» FirstRanker.com

Firstranker's choice ) .
www.FirstRanker.com www.FirstRanker.com

STRENGTH OF MATERIALS-I

SYLLABUS:

UNIT - I: Simple Stresses And Strains And Strain Energy: Elasticity and plasticity —
Types of stresses and strains — Hooke’s law — stress — strain diagram for mild steel —
Workingstress — Factor of safety — Lateral strain, Poisson’s ratio and volumetric strain —
Elastic moduli and the relationship between them — Bars of varying section — composite
bars —Temperature stresses. Strain Energy — Resilience — Gradual, sudden, impact and
shock loadings — simple applications.

UNIT — II: Shear Force And Bending Moment: Definition of beam — Types of beams
—Concept of shear force and bending moment — S.F and B.M diagrams for cantilever,
simply supported and overhanging beams subjected to point loads, u.d.l., uniformly
varying loads and combination of these loads — Point of contraflexure — Relation between
S.F., B.M and rate of loading at a section of a beam

UNIT — I11: Flexural Stresses: Theory of simple bending — Assumptions — Derivation
of bending equation: M/l = f/ly = E/R, Neutral axis — Determination bending stresses —
section modulus of rectangular and circular sections (Solid and Hollow), I, T, Angle and
Channel sections — Design of simple beam sections.

UNIT —1V: Shear Stresses: Derivation of formula < Shear stress distribution across
various beam sections like rectangular, circular, triangular, I, T angle sections, built up
beams, shear centre.

UNIT — V: Deflection Of Beams: Bending into a circular arc — slope, deflection and
radius of curvature — Differential equation for the elastic line of a beam — Double
integration and Macaulay’s methods — Determination of slope and deflection for
cantilever and simply supported beams subjected to point loads, - U.D.L. Uniformly
varying load. Mohr’s theorems — Moment area method — application to simple cases
including overhanging beams.

UNIT - VI: Thin And Thick Cylinders: Thin seamless cylindrical shells — Derivation
of formula for longitudinal and circumferential stresses — hoop, longitudinal and
Volumetric strains — changes in diameter, and volume of thin cylinders — Thin spherical
shells.

Thick Cylinders: Introduction Lame’s theory for thick cylinders — Derivation of Lame’s
formulae — distribution of hoop and radial stresses across thickness — design of thick
cylinders — compound cylinders — Necessary difference of radii for shrinkage — Thick
spherical shells.
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Lecture No. 6
-Thick Cylinders-

6-1 Difference in treatment between thin and thick cylinders - basic assumptions:

The theoretical treatment of thin cylinders assumes that the hoop stress is
constant across the thickness of the cylinder wall (Fig. 6.1), and also that there is no
pressure gradient across the wall. Neither of these assumptions can be used for thick
cylinders for which the variation of hoop and radial stresses is shown in (Fig. 6.2),

their values being given by the Lame equations: -

o =A—= ..6.2

Where: -
oy = Hoop stress (% = Pa).
o,= Radial stress (% = Pa).

r= Radius (m). A and B are Constants.

D _pR

g —_— a

t ot H

=

a,"

3]

Figure 6.1: - Thin cylinder subjected to internal pressure.
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a, [tensile)

Stress distributions

l/<a-, (compressive )

a=p

g,:A+B/* o,: A-B/rt

Figure 6.2: - Thick cylinder subjected to internal pressure.

6-2 Thick cylinder- internal pressure only: -

Consider now the thick cylinder shown in (Fig. 6.3) subjected to an internal

pressure P, the external pressure being zero.

%

Figure 6.3:- Cylinder cross section.

The two known conditions of stress which enable the Lame constants A and B

to be determined are:
Atr=R;, o,=-P and atr=R,, 6,=0

Note: -The internal pressure is considered as a negative radial stress since it will
produce a radial compression (i.e. thinning) of the cylinder walls and the normal stress
convention takes compression as negative.

Substituting the above conditions in egn. (6.2),

www.FirstRanker.com
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B
0y = A — 7'_2
—P=A—% and 0=A—%
1 2
_ PRy? __ PR{%R,?
Then A = F2-R7) and B = "2-R,)

Substituting A and B in equations 6.1 and 6.2,

1]
r (RZ —Rlz) 7'2

I
Oy (RZZ—R;[Z) 1+ 2

6-3 Longitudinal stress: -

www.FirstRapkesyamikrs

...6.3

...6.4

Consider now the cross-section of a thick cylinder with closed ends subjected to

an internal pressure P, and an external pressure P,, (Fig. 6.4).

I A T

b

A

:,(, U__—-—-l- — *

R?

/IR it
-

; it 4t

f ) 2

i

Closed ends

Figure 6.4: - Cylinder longitudinal section.

For horizontal equilibrium:

P12 * anz — PZZ * nRZZ = gy, * n[RZZ — Rlz]

Where o, is the longitudinal stress set up in the cylinder walls,

www.FirstRanker.com
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Longitudinal stress,
PiR{%—P,R,?
o, = ....6.5
L (RZZ—Rlz)

But for P, =0 (no external pressure),

P1R,?

———~ = A, constant of the Lame equations. ....0.6
(Rz%~R;?)

O_L=

6-4 Maximum shear stress: -

It has been stated in section 6.1 that the stresses on an element at any point in

the cylinder wall are principal stresses.

It follows, therefore, that the maximum shear stress at any point will be given

by equation of Tresca theory as,

2 = Ty = 2 6.7
Tmax =~ .68
Tmax =5 |(A+5) - (4=3)] .69
Tmax = ....6.10

6-5 Change of diameter: -

It has been shown that the diametral strain on a cylinder equals the hoop or

circumferential strain.

Change of diameter = diametral strain x original diameter.

= circumferential strain x original diameter.

www.FirstRanker.com



» FirstRanker.com

A Firstranker's choice
i ' ' www.FirstRanker.com www.FirstRapkarydmdtrs

With the principal stress system of hoop, radial and longitudinal stresses, all

assumed tensile, the circumferential strain is given by

EHZ%(O_H_UO-T_UO-L) 611

6D =%(O‘H—U0'r—UO'L) ....6.12

Similarly, the change of length of the cylinder is given by,

5L=§(O’L—UO'T—UO'H) ....6.13

6-6 Comparison with thin cylinder theory: -

In order to determine the limits of D/t ratio within which it is safe to use the
simple thin cylinder theory, it is necessary to compare the values of stress given by
both thin and thick cylinder theory for given pressures and D/t values. Since the
maximum hoop stress is normally the limiting factor, it is this stress which will be

considered.

Thus for various D/t ratios the stress.values from the two theories may be

plotted and compared,; this is shown in (Fig..6.5).

Also indicated in (Fig. 6.5).is the percentage error involved in using the thin

cylinder theory.

It will be seen that the error will be held within 5 % if D/t ratios in excess of 15 are

used.

www.FirstRanker.com
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121~ \% error =60

Thick cyhinder
*

heary

1ot — ~50
. - -
a8 —40 g
o L]
- 6k . h“"-—.. —A0 .
I -
) / Thin cylinder :

- theory =120

2 o

N I N N I N N S
2 4 6 a8 10 12 1 Kk 8 20

K=0D/1

Figure 6.5: - Comparison of thin and thick cylinder theories for various
diameter/thickness ratios.

6-7 Compound cylinders:-

From the sketch of the stress distributions in Figure 6.6 it is evident
that there is a large variation in hoap stress across the wall of a cylinder
subjected to internal pressure. The material of the cylinder is not therefore
used to its best advantage.  To obtain a more uniform hoop stress
distribution, cylinders are often built up by shrinking one tube on to the
outside of another. When the outer tube contracts on cooling the inner tube
IS brought into a state of compression. The outer tube will conversely be
brought into a state of tension. If this compound cylinder is now subjected
to internal pressure the resultant hoop stresses will be the algebraic sum of

those resulting from internal pressure and those resulting from shrinkage as

6
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drawn in Fig. 6.6; thus a much smaller total fluctuation of hoop stress is
obtained. A similar effect is obtained if a cylinder is wound with wire or

steel tape under tension.

(@) Internal pressure (b) Shrinkage only (¢) Combined shrinkage
only and internal pressure

Figure 6.6: - Compound cylinders-combined internal pressure and shrinkage effects.

The method of solution for compound cylinders constructed from similar

materials is to break the problem down into three separate effects:
(@) shrinkage pressure only on the inside cylinder.
(b) shrinkage pressure only on the outside cylinder.
(c) internal pressure only on the complete cylinder.

For each of the resulting load conditions there are two known values of radial

stress which enable the Lame constants to be determined in each case

condition (a) shrinkage - internal cylinder:
At r=R;, o,=0

At r=R,, o,=-p  (compressive since it tends to reduce the wall
thickness)

condition (b) shrinkage - external cylinder:

At r: RZ, Gr :0

www.FirstRanker.com
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At r=R,, o =-p

condition (c) internal pressure - compound cylinder:

At r:RZ, Grzo
At r= Rl, O — 'Pl

www.FirstRapkesyamikrs

Thus for each condition the hoop and radial stresses at any radius can be

evaluated and the principle of superposition applied, i.e. the various stresses are then

combined algebraically to produce the stresses in the compound cylinder subjected to

both shrinkage and internal pressure.

In practice this means that the compound

cylinder is able to withstand greater internal pressures before failure occurs or,

alternatively, that a thinner compound cylinder (with the associated reduction in

material cost) may be used to withstand the same internal pressure as the single thick

cylinder it replaces.

—

Internal pressure

Total

L/—— Shrinkage

{a) Hoop stresses

{b) Rodiol

stresses

Shrinkage

Figure 6.7: - Distribution of hoop and radial stresses through the walls of a compound

cylinder.
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Example 6-1: - A thick cylinder of 100 mm internal radius and 150 mm external
radius is subjected to an internal pressure of 60 MN/m? and an external pressure of 30
MN/m?® Determine the hoop and radial stresses at the inside and outside of the

cylinder together with the longitudinal stress if the cylinder is assumed to have closed

ends.
Solution: -
At r=0.1m, 6,=-60MPa.
r=0.15 m, 6,=-30 MPa.
So,

-60=A-100B ....1

-30=A-445B ...2
By solving equations 1 and 2,

A=-6 and B=0.54

Therefore at r=0.1m

B _ 0.54
oy = A+ 2 =—6.+ 0.1)2
At r=0.15m,
B 0.54
oy = A+ ﬁ:_6 + (0.15)2

P1R1%~P,R,%_60(0.1)2-30(0.15)%_

0 = (R22-R;2) -

(0.152-0.12)

www.FirstRapkesyamikrs

'

B60MN/m?2
100 mm

\

30 MN/m?

= 48MPa.

=18MPa

=-6MPa i.e. compression.

www.FirstRanker.com
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Example 6-2: - An external pressure of 10 MN/m? is applied to a thick cylinder of
internal diameter 160 mm and external diameter 320 mm. If the maximum hoop stress
permitted on the inside wall of the cylinder is limited to 30 MN/m? what maximum
internal pressure can be applied assuming the cylinder has closed ends? What will be
the change in outside diameter when this pressure is applied? E = 207 GN/m?, v =
0.29.

Solution: -
1
At r=0.08m, o,=-P, r—2=156

Atr=0.16 m, 5,= -10, %:39

And at r =0.08m, o= 30MPa
-10=A-39B ....(1) 30=A+156B ....(2)

Subtracting (1) from (2), A=-2 and B=0.205
Therefore, atr=0.08,0, =-p = A-156B=-2-156*0.205 = -34MPa.
i.e. the allowable internal pressure is 34 MN/mZ.
The change in diameter is given by
6D = %(O’H —vo, —vay) ....(3)

But o, = - 10 MN/M?, gy = A + —5=-2+39*0.205=6 MN/m’

10
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P,R.%-P,R,% (34%0.082-10%0.162 )
1 12 222 :( ): -1.98 MPaI-e
(R2%-R4%) (0.162-0.082)

And finally, o, =
compressive.

Substitute o,, oyand o in eqgn. 3,

sp = 032

= 2 [6— 0.29(—10) — 0.29(~1.98)]10° =14.7um

Example 6-3: - A compound cylinder is formed by shrinking a tube of 250 mm
internal diameter and 25 mm wall thickness onto another tube of 250 mm external
diameter and 25 mm wall thickness, both tubes being made of the same material.
The stress set up at the junction owing to shrinkage is 10 MN/m?. The compound tube
is then subjected to an internal pressure of 80 MN/m® Compare the hoop stress
distribution now obtained with that of a single cylinder of 300 mm external diameter

and 50 mm thickness subjected to the same internal pressure.

A solution is obtained as described before by considering the effects
of shrinkage and internal pressure separately-and combining the results

algebraically.

Shrinkage only - outer tube, 25/

Atr=0.15,6,=0 andatr=0.125, s, = -10 MN/m? @
0=A——2 _ 4—445B U
(0.152)
B

—10=A————=A—64B
(0.1252)

~ B =0.514, A =22.85

hoop stress at 0.15 m radius= A + 44.5B = 45.7 MPa.

11
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hoop stress at 0.125 m radius= A + 64B = 55.75MPa.

Shrinkage only- inner tube,
At r=0.10,6,=0 and atr =0.125, o, = - 10 MN/m?

=A—100B

—10=A————=A—64B

.~ B =-0.278, A=-278
hoop stress at 0.125 m radius= A + 64B = —45.6 MPa.

hoop stress at 0.10 m radius= A + 100B = —55.6 MPa.

Considering internal pressure only (on complete cylinder)
At r =0.15,6,=0 and atr=0.10,c,=-80

B
0=A4- = A —44.5B
(0.152)
—80=4-— =A—-100B
(0.12)

~B =144, A=642
At r =0.15m, oy =A + 44.5B = 128.4 MN/m®
r=0.125m, on=A+64B =156.4 MN/m*
r=0.1m, on = A +100B =208.2 MN/m?

The resultant stresses for combined shrinkage and internal pressure are
then:

outer tube: r=0.15 oy = 128.4 +45.7 =174.1 MN/m*.

12
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r=0.125 oy = 156.4+ 55.75 =212.15 MN/m? .
innertube: r=0.125 o, =156.4-45.6 =110.8 MN/m?.
r=0.1 oy = 208.2-55.6 =152.6 MN/m”.

13
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UNIT-VI

Thin Cylinders Subjected to Internal Pressure:

When a thin — walled cylinder is subjected to internal pressure, three mutually perpendicular
principal stresses will be set up in the cylinder materials, namely

* Circumferential or hoop stress

* The radial stress

* Longitudinal stress

now let us define these stresses and determine the expressions for them

Hoop or circumferential stress:

This is the stress which is set up in resisting the bursting effect of the applied pressure and can be

most conveniently treated by considering the equilibrium of the cylinder.

A A
t e T L
/3 \\.? / P '\\,
1% .
o
Projected 4
area = 2
]
TH (o7

In the figure we have shown a one half of the cylinder. This cylinder is subjected to an internal
pressure p.

i.e. p = internal pressure

d = inside diametre

L = Length of the cylinder

t = thickness of the wall

Total force on one half of the cylinder owing to the internal pressure 'p’

www.FirstRanker.com
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= p x Projected Area

=pxdxL

Because oH .L.t. is the force in the one wall of the half cylinder.
the equations (1) & (2) we get

2.cH.L.t=p.d.L

ocH=(p.d)/2t

Longitudinal Stress:
Consider now again the same figure and the vessel could be considered to have closed ends and
contains a fluid under a gage pressure p.Then the walls of the cylinder will have a longitudinal

stress as well as a ciccumferential stress.

— [= 1} e —
fE— —
E— o =
o = 3 d
— p—~
- b—
— o, -—

Total force on the end of the cylinder owing to internal pressure
= pressure X area
=pxIl/4xd2

Area of metal resisting thisforce =dt

GLIS acting over
this area

Conslder a free
hody digaram of — [/
the cyclinder when :
cut by a transverse plane

This is the area where is
resisting these force. Obviously
this areais n.d.t
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Hence the langitudn al stresses
Setup:f':'me _[p x md?sd]
area mdt
=pd ar T =pd
4 4
oralternatively fram equilibriumconditions
2
Amdfi=p. —
o () =p 1
_pd
Th =—
us|a, i

Change in Dimensions :
The change in length of the cylinder may be determined from the longitudinal strain.

Since whenever the cylinder will elongate in axial direction or longitudinal direction, this will
also get decreased in diametre or the lateral strain will also take place. Therefore we will have to

also take into consideration the lateral strain.as we know that the poisson's ratio (v) is

_ - lateral strain
langitudnal strain

where the -ve sign emphasized that the change is negative

Let E = Young's modulus of elasticity

www.FirstRanker.com
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e . . . 1
Resultant Strainin longitudnal direction = ﬁ - H%: EI:CTL vy
recalling
_pd _pd
(T T

€, (longitudnal strain) = E_Edtﬁ_z v]

ar
Changein Length=Longitudalstrain x original Length

=&,.L
_ . 1 1 |pd d
imilarly the hoop StramEfE[aH —ucrLj=E pz—t—yi—t
_ pd
Ez‘ﬁ[z_y]

Infact = is the hoop strain if we just go by the definition then
_ Changein diametre _ &d
Criginaldiametre d

where d = ariginal diameter.
if we are interested to findout the change in diametre then
Changein diametre ==, .Original diametre
i.e 8d ==, .d substituting the value of £; we get

= pd s
b= 1= [2-0]

Volumetric Strain or Change in_the Internal Volume:

www.FirstRanker.com

When the thin cylinder is subjected to the internal pressure as we have already calculated that

there is a change in the cylinder dimensions i.e, longitudinal strain and hoop strains come into

picture. As a result of which there will be change in capacity of the cylinder or there is a change

in the volume of the cylinder hence it becomes imperative to determine the change in volume or

the volumetric strain.

The capacity of a cylinder is defined as
V = Area X Length

=d2/4x L

Let there be a change in dimensions occurs, when the thin cylinder is subjected to an internal

pressure.
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(i) The diameter d changestod +d
(i1) The length L changesto L + L

Therefore, the change in volume = Final volume Original volume

m by
=2 (d+adP L +60) - = df L
7+ adf (L raly- 2
n vl m 7
; —[d+&d]*.(L+8L) - = d°.L
Yalumetric 5train=ChE_m_gE'nW|”mE= 4 4
Orriginal volume TEL

ld+6df (L+60) - d® L} (0 +8d" +2d 6d) (L +8L) - o L]
ST 2 - 2
deL d°L
simplifying and neglecting the products and squaresof smallquantities,ie. 6d & &L
hence

2
_2dédL+eld® 6L &d

gL L d

By definttion E—i‘ =Longitudnal strain

%: hoop strain, Thus

|"-J’u|u metric strain = longitudnal strain +2 x hoop strain|

on substituting the value of longitudnaland hoop strains we get

:ﬂ']—z 2 =ﬂ1—2

or Volumetric =, +2 5, =%[1 - 2v] +2_[%[1 —Ey]]
SLLETR MY —2u}=ﬂ[5 - 4]
ME HE
. . pd _ pd
Yolumetric Strain _E[E - 4y] ar E\J—E[E - 4y ]

Therefore to find but the increase in capacity or volume, multiply the volumetric strain by

original volume.
Hence
Change in Capacity / Volume or

. d
| lume =221 - 44]v
ncreaseinvolume th[ y]

Cylindrical Vessel with Hemispherical Ends:
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Let us now consider the vessel with hemispherical ends. The wall thickness of the cylindrical and

hemispherical portion is different. While the internal diameter of both the portions is assumed to

be equal

Let the cylindrical vassal is subjected to an internal pressure p.

A\

For the Cylindrical Portion

hoop ar circumferential stress= oy 't'here synifies the cylindrical partion.
-pd
21
longitudnal stress= g, -
= pd
4y
. . . U o d
h ferential straing, = —HC - p~LC = PL[5.
oop of circumferential strain €, = —£= - v 4t1E[ v]
__pd
or B, =-—{2-v
: 4t1E[ ]

For The Hemispherical Ends:

Because of the symmetry of the sphere the stresses set up owing to internal pressure will be two

mutually perpendicular hoops or circumferential stresses of equal values. Again the radial
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stresses are neglected in comparison to the hoop stresses as with this cylinder having thickness to
diametre less than1:20.

Consider the equilibrium of the half — sphere

Force on half-sphere owing to internal pressure = pressure x projected Area

=p. [1d2/4

Resisting force = oy . mdt,
nd?

——=0y.mdt

P 1 H 2

= oy (for spherej=%
z

. ] 0
similatly the hoop stram—E[crH —u.cr,,]——[1 —u]——[1 —y] or 525——[1 - u]

Fig — shown the (by way of dotted lines) the tendency, for the cylindrical portion and the
spherical ends to expand by a different amount under the action of internal pressure. So owing to
difference in stress, the two portions (i.e..cylindrical and spherical ends) expand by a different
amount. This incompatibly of deformations causes a local bending and sheering stresses in the
neighborhood of the joint. Since:there must be physical continuity between the ends and the
cylindrical portion, for this.reason, properly curved ends must be used for pressure vessels.

Thus equating the two strains in order that there shall be no distortion of the junction

LI R LU R il
pro= = U B e
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-Thick Cylinders-

6-1 Difference in treatment between thin and thick cylinders - basic assumptions:

The theoretical treatment of thin cylinders assumes that the hoop stress is constant across the
thickness of the cylinder wall (Fig. 6.1), and also that there is no pressure gradient across the
wall. Neither of these assumptions can be used for thick cylinders for which the variation of

hoop and radial stresses is shown in (Fig. 6.2), their values being given by the Lame equations: -

FIG 6.1 Thin cylinder subjected to internal pressure.
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