 sinsa —sasinsa _jg,
e " ds
\/2ﬂ' '[O 271'( s )
27 -
z J' (smsa sasin saj (cossz —isinsz) ds
7[ —00
2 % (sinsa—sasinsa 2i T (sinsa—sasinsa) .
il J' cos st ds — == sinsz ds
Tz - D o
4 oo - _ .
f(x):_J-(smsa gasmsaj cossh s —0
T s
0
oo . _ . 7[
J- (smsa gasmsa) cossz ds = T f(x)
0 5 4

Put x =0 we get,

T (sinsa — sasinsa T
_[ ( 3 j ds = — f(0)

0 S 4
oo . _ . 7[
J- (sm sa ;’a smsa) gs = % o2
S 4
0
Put sa=t when s=0
ads=dt § =00 =
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]-° smt tsmt
0 a 4

J- smt tsmt)dtzz‘
0 4

By parseval’s identity,

oo

J. |f(av)|2 dz = T |F($)|2 ds

—oo

]1. (a2 _x2)2 dr = ]‘O E(Sinsa—sasmsaf s

4 3

o 2
8 sin sa — sa sin sa
— J. ds
7[ —00

T 4 4 9 9 4 T (sinsa —sasinsa )
I(a + —2ax)dx ;J.( )ds
0 —oo

(\]
—
—_—

s

o

|

8

o

N —
o

U
S
Il

4 z° 23[:3 ¢ 4 % (sinsa —sasinsa\?
a*r+——2a° — :—J.( )ds
5 3 T

5 a’ a’ 4 % (sinsa — sasinsa\
a® + 22| (0) =—j( ) ds
5 3 T
15a° +3a® —10a> ‘4 (smsa—sasmsa)2
:_J' ds
15 T
8a° 4 T (smsa—sasm sa)z
:_J' ds
15 7z

]-° ( sin sa — sa sin sa )2 d ora’
S =

15
sin sa — sasin sa ) ora’ ..
J( ) ds = (- function is even)
15
0
< (sinsa — sasin sa )’ za’
J. 3 ds = —
0 S 15
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Put sa=t when s=0 = t=0
ads=dt S§=o0 = t=o0

2

(t)3 o 15
a

]-° sint —t¢sint 1 t—7m
0

(sim:—tsim:)2 I
—3 dt = —.
t

U
O — 8

2.4.5. EXAMPLE:

T dx
Evaluate -l. (x2 " aQ)(xQ " b2)

using transforms.

SOLUTION:
Let f(z)=e ™ and g(z) = e then we have,

E(0) =2 () and o= 2 (s )

T \s +a T

Hence by the property of Fourier cosine transform we have,

1| _2ab7 1 S
B e Rt
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1 ds = V4
(52 +a2)(s2 +b2) 2ab(a +b)

o—3

1 V.4

(ie.) ($2 + a2)($2 +b2) dv = 2ab(a+b)

oc—3

4.6. EXAMPLE:

Using Parseval’s identity calculate,

oo o 2
dx z
i T ii —dz, if 0.
(i) -l‘ ($2+a2)2 (ii) -l- ($2+a2)2 z, if a >

SOLUTION:

(i) Let f(z)=e™™" then we have, F,(f(z)) = %( 2_7_ 2] :
s +a

Now applying Parseval’s identity of Fourier cosine transform we have,

oo

[If@) do= [|F.(f)] ds
0

2 a
—( 5 3 ds
T \S~+a
0
(=) 0o 2
_ 2 a
Ie 2ar gy = 2 5 ds
0 7[0 52+a2)
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2
(i) Let f(z)=c™ then we have, F,(f(z)) = |~ (%}
T S"+a

Now applying Parseval’s identity of Fourier sine transform we have,

s o
- £(52+a2)2d8_z
(i.e.) T i dr =&
0($2+a2)2 da

2.5. APPLICATION OF FOURIER TRANSFORM FOR SOLVING
INTEGRAL EQUATIONS:

2.5.1. EXAMPLE:

Solve the integral equation I f(z) cos Az dx = et

0

SOLUTION:

Replace A by s,

MA2211 - TRANSFORMS AND PDE
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f(z) cossz du =¢*

\/Z Tf(x) cos st dr = \/z e’
Ty V4

oc—3

oo

flz)= |- IFL(S) cos st ds
0

/2 T2 _
- ~ ¢7% cossz ds
4 p 4

0

oo

_ 2 I e’ cosst ds
T 0
2 e’ . -
= — {ﬁ(—cossx - xsmsm‘)} (here a=-1,b= x)
T | 1"+2 0
2 1
= = |(0)- ~1-0
2 |05 1-0)]
2 1
)= — .
f( ) V4 [1 +2° j
2.5.2. EXAMPLE:
os 1-4, 0<A<1
Solve the integral equation j f(z) cos Az dzx = 0 A1 , and hence deduce that
O Y
]i(sintj2 P
0 t 2
SOLUTION:
Replace 4 by s,
o0 1-s5, 0<s<1
-([f(x) cos st dr = 0. es1

o 1-s5, 0<s<1
2 2 ’
f_ de = |=
p jf(x) cos st dx p {0’ .51

0
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9 1- S, 0<s<1
0, s>1
By inverse Fourier cosine transform,

flz)= 2 Tﬂ(s)cossxds
T %

1
= 2 j\/z(l—s)cossxds
T o\7

5 1
= —j (1—138) cossz ds
i

_ z[(l—s) sinsx_(_l)—cossx}
T T 0
2 CoST 1
= Z|lo=- —lo=-—
T K x2 [ xQH
3 3[_cosx+ij
V4 7’ z?
2 (1—cosx
flz) = _[ 5 j
T z
| o 1-400<A<1
Since E[f(x) cos Az dx = q. As1

Put A =0,

[iffe) (@) do = 1
0

2 %(1-cosx
2 (i) g
7Ty T

o 2sin2(x) pu
J‘—22d$:_
0 T 2
2
()
sin | —
2

< T
N K
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2.5.3. EXAMPLE:

} 1, 0<t<1
Find f(z) from jf(x) sinat dt =42, 1<t<2 .
0 0, t>2

SOLUTION:

2
f(z) =—(1+cosx —2cos2z).
T

2.6. LIST OF FORMULA:

1. Fourier integral theorem:
1 oo oo
f@) == [ ft) cos A(t ) dt dA
Ty,
2. Fourier sine integral formula:

f(z) = 3]0 sin Az of F(t) sin At dt dA
T 0 0

3. Fourier cosine integral formula:

f(z) = zo‘.?(,*os/lac Tf(t) cos At dt dA .
o 0
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2.6.1. EXAMPLE:

1 for |z1<1

as a Fourier integral. Hence evaluate

Express the function for f(z) = {O for |2l >1
roz

® gin A cos Az g
j ——— dA and find the value of j sin 4 dA.
0 A

SOLUTION:

The Fourier integral formula,
1 oo oo
r)==[ [ f(t) cos At — ) dt dA
a 0

1, for |{<1
0, for |t|>1

-] fo

0\-1
o, . 1

_ lj(sm/l(t—x)] A
73 A 1

171, :
= ;-([Z[sm A1 - z) —sind(-1-xz)] d1

Here f(t) = {

1) cos A(t — ) dt ]d/l

= L[ sin@ = 42) + sin(4 + 42)] dA
Ty

| —

T I (2 sin A. cos /135) dA
0

A

f(@)

O — 3§

[sin A. cos Az

z
A 2

dA

A 9 0, for |zI>1

—— —— 3

O — 3§

[sin A. cos Az ﬂ.{l, for |z1<1

Put z =0:

_[ s1n/1d/1:£(1):
0 2
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2.6.2. EXAMPLE:

Find the Fourier cosine integral of e

SOLUTION:

www.FirstRanker.com

FOURIER TRANSFORM

—ax

The Fourier cosine integral,

T) = EJCOS/lx dA jf(t) cos At dt
o 0

Here f(t)=e ™.
:—jcos/lx dA j ! cos At dt
:—jcoslx d/l( 2)
a>+ A
2a 7 cosAx
z)=—| ——-F5dA
J@) T '([aZ + A%
= cos /155 T
- '([ 24 /12 2a 2a/@
Puta=1:
N jcosft;‘d;tzze_
O1+/1 2
2.6.3. EXAMPLE:
1, 0<z<~x o
Express f(z) = R as a Fourier sine
j M sin Az dA .
0
SOLUTION:

T) = zJ‘sin Ax jf(t) sin At dt dA
o 0

2 oo Va
=—|sindz | | (1)
o

sin At dt Jd/l

integral

www.FirstRanker.com

2.37

T cosAx
and hence evaluate j

.

1+ A%

and hence evaluate
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oo _ T
=zjsin/tx( cos/tt] dA
T /1 0
= zj sin Az [_—1(005 - 1)} dA
V4 A
= 3J‘Sin Az (wj dA
V4 A
< 1—coszA T
indx | ——— = |dA==
= jsm x ( 1 ] 2 f()

0

2

(L 0<z<7zw
0, x>rx

2.7. CONVOLUTION OF TWO FUNCTIONS:
2.7.1. DEFINITION:

The convolution of two functions f(z) and g(z)-is'defined as

f*g f(t) dt.
(f*9)(a J— j =4)
2.7.2. CONVOLUTION THEOREM FOR FOURIER TRANSFORM:

If F(s) and G(s)are the Fourier transform of f(z) and g(z) respectively then the
Fourier transform of the convelution of f(xz) and g¢(z) is the product of their Fourier

transform.
(ie.) F(f(x) * g(x)) = F(s). G(s).

PROOF:

é'—og

T]i[ ) gz —1) dt} e dy
Ton

1 7 1 7 18T
= _ﬂ_‘[of(t) {EL glx—t)e dz,} dt
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— 3

glx—t) e et it dx} dt

8

ﬁ“ ﬁﬂ
- ®

§ —3

gz —1) *" ) gz - t)}m dt

[ 8 G(s) €™ at

(ie) F(f(x)* g(x)) = F(s). G(s).
2.8. PROPERTIES OF FOURIER TRANSFORM:

2.8.1. PROPERTY: (LINEAR PROPERTY:)
Flaf(z) +bg(x)] = aF(f(x)) +bF(g(x))

2.8.2. PROPERTY:
If F(f(z)) = F(s) the F(e" f(x)) = F(s +a).

PROOF:

F(e f(x)) = F(s+a).
2.8.3. PROPERTY: (SHIFTING THEOREM:)
If F(f(z)) = F(s) then F(f(z—a))=e"" F(s)
PROOF:

F(f(gv—ac))zL j f(x—a) e du

27
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Put r—a=t If 1 5 —o0,t— —o0
dz = dt T —o0 t—>o00

— 1 OJ? f(t) is(t+a) dt

N2
— eisa# OJC: f(t) eist dt
N2

2.8.4. PROPERTY: (CHANGE OF SCALE PROPERTY:)

If F(f(z))= F(s) then F(f(ax))zé F(%), a>0.

PROOF:
1 R ST
F(fa) == [ flaa) ™ do
Put ar =t If 2> —oo,t—= =

adx =dt T —> o0, = oo
- L T e

2z - a

o ('S
- E{L [ ra) ez(ﬁjt dt}
a|~N2rx °

2.8.5. PROPERTY: (MODULATION PROPERTY:)
If F(f(z))=F(s) then F(f(x) cosax) = % [F(s+a)+F(s—a)]
PROOF:

F(f(x) cos ax) = % T f(z)cosax " d

+e

1 o eiaz —1Sx .
LT )
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oo

. 1 15 i(s+a)z 1 i(s—a)x
=5 E_‘[o f(z)e dz + E_‘[o f(z)e dz

F(f(ac) cosaac) :% [F(s+a)+ F(s—a)].

2.8.6. PROPERTY:

If F(f(z))=F(s) then F

—

2" f(2)) = (=)

PROOF:

=
N

Il
i
S
— 38

|
8

Diff. w.r.to ‘s’, n times,

)= g [ Sl @) e
- %j (&) € (ia)" do
_ %i(f(x) o) da
= (i)' F(a2f(@) )
S Pl f0) = e e (F0)

2.8.7. PROPERTY:
If F(f(z))= F(s) then F(f'(x)) =—is(F(s)), where f(z) > 0asz — t oo.

PROOF:
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2.8.8. PROPERTY:

If F(f(z))=F(s) then F{jf(x) dz

PROOF:

T

Let g(z) = [ f(z) do then ¢ (z) = f(x).

F|§ ()] = (-is) F(9(x)) (by:property (7))

2.8.9. PROPERTY:
If F(f(z))=F(s) then F(f(z)) = F(-s).

PROOF:

F(s " dr

=
)Zﬁ__[of(ﬂ?)

MA2211 - TRANSFORMS AND PDE
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2.8.10. PROPERTY:

If F(f(z))=F(s) then F(f(-z))=F(s).
PROOF:

T f(z) " dz

FRIA) 1 o —18T
F(s) = E_‘[o flx) e ™ dx
Put xr=—t If T —> w0t — oo
dr = —dt T=>o00 |t ——00
7o L T e
F) = = [ F0 e (2
1 s it
=—— =t) " dt
7= [ 5D

2.9. PROPERTIES OF SINE AND COSINE TRANSFORM:

29.1. PROPERTY: (LINEAR PROPERTY)
(©)  Flaf(z)+bg(@)] = aFy(f(x)) + bFy(9(x))
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(i)  F[af(z)+bg(2)] = aF,(f(z)) + bF,(9(z))
29.2. PROPERTY: (MODULATION PROPERTY)
@) F (1) cosar) =2 [F+ar+ Fs-a)]
i) F,(f(x) cosaa) = % [F.(s+a)+ F.(s—a)]
(i) F,(f(z) sinaz)= % [F.(s—a)—F.(s+a)]

(iv) F;:(f(x) sinax)z% [F, (s+a)—F,(s—a)]

2.9.3. PROPERTY:

i) F(f(az)) =

|~

F;(fj, a>0

a

F;(ij, a>0
a

(i)  F.(f(az)) =

Q|+~

2.9.4. PROPERTY:

(i) F, (f'(x)) =—s(F.(s)), where/f(z) > 0as z —> £ oo

(ii) F;(f'(x)) = —\/% f(0)+s F,(s), where f(z) > 0asz — £ oo

2.9.5. PROPERTY:

@ £ (s J@) == (5
i) F (o f@) = %(Fs(s))

2.10. EXAMPLES:

2.10.1. EXAMPLE:

2
Find the Fourier sine transform of z ¢ * / 2
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SOLUTION:
We know that F, (x f(x)) =- i(F;:(s))
ds
F;(xe_$2/2 )=_iﬁ’c(e—$2/2) (1)
ds

We know that,

C

F, (x e /2 ):—iF (6_52/2)

S C
ds

_ )2 (—_25)
2

F(x e_”CQ/2 )286_52/2.

F(e—ﬂf2/2):e—52/2

8

2.10.2. EXAMPLE:

2.2 . _ 2
Find Fourier cosine transform of e”* * and hence find F, (x et )

SOLUTION:
We know that F, (x f(x)) =- i(F;:(s))
ds
—a2a? d —a2a?
Fs(xe‘“b )=*—Fc(e““b) (1)
ds

We know that,
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